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SOME REMARKS ON MILOVANOVIC-PECARIC INEQUALITY

AND APPLICAITONS FOR SPECIAL

MEANS AND NUMERLCAL INTEGRATIONS

S. S. DRAGOMIR, Y. J. CHO AND S. S. KIM

Abstract. In this paper, we shall give some applications of the Milovanovic-Pecaric inequality
for special means in numerical integrations and prove some new inequalities of the Milovanovic­
Pecaric type in which the bound will be expressed in terms of the fi.rst derivatives.

1. Introduction

In 1976, G. V. Milovanovic and J. E. Pecaric proved the following inequality of Os­
trowski's type (see, for example, (1, p. 468]):

} [(b- a)f(x) + (x - a)f(a) + (b- x)f(b)] - 「f (t)dt
a

IIJ"lloo(b - 吖 1 (x - 于）2
::; A 届 十 (b - a)2 ] (1.1)

for all x E [a, b], provided that f : [a, b] ---+ R is twice differentiable on (a,b) and IIJ"lloo =
SUPtE(a,b) lf"(t)I < 00.

If, in the above inequality, we choose x = 节上 then we have

汀 (b - a)J(二 )+ (b - a) J(a) + J(b)] 「 llf11lloo(b - a)3
2 2 2 - f (t)dt~

a 48
(1.2)

and, if we choose x = a or x = b, then we have the following trapezoid inequality:

l(b _ a) f(a) ; f (b) 一「 f(t)dt <:; llf'll=(b 一a)'
a

(1.3)
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In what follows we shall point out some applications of the inequality (1.1) for special
means in numerical integraitons as well as we shall prove some new inequalities of the
Milovanovic-Pecaric type in which the bound will be expressed in terms of the first
derivatives off.

2. Applications for Special Means

Let us reall the following concepts we shall use in sequel:

(a) The arithmetric mean: A= A(a, b) = (a+ b)/2, a, b 2'. 0,
(b) The geometric mean: G = G(a, b) =矗h, a, b 2'. 0,
(c) The harmonic mean: H = H(a, b) = 2/( l 1

(L 十 訂， a,b > 0,
(d) The logarithmic mean:

L = L(a, b) = { a 辶a
In b-ln a

if (1, = b
if a # b, a, b > 0.

(e) The identric mean:

I= J(a, b) = {; ( 甚）＝
if a= b

if a¥= b, a, b > 0.

It is well-known in the literature that

H < G < L <I< A.

In what follows, we shall use the inequality (1.1) in the following version:

(2.1)

1·b 1 bf (b) - af (a) f (b) - f (a)
二 1 f(y)dy 一 ,df(x) + b - a . - x b - a JI

:::; llf"lloo(b - 吖 1
4 [-

位－千 ）2

12 + (b - a)2 J
for all x E [a, b].

Example 1. Consider the mapping f(x) = i for all x E [a, b] C (0, oo). Then we
have

(2.2)

1 b

二 1 f(y)dy = L-1,

f(x) = 1
X2'

bf(b) - af(a) J(b) - J(a)= 0,b-a b-a
2 2

J" (x) =戸, IIJ"lloo =訌

，2
1
5

Therefore, the inequality (2.2) becomes

L刁 _![x-1+勻 <2(b-正 l (x~.4)2
2 G2 I - 4a3 [ 五 十 (b - a)2 ]' (2.3)
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which is equivalent to the following:

0 三｝ ＿竺x~:2~(b ;a;)2 [立十~: 二：［ ］
Now, choosing x =Gin (2.4), we have

O<L G<
(b - a)2 1 (A - G)2

- - - 2a3 [ 五 十 (b - a)2 ] LG.

If we choose x = L in (2.4), we have

0~ £2 - G2
(b-吖 1 (£- A)2

~ a3 [ 百 十 (b - a)2 ] LG2

b
—(b - a)2 —+

1 (£- A)2
= a2 [ 12 (b - a)2 ] L

If we choose x = A in (2.4), we have

0~G2 + A2 - 2AG-~
G AC:澄- a)2
L l2a3 .

(2.4)

(2.5)

(2.6)

(2.7)

Example 2. Consider the mapping f : [a, b] -r R defined by f(x) = ln x for all
x E [a, b] C (0, oo). Then we have

b~alb J(y)dy = lnl,

J'(x)
1

bf (b) - af (a) =ln(el),
b-a

f(b) - f (a) = L-1,
b-a

X
J"(x) = 1

x­')'
1llf"lloo =—a2'

and then the equality (2.2) becomes

I 1 x (b - a)2·1 (A - x)2
Inf - 2 [1nx + ln(el) - rJ I~ 4a2 [五 十 (b - a)2 ]'

that is,

J 1n(7) - L + 1J::; (b ;a:)2 [直 十 \1~:;:]
We know that, for all x > 0, 主 2:: f and, for all y > 0, y - 1 2:: ln y and so

, - 1 2:: ln 钅2:: ln 钅and the above inequality becomes

0 ::;
X X (b-吖 1 (A-x)2
讠- 1 - ln(I) ::; 2a2 [豆+ (b - a)2 l

for all x E [a,b] C (0,oo).

