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ON MATRIX SUMMABILITY OF JACOBI SERIES

SHYAM LAL

Abstract. In this paper a new theorem on Matrix Summability of Jacobi series is established
This theorem is a generalization of several known and unknown results.

1. Definitions and Notations

Let f(x) be defined in closed interval [-1,1] such that the function (1 - x)°'(l +
x)(3 f (x) E L[-1, 1 J; a > -1, f3 > - l. The Jacobe series corresponding to this function is

00

f(x) =芝 anPJ°',/3} (x)
n=O

(1.1)

where

(2n +a+ (3 + l)f(n + l)f(n +a+ {3 + 1) . 1
an = 2a+t3+l f(n +a+ l)f(n + (3 + 1) 丨~1 (1 - x)°'(l + x)勺(x)PJ°'Ji) (x)dx

andPn(°',{3) are the .Jacobi polynomials.
Let T = (an,k) be an infinite triangular matrix satisfying the Silverman-Toeplitz

(1913) condition of regularity i.e.
n
2 缸 ，k 0 1 as n 0 oo,
k=O
an,k = 0 for k > n

and立=O lan,k I :S M, a finite constant.
Let I: Un be an infinite series with the sequence of partial sums {母 where sk =
I:kv=O Uv.
The sequence-to-sequence transformation

n

tn =芝包，kSk
k=O
,1

=Lan,九一 kSn-k
k=O

(1.2)
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defines the sequence { tn} of Matrix means of the sequence {Sn}, generated by the·se­
quence of coefficients (an,k)- The series L Un is said to be summable to the sum S by
Matrix method if limn-t= tn exists and is equal to s(Zygmund (1935)) and we write
t11 -* s(T), as n -* oo.

Four important particular cases of matrix means are

(i) harmonic mean, where an,k = 1
(n-k+l) log n

(ii) (H,p) mean, when an,k = (log)P一\cn+l) rr:蝨 logq (k + 1)
n

(iii) Norlund mean {1919) when an,k = P;:k when Pn = L 四
k=O

n
(iv) Generalized Norlund mean (1958) where an,k = Pn-k'lk

Rn where Rn = L Pkqn一 k·
k=O

We use following notations:

F(¢) = {J(cos¢) - A} (sin~) 2°'+1 (cos~) 2fJ+l,

A being fixed constant

心 (t) =「IF(¢)1d¢
。

1r=Integral part of ....,. = (-I。』
T

An,r =芷 an,n-k
k=O

r,=lntegral part oft = [!]-

2. Main Theorem

The Norlund summability (N,p11) of Jacobi series has been studies by a number of
researchers like Gupta (1970), Choudhary (1970), Thorpe (1975), Pandey and Beohar
(1978), Prasad and Saxena (1979), Beohar and Sharma (1980). Pandey (1981) and Tri­
pathi, Tripathi and Yadav (1988) After quite a good amout of work in the ordinary
Norlund summability of Jacobi series at the point x = 1, Khare and Tripathi (1988) dis­
cussed generalized Norlund summability (N,p, q) of Jacobe series. (N,p, q) summability
reduces to (N,pn) summability for Qn = 1 Vn and to (N, qn) means when Pn = 1 Vn.
But nothing seems to have been done so far in the direction of study of Jacobi series
by Matrix summability method which, as known, includes, as special cases, the meth­
ods of (N,Pn) and (N,p,q) summabilities. In an attempt to make an advance study in
this direction we, in the present paper, establish the following·theorem for the Matrix
summability of _Jacobi series.
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Theorem Let T = (an,k) be an infinite triangular regular matrix such that the ele­
ments (an,k) be non-negative, non-decreasing with k; n(2a+l)/2心 ，11 --+ 0 as n-+ oo.

If 心 (t) = [ IF(4>)ld4> = o(訂 ），a.s t ---+ 0 (2.1)

where~(t) be positive, non-decreasing with t such that ((n) -+ oo as n-+ 00 and

t k(2o'!~i~(k) = 0(nl'•辶 ）， (2.2)

a being a fixed positive integer, then Jacobi series (1 1)·. 1s matnx summable (T) at x = 1
to the sum A provided 寸 :S a < 尓 f3>-!.2 and the antipole cond1t1on

「(1 + x)<2(J-3)!41J(x)ldx < oo,
-1

(2.3)

b fixed, is satisfied.

3. Lemmas

The following lemmas are required for the proof of the theorem.

