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SOME REMARKS ON MILOVANOVIC-PECARIC INEQUALITY
AND APPLICAITONS FOR SPECIAL
MEANS AND NUMERLCAL INTEGRATIONS

S.S. DRAGOMIR, Y. J. CHO AND S. S. KIM

Abstract. In this paper, we shall give some applications of the Milovanovié-Pegarié¢ inequality
for special means in numerical integrations and prove some new inequalities of the Milovanovié-

Pecari¢ type in which the bound will be expressed in terms of the first derivatives.

1. Introduction

In 1976, G. V. Milovanovié¢ and J. E. Pecarié¢ proved the following inequality of Os-
trowski’s type (see, for example, (1, p. 468)):
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for all z € [a,d], provided that f : [a,b] — R is twice differentiable on (a,b) and || f"||cc =

SUPse(a.p) | (B)] < o0.
If, in the above inequality, we choose z = # then we have
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and, if we choose z = a or z = b, then we have the following trapezoid inequality:
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In what follows we shall point out some applications of the inequality (1.1) for special
means in numerical integraitons as well as we shall prove some new inequalities of the
Milovanovié-Pecari¢ type in which the bound will be expressed in terms of the first
derivatives of f.

2. Applications for Special Means

Let us reall the following concepts we shall use in sequel:

(a) The arithmeiric mean: A = A(a,b) = (a+b)/2, a,b>0,
(b) The geometric mean: G = G(a,b) = Vab, a,b>0,

(c) The harmonic mean: H = H(a,b) =2/(1 +3}), a,b>0,
(d) The logarithmic mean:

a ifa=09
L—L(a,b)—{ b—a ifa#b, a,b>0.
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(e) The identric mean:

a it'a =:b
F=itabl= s
(a,5) g(ﬂ) ifa#b, ab>0.
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It is well-known in the literature that
Hel<lclcA (2.1)

In what follows, we shall use the inequality (1.1) in the following version:
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for all z € [a, b).

Example 1. Consider the mapping f(z) = I for all z € [a,b] C (0,00). Then we
have

1 ¢ e bf(b) —af(a) _ fb)—fla) 1
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Therefore, the inequality (2.2) becomes
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which is equivalent to the following:
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Now, choosing z = G in (2.4), we have
b—a)?[1 (A-G)?
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0<L-GX< 573 12+(b—a)2 LG (2.5)
If we choose z = L in (2.4), we have
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If we choose z = A in (2.4), we have
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Example 2. Consider the mapping f : [a,b] = R defined by f(z) = Inz for all

z € [a,b] C (0,00). Then we have
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and then the equality (2.2) becomes

lnI—%[lnm+ln(eI)——%]l < %5[115“(1:_;5));}

that is,
(b—a)? [1 (A—x)z}

22 |12 T (5-a)

£ and, for all y > 0, y — 1 > Iny and so

We know that, for all z > 0, £ > §
f—12In% >In ¥ and the above inequality becomes
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for all z € [a,b] C (0, 00).
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If we choose z = L in (2.8), we have

< ex p[(b a) [1'12+%H. (2.9)

If we choose z = I in (2.8), we have

(b—a)®?[1 (A-1)?
0<I-L< " [ﬁ B W} L. (2.10)

Finally, if we choose z = A in (2.8), then we have

A (b —a)?
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3. Applications in Numerical Integrations

We shall apply the inequality (1.1) to obtain some quadrature formulas which are
similar with the trapezoid and mid-point quadrature rules (see [1]).

Theorem 3.1. Let f : [a,b] & R be a twice differentiable mapping on (a,b) with
1/llc = supse(apy |f"(t)] < co. Then, for any partition I : a = 29 < 21 < -+ <

Tn-1 < Tp = b of [a, b] and any intermediate point vectors € = (&, &1, -+, En_1) Satisfying
& € [zi,zi1](: =0,1,...,n — 1), we have
b
|| 1@ = Anp (. 1, €) + Rar.p(5, 11, ), (3.1

where Ay p(f, In, &) is a generalization of the Riemann sum as follow:

n—1 n—1 n—1
Apm,p(f,In,€) = % [Z FEhi+ ) (& —z)f(m:) + Y (wig1 — Ei)f($z'+1)] » (3:2)

where the remainder term Rps p(f, In, &) satisfies the estimation

1" n—1 . Tit@i+1y2
|Bae,F, 1, )] < 1l Y g+ S
n
& ||f ”oo Zh (3.3)
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where h; = Tjy1 — Ti.
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Proof. Applying the inequality (1.1) on the interval [z;,z;41] (i = 0,1,...,n — 1),
we have

[ 10 SR + (6 - 20 (@) + (@i — 6 (@)

< ”fu“mhg i - (61 _ mi+§i+1 )2
= 4 12 h?
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as hT Summing over 7 from 0 to n— 1, we deduce easily the estimation
28

Corollary 3.2. With the above assumnptions, we have

b
/ F(@)dz = Aps.p(f, In, €%) + Rag.p(f, In, £,

where

)

n—1 _ n—1 . ‘
Amp(f, 10, €)= % [Z FEEEE )+ Y f(z:) +2f(mz+1) "
i=0

1=0

is a mizture between the trapezoid and mid-point quadrature rules and the remainder
satisfies the following inequality:

~1
1" lloo = 73
. N < — hs.
|Ram,p(f, In, €7)] < 18 ?;0 ;
4. Applications of Iyengar’s Inequality

In 1938, K. S. K. Iyengar [1], by means of geometrical condition, has proved the
following theorem:

Theorem 4.1. Let f be a nonconstant differentiable function on [a,b] and assume
that || f'lloo = suPse(ap [f'(t)] < 00. Then

b ! N2
|| #@da=ge-arr@ sy <=0 L (00— s, a)

In this section, by the use of Iyengar’s theorem, we shall point out an inequality of
the Milovanovié¢-Pecarié type.
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Theorem 4.2. With the above assumptions on the mapping f, we have the following
inequality:

b
(t)dt — S[f(z)(b — a) + (& — @) [ (a) + (b — ) f(B)]

M

P I el o/ (b—a)? — =—(f(b) — f(a))? (4.2)
= 4 |4 (b—a)? '

for all z € [a,b], where M = ||f'||co < 0.

