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GLOBAL ATTRACTIVITY IN A FOUR-TERM

RECURRENCE RELATION

LONG-TU LI AND SUI SUN CHENG

Abstract. Positive solutions of the four-term recurrence relation 乓 +1 = f(xn)g(Xn 一 1,互』
are shown to converge to its positive equalibrium points under relative mild conditions.

1. lnt:roduction

The asymptotic behavior of sequences