Lemma I.[Szego(1959)J If a> -1, (j > -1, then as n-+ oo

p~a,f3)(cos¢) = O(na), 1
5

＜－¢VI。
1= O(nf3), 1r 一 ＿ 三 </>~7r
n

= n- I I 2 k (¢) [cos (N¢+ v) + 0(1)二[ 1 1
-~¢~1r 一 ＿
n n

、
l'

．
)

）

1

2

3

·

·

·

3

3

3

,
＼

,'
＼

,,＇、

where

N = n-t

112 (sin 竺
2
) -Q一 112 (cos 竺 -/3-1/2

2）
-/3+1 1 1r

，— , v=-(a::+-)-2 4.

k(¢>) = .

Lemma 2. [Gupta (1970)] The antipole condition (2.3) implies that

「(cos均 (2(J-l)/2lf.(cos¢) - Aide/>< oo
0 2

which fruther implies that

(3.4)

「i t(2/3一 1>12IJ(-cost) -Aidt= 0(1)
。 (3.5)
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Lemma 3. [McFadden (1942)): If 區} is a non-negetive and non-increasing se­
quence, then for O'.S a < b'.S oo, 0'.S </>'.S 7r and for any n and a,

立ei(n-k}</J = O(P刁
a

(3.6)

where Pr = .P(l/¢) and T = [釷

Lemma 4. (Rhoades (1984)]: Let {un}, 匡} be real sequences {Un} non-negative.
If {Vn} is non-increasing, then

n r

I芷 Uk,叫 ~v1 max I芝叫l<r<nk=l - - k=l

If { }Vn is non-decreasing, then

(3.7)

I立 U這 I~2vn max r1::;r::;n II:'uklk=l k=l
(3.8)

Lemma 5. Under the condition of the theorem on (an,k), for large n, uniformly in
0 <¢::S 1r, 0 ::S a ::S b ::S n,

1t 包 ，九一k cos{(n - k + p)</J 一 r}(n - k)°'+1!2 = ol(n°'+1!2An,T) (3.9)
k=a

where p =弓旦1=-(a+J)i

Proof.

I立戸 -k cos{ (n - k + p)<f; 一 r}(n - k)°'+1/21
k=a

= O(n°'+112) I Real part of t邸 n-kei{(n-k+p)</J-r} I, by Lemma (4)
k=a

b

=0(n°'+1丐 [I芷邸n-ke吐-k)</Jei(西-r) I]
k=a

b

=0(n°'+1丐 [I芷 an,n-kC面-k)¢1]
k=a

= O(no-+l/2An,r), by Lemma (3),

which proves the result.
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Lemma 6. Under the hypothesis of the theorem,

n-1
芷 匹，n-血- k)c,一 i = O(nc,一 1/2)
k=O

(3.10)

Proof.

n-1
芝 an,n-血- k)Q一 －12
k=O

n-1
= O(n°丐[L an,n-k] by Lemma 4

k=O
n

= O(n。可 ［芷 an,n一寸 = O(n°分）An,n
k=O

= O(n°-112)0(1)
=O(n°' 一 1/2),

which proves the result.

Lemma 7. Let

n-1
M八 </>) = za+/3十 1~ 包，n-kAn-kP~~~I,/3\cos </>)

k=O

where
2-(a+(J十l)r(n +a:+ /3 + 2) 2-(a+(J十1)

An=~n°'+l
f(o: + l)I'(n + /3 + 1) r(o: + 1)

then, for ! > a 2:: -! , /3 > - t and if (an,k) satisfied the hypothesis of the theorem,

M(¢)=O(n20+2) if0~¢<!
n

= o(n°'+{3十 l) if 7r 一 !~<P~7r
n

=0[nae+l/2An,T(·(/)
'-ae-3/2 -{3-1/2

sm訌 (cos 差） ］

+o[n°'一 112(sin 差）-a一5/2 (cos~)-{3-1/2] ! ~cp~1f 一 l
n n

Proof. For O <¢< 1
－ － 五，

、
丿

）

1

2

1

1

·

·

3

3

',＇̀

,＇
\

(3.13)

M訒 =0(2aH+1)~亡 [an,n-ko(2一 (a+P+I)) (n _ k)"+I伍- k)"+']

= 0(1) 図 包，n-,O(n - k)20+2] by (3.1)
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n-1
= O(n2°'+2)辶 an、n一 k, by Lerrnna (4)

k=O
n

= O(n2°'+2) 芷 缸，戸 . = O(n2°'+2)(An,n)
k=O

= O(n2°'+2)0(1)
= O(n2°'+2)