Proof. Applying (4.1) on the intervals [a,z] and [z, ], we have

it~ 2 (@~ a)(f(@) + £(=)] < LEZX L (5(0) - (@)
and
b PRy
[ #edt = 50 - 260 + )| < T - 20 - sl

Summing the above two inequalities, we have

/'f )it — 2 [(b— a) () + u—dvmy+w—win

£ 4 [(b ~z)* + (o~ a)’] - [(f(w) f@) +(f®) - f(=)’]. (43)

Now, by a simple calculation, we have

2

a+b\2
(b—2)2+(z—a) = (b—a)2[4 %:-a—)—]

and
2[(f(=) = f(a))* + (f(b) — f(2))*] = (f(b) - f(a))*.
Therefore, (4.3) gives us the desired inequality (4.2).

Corollary 4.3. With the above assumptions, we have
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In what follows, we shall consider the following weaker version of (4.2) which has nice -
applications for special means and in Numerical Analysis:

i 1 bf() —af(a)  f(b) - f(a)
m/a fy)dy - 5 [f($)+——(T;a)— —z TT]

17Nl [1 (z — 2$2)2

for all z € [a, b].

Example 3. Consider the mapping f(z) = L for all z € [a,b] C (0,00). Then, as in
Section 2, we have the following inequalities:

1 G*+22  (b-a)?[1 (z-A)?

< = — < - 4.

p— L 2zG? —  4a? [4 (b—a)'z} [48)
for all z € [a,b]. Now, choosing z = G in (4.6), we have
(b—a) [1 (z-A)?
<L-GX< -+ —| LG. 4.7
0= E 4q? 4+(b—a)2 G el
If we choose z = A in (4.6), we have
2

O§G2+A2—2AG% < %‘—f—ﬁg— (4.8)

Now, let observe that in (2.7) we got the bound LGIZ(GQ%)Z for a® + A% — 2AG&.

Consider the ratio

B [ALGZ(b—a)Z]/[(b—a)ALGz] 2b—a)

1243 8a2 " 3a

Now, if 2b > 5a, then the estimate in (4.8) is better than the estimation provided by
(2.2).

Example 4. Let consider the mapping f : [a,b] — R defined by f(z) = Inz for all
z € [a,b] C (0,00). Then we have (see Section 2)
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(4.9)

If we choose £ = L in (4.9), we have

< exp [(b;aa) E 3 ((‘::—GL));-H . (4.10)

1<
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If we choose z = I in (4.9), we have

b-a)[1 (A-1I)

Finally, we shall apply (4.5) to obtain some quadrature formulas which are similar
with the trapeziod and mid-point quadreture rules.

Theorem 4.4. Let f : [a,b] = R be a differentiable mapping on (a,b) with ||f'||ec =
SUPse(anp) |f' ()] < 00. Then, for any partition I : a = o < 21 < -++ < Zp-1 <
zn = b of [a,b] and any intermediate point vectors & = (&o,&1,...,&€n—1) satisfying & €
[zi,zi41](E =0,1,...,n — 1), we have

b
|| $@0ds = Aago(£,10,0) + Ras.o (£ 1., (412
where Apr.p(f, In,€) is a generalization of the Riemann sum as follow:
1 n—1 n—1 n~1
Amp(f,In,€) = 5 [Z FEhi+ (& — i) f(mi) + D (@ig1 — »si)f(mm)] (4.13)
1=0 1=0 1=0

and the remainder term Rp p(f,In, &) satisfies the following estimation:

1Flle "2 1 (6 — mitzeny2]
£ ~ : h;
|RM,R(f1 Iha&)l = 4 12;6 4 + hf ?
’ n-—1
< |If4|Ioo SR, (4.14)

1=0

Proof. Applying the inequality (4.5) on the interval [z;, z;+1](: = 0,1,...,n—1), we
have

/:z:i+1 it % [f(&)hi + (& — z:) f(zi) + (Tiv1 — &) F(Zig1)]

i

itTig 2
| f'lloo |1 (& — = ;; - j|h2

Il lloo [1 1] h;
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4 12T 12 =
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Summing over ¢ from 0 to n — 1, we deduce easily the estimation (4.14).

Corollary 4.5. With the above assumptions, we have

,, | |
[ f@)de = Ao (f ) + Rarp (£ T, €°),
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where

1 [, 2+ = f(zi) + f(zis1)
A Ih, ) == o Ml s 17 4 22K
mp(f, 1, €7) 2§f( g D, .
is a mizture between the trapezoid and mid-point quadrature rules and the remainder
satisfies the following inequality:

|Bap,p(fy I, &%) <

Remark 4.6. If the mapping f is not twice differentiable on (a,b) or the second
derivative f" is very large on (a,b), we can not apply the quadrature formula (3.1)
provided by the Milovanovié-Pecarié inequality and thus (4.12) provides an alternative
solution in terms of the first derivative.
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