(2.8)



206 S. S. DRAGO MIR, Y. J. CHO, AND S. S. KIM

If we choose x = L in (2.8), we have

1 < - <I (b-吖 1 (A-L)2
- L - exp [ 2a2 旵 十 (b - a)2 J]

If we choose x = I in (2.8), we have

O<I L<
(b - 正 l (A - 1)2

- - - 2a2 [五 十 (b - a)2] L.

Finally, if we choose x = A in (2.8), then we have

A A (b - a)2
0~- - 1 - ln(-) <L I - 24a2 .

(2.9)

(2.10)

(2.11)

3. Appl" .1cat1ons m Numerical Integrations

We shall apply the inequality (1.1) to obtain some quadrature formulas which are
similar with the trapezoid and mid-point quadrature rules (see [1]).

Theorem 3.1. Let f : [a, b) --t R be a twice differentiable mapping on (a, b) with
llf"lloo = SUPtE(a,b) IJJJ(t)I < 00. Then, for any partition h·a = x0 < x1 ＜ ＜

Xn-1 < Xn = b f[ ]o a, b and any intermediate point vectors E, = (E,o, 6, · · ·, t,n-l) satisfying
C,i E [xi, Xi+1](i = 0, 1, ... , n - 1), we have

「J(x)dx = AM.PU, I加( ) + RM.PU, I如( ) ,
a

where AM.PU, h, () is a generalization of the Riemann sum as follow:

(3.1)

AM,P(/,I加（）＝｝匡 嘔 ）h; 十訃 , - x,)J包）十訃 汁1 - (.)f(x;+1)] , (3.2)

where the remainder term RM,PU, I如~) satisfies the estimation

IRM,RU,I加 ~)I :s 肛圧 I:hn上 十 佰i - 勺;+l)2
4 i=O 12 hf ]

＜
llf"lloo 曰
－可了 芝屑，

i=O
(3.3)

where hi = Xi+1 一 Xi.
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Proof. Applying the inequality (1.1) on the interval [xi, Xi+i] (i = 0, 1, ... , n - l),
we have

「+if (t)dt -~[f体）hi + (~i 一 xi)f(xi) + (xi+I 一 ~i)f(xi+1)]
Xi

S llf"Jlooh/ [立 十(~; -'~?汁' )' ]
:S II!" I區屑

12
2

as (~i - x;+x…) ＜ 尼2 一 寸 . Sumrnmg over i from Oto n-1, we deduce easily the estimation
(3.3).

Corollary 3.2. W聶 the above assumptions, we have

「f(x)dx = AM,PU, I如C) + RM,PU, I和C),
a

w_here

AM.PU, I,.,~·)= i囚j(Xi +t+l)h; 十 n亡 f(x,) +/(x,+1l h,]

is a mixture between the trapezoid and mid-point quadrature rules and the remainder
satisfies the following ineq·uality:

IRM,PU,I加C)I <
llf"lloo n-l

- 48 芝屑
i=O

4. Applications of lyengar's Inequality

In 1938, K. S. K. Iyengar [1), by means of geometrical condition, has proved the
following theorem:

Theorem 4.1. Let f 朊 a nonconstant differentiable function on [a, b] and assume
that IIJ'lloo = SUPtE(a,b) lf'(t)I < oo. Then

「 1
J(x)dx--(b-a)(J(a)+ J(b)) :S llf'lloo(b-a)- 1 (J(b)-f(a))2. (4.1)

a 2 4 4jjf'lloc

In this section, by the use of Iyengar's theorem, we shall point out an inequality of
the Milovanovic-Pecaric type.
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Theorem 4.2. With the above assumptions on the mapping f, we have the following
inequality:

[ f (t)dt -~[J位）(b - a) + (x - a)f(a) + (b — x)J(b)]I

M I (x- 于）2 1
s 4 [4 十 (b - a)'l (b - a)' 一汩 (f(b) - f(a))'

for all x E [a, b], where M = llf'lloo < oo.

Proof. Applying (4.1) on the intervals [a, x] and [x, bl, we have

(4.2)

「J (t)dt - ! (x - a)(J(a) + f (x)) I~M(x - 吖 ＿上 (J位）- J(a))2
a 2 4 4M

and

「f(t)dt - !(b - x)(f (b) + f(x))~M(b - x)2 一上 (f (b) - f(x))2
X 2 4 4M

Summing the above two inequalities, we have

「 1
J (t) dt - - [ (b - a) J (x) + (x - a) J (a) + (b - x) J (b)]

a 2

<~M 1
一 4— [(b - x)2 + (x - a尸］－— [U(x) - f(a))2 + (f(b) - J(x))2]. (4.3). 4M

Now, by a simple calculation, we have

(b - x)2 + (x - a)2 = (b - a)2 [ - 十1 (x - 于）2
4 (b - a)2 ]

and
2[(f(x) - f(a))2 + (f(b) - f(x))2]~(f(b) - J(a))2

Therefore, (4.3) gives us the desired inequality (4.2).