If 7r - i :S cp :S 1r, using (3.2), we have

n-1
M訒 =0圉曰-kO(n - 汩O(n - k)°'+1]

k=O
n-1

= o[芝 an,n-kO(n - k)°'+/3+1]
k=O

n-1
= O(n°'+.6門芝 an,n-k,

k=O
n

by Lemma (4)

= O(na+f3+I)芷际n-k = O(n°'+{]+l)An,n
k=O

= O(na+f3+I)0(1)
= O(n°'+f3+1)

If 上< 1
n </> < 1r - - we have, with notation as in Lemma 5.- - n'

n-1
M訒 =0(1)芝 ［严 －血 - k)°'+1!2 (sin 竺 -a,-3/2 -/3-1/2

k=O
2) (cos~)

·cos{(n-k)¢+pr/>-r} +
0(1)/_ L、-=- 1], by (3.3)

n-1
= 0(1) [芷 an,n-k(n - k)°'+1!2 (·</>

-a,-3/2 <P - 正1/2
sm訌 (cos訌

k=O
cos { (n - k) <P + P<P - 卟

n-1
+O(l) [L an,n-k(n - k)°'一 1/2 (sin -

q> -a,-5/2 q> 一护 3/2

k=O
2) (cos扎 ］

= 0(1) [団an正 k (sin~)-°'-312 (cos~-B-i/2
k=O

）

(ri - k)a+ 1 ;z cos { (n - k) <p + P<P - r}]
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+O(n°'一 1/2『立佈n-k (sin 差）-a-5/2 (COS f)-軒312] by Lemma 4
k=O

= 0 ((sin!) _°'_312 (cos 差）-{3-1/2)

n-1
圉 戸－血- k)°'+1/2 cos{伍 -k)¢+哼- r}
k=O

］
¢-a-5/2¢-/3-3/2 n-1

+O ((sin 2) (cos 2)) [L an,n-k(n - k)0-112
k=O

］

=o((sin 差）-Q一312 (cos 差）一(3-l/2) O(n°'+I/2An,r)
+O ((sin勻-Q一5/2(</J -(3-3/2

2
cos訌 ）O(n°'一 112) by Lemma (5) and (6)

= 0 [n°+1/2 An,r (sin 差）至 -3/2 (cos 差）-(3-1/2]

+o[n°'一 1/2 (sin 竺
-o-5/2¢-(3-3/2

2) (cos訌 ］
In this way Lemma (7) is proved.

4. Proof of the Theorem.

Following Obrechkoff (1936) the nth partial sum of the series (1.1) at the point x = I
is given by

Sn(l) = 2a+f3+1「(sin!) 2°'+1 (cos 差）2/3+l f(cos(j))S氙 1, cos¢)d¢
。

where S~(1, cos¢) denotes the nth partial sum of the series

芷
P盆~,/3) (l).P昷~·13\cos¢)

111.

where 9m = (2n+et+(3+1)二y'(n+a+(3+1)
20+/3十 I.j(n+et+l).,/(n+(3+1)'

Rao (1929) has shown that

氝 (1, cos¢) = AnP1~a+I ,{3) cos(</>).

Therefore
7r

－{1) - A= 2a+f3+l An J ¢2a+l 翊十1
(sin丑 (cos 差） {f (COS <P - A}P1\a+I,{3) (COS </>)de/>
。7r

=2a+f3+l>,n I F(</>)PAa+l,f3)(cos¢)d¢,
。
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where An is defined as in Lemma (7).
The matrix means of the series (1.1) at x = 1 is given by

n

tn = I:an,k忥 (1)
k=O
n

= Lan,n-kSn一k(l)
k=O
n

or tn - A= 芷 的，k{Sn..:k(l) - A}
k=O

= /.,., F(cp)Mn僮）def>+ (an,o)O(l)「F(cf>)def>
。 。

Since J『F(c/>)dc/> is a finite constant, by assumption, second term on the right is 0(1) as
n -, oo. Hence in order to prove theorem we have to show that

I=「F(cf>)N (cf>) def> = 0(1) as n -r oo
。

Let us denote

I= [tn + ( [ 一1/n +{,j」F(</J)Mn (¢)d</,
= 11 + I2 +ls+ I1, say (4.1)

6 being a suitable constant.

Ii = /1/n F(¢>)M謳 ）de/>
。

因 =Jl/n IF(ef>)IO(n2a+2)def>) by (3.11)
。

= O(n2a+2)丨1/n IF(</>)ld<b
。

= O(n2a+2) 1
o(n2a+2.B(n))'by (2.1)

= o( 1
硐）

= o(l), as n --+ oo, by hypothesis of theorem .