Corollary 4.3. With the above assumptions, we have

lb f (t)三尸 )+ f(a); f(b)] (b _ a)

＜
M— (b 一 a)2- -1- 16 8M (f(b) - f(a))2. (4.4)
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In what follows, we shall consider the following weaker version of (4.2) which has nice
applications for special means and in Numerical Analysis:

~{t(y)dy-~[!(x) 十 吋 (~i=:』(a) _ x f (b~=~(a) l
s 1111100 [i + (~二'](b - a) (4.5)

for all x E [a,b].

Example 3. Consider the mapping f(x) =~for all x E [a, b] C (0, oo). Then, a..c, in
Section 2, we have the following inequalities:

0:::; 1 G2 十正 (b - 吖 1 (x - A)2
． 工 ＿ 泣 G2 :::; 4a2 [4 + (b - a)2 ]

for all x E [a, b]. Now, choosing x =Gin (4.6), we have

O<L-G<
(b - a) 1 (x - A)2

- - 4a2 [4 + (b - a) 2 ] LG·

If we choose :r; = A in (4.6), we have

0 :::; G2 + A2 - 2AG- <G (b - a)ALG2
L - 8a2

(4.6)

(4.7)

(4.8)

Now let observe that in (2. 7) we got the bound ALG2(b-a)2, 12a3 for a2 + A2 - 2AG钅
Consider the ratio

[ALG靡 －吖 (b - a)AL伊 2(b - a)
R = 12a3 ] / [ 8a2 ] = 3a

Now, if 2b~5a, then the estimate in (4.8) is better than the estimation provided by
(2.2).

Example 4. Let consider the mapping f : (a, b] -t R defined by f位）= lnx for all
x E [a, b) C (0, oo). Then we have (see Section 2)

0 ::; 芒 -1- ln曰 ::; - +x (b - a) l (x - A)2
L I 4a [ 4 (b - a)2 ]·

If we choose x·= L in (4.9), we have

(4.9)

1 :S f :S exp [ (b ;aa) [i + (i =~)22]] (4.10)
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If we choose x = I in (4.9), we have

O<I-L<
(b - a) l (A - !)2

- - 4a [4 + (b - a) 2 ]·

210

Finally, we shall apply (4.5) to obtain some quadrature formulas which are similar
with the trapeziod and mid-point quadrcture rules.

Theorern 4.4. Let f : [a, b] -r R be a differentiable mapping on (a, b) 皿th llf'lloo =
sup氏(a,b) lf'(t)I < oo. Then, for any partition h : a = Xo < X1 <· · ·< Xn-1 <
Xn = b of [a, b] and any intermediate point vectors~= (fo, 6, ... , ~n-1) satisfying~i E
[xi, Xi+1](i = 0, 1, ... , n - 1), we have

(4.12)「J(x)dx = AM.PU, h, E) + RM,PU, I加 E),
a

where AM,PU, I加 E) is a generalization of the Riemann sum as follow:

AM,P(/,!1忒）＝｝［＼ 嘔 ）h,+臣,- x,)J伝）十竺 Xi+l - /;;)f(x;+1)] (4.13)

and the remainder term RM,PU, I加~) satisfies the following estimation:

IRM,R(J, h, I;) I s Iii}00 t [~+ (I;, 一］；；尸 ）］ 乓

(4.14)
II!'n-1~f~厐

i=O

Proof. Applying the inequality (4.5) on the interval [xi, Xi+i](i = 0, 1, ... , n - 1), we
have

『l f (t)dt - ! 廿 ((i)hi + ((i - Xi)f(xi) + (xi+l - 幻f (Xi+i)J
Xi 2

IIJ'lloo户鬥
4 4 4 4

[ ~十佑 - : ? •+•' ] 乓S:s; IIJ'lloo
4

= IIJ'lloo杞
8 i.

Summing over i from Oto n - 1, we deduce easily the estimation (4.14)

W聶 the above assumptions, we have

「f (x)dx = AM.PU, I加C) + RM,PU,h,C),
a

Corollary 4.5.
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where

AM,PU, hJ:) =~ 『亡 !('\X•+i)h, +~f(x,) \f(x;+i) h,]

is a mixture between the trapezoid and mid-point quadrature rules and the remainder
satisfies the following inequality:

IRM,PU, h, C)I < IIJ'lloo n-1

－可『芝屑
i=O

Remark 4.6. If the mapping f is not twice differentiable on (a, b) or the second
derivative f" is very large on (a,b), we can not apply the quadrature formula (3.1)
provided by the Milovanovic-Pecaric inequality and thus (4.12) provides an alternative
solution in terms of the first derivative.
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