In order to estimate h we employ the asymptotic relation given in (3.13). Thus

0

I, = 0 [J,/n IF(</>)ln12"+l)/2An,r (sin 差 ）一 (2o+3)/2d</>]

(4.2)
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+O [J.;n IF(¢)1n('"+l)/'(sin 差）-(2o+5)/2def,l

= h·.1 + h.2, say (4.3)

Now

I,'= O(n(z.+11;2) [(IF~f}二~'d¢l

= O(n(2a+l)/2) [a(¢2a+2 心 ，T)8 8¢2a+2 d An,r
媯）¢(2a+3)/2 1/n + o{ 1/n~(如 dJ (rJ>(2a+3)/2)呵

=o(;訂］十 o(n(2a+l)/2 A.n,r1)

+o(n(2a+l)/2)「¢2al+2 An,T
l/n~(¢)¢(2a+5)/2邲

n
= o(l) + o(l) + o(n(2a+l)/2) / An,u

1/8 u(2a+3)/芍 (u) du,

1
¢
- = u by the hypothesis of theorem

n
= a(l) + a(n(2a+l)/2)芷 An,k l

((k)k(2a+3)/2 where a = [-] + 1,
a 0

= o(l), by (2.2).
n 2: 且］

(4.4)

,o
I,., =0 [/,/n IF(</>)ln(2a-l)/2 (sin 訐 ）一(2a+5)/2d,Pl

=0(n(2a-l)勺 [Jo F(</J)
l/n <jJ(2a+5)/2祠

=0(n12a-1)/2) [{ ,P('a~s)/'a(~)}:/n +a{{. ,pC:~;'t d,P}]
n一 (2a一 1)/2

=o(n(2a一 1)/2) + o(n(2a一 l)/2)0(+o(n區-1)/2)
o <P(2a一 3)/2

硐）） 1/n 媯）d<j;

=o(n(2a 一 1)/2)+0(
1 (2a一 1)/2 o

~(n)) +o(n ((n)) l/n <P(2a一3)/2焯 ，by mean value theorem

=o(l) + o(_n(~a(:;)/2) { (~::~)t:2} :/n (·: -1 ::; a< 訌
=a(l) + o(n(2ac-1)/2) + o(n(2a-1)/2 (n一 (2a一 1)/2

汩 硐）） ）
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=o(l) + (
n(20一 1)/2

E.(n)) + o(忒）
=o(l) + o(l)
=o(l), as n-+ oo. (4.5)

Considering h, we have

I:{= 0日户 1/n IF(¢)1An,T·n(2°'+1)/2

0 ( 逵. (2a+3}/2 、(2/3+1}/2呵
sm 2) (cos 钅

+O(n(2a 一 1)丐[「 1/n IF(¢)! dcp
0

(2a+5}/2 、(2/3十3)/2]
(sin 訂 (cos 钅

户 1/n
= O(n(2a+l)/2An.11) J IF(cos¢) - Al (cos 差）(2/3一 l)/2 cos 竺必

0 2
1r-l/n <P (2/3一 1)/2

+O(n(2°' 一 ll/2) 1 IF(cos¢) -Al(cos2) 聶

= O(n{2a+l)/2 An,17) + O(n(2a-1)/2), by (3.4)

= o(l) + o(l), as n---* oo

= o(l). as n --t oo. (4.6)

We finally consider I1.
7T

J4 = O(na+/3十1)丨IF(</>)ld¢, by (3.12)
1r-l/n

= O(na+/3+1)「If (cos</>) - Al (sin 竺尸 (cos竺 2/3+1
1r-l/n 2 2) 必

= O(na+/3+1)丨i;n If仁 cost) - Al cos! 2°'+1 t 2/3+i

。
( 』(sin 2) dt

1/n
= O(na+f3+1) J If (-cost) - Alt2f3+1 dt

。1/n
= O(n2a一 1/2)丨 廿(-cost) - Ajt<2护1)/2 dt

。= o(l), as n-+ oo. by (3.5)

Thus the theorem is complet0ly established.

ta:king 1r 一 <P = t

(4.7)

5. Particular Cases

(a) If an,k = 哉严 and~(x) = logx, result of Gupta (1970) becomes the particular case
of main theorem.
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(b) Result of Tripathi, Tripathi and Yadav (1988) becomes the particular case of our
theorem if (an,k) is defined as in (a) and~(x) = (Pi位 ])c; Q < C < 1.

(c) If an,k = 匹五：qn where Rn = I:~=O Pkqn-k and~(x) is as defined as in (a) then
result of Khare and Tripathi (1988) becomes the particular case of main theorem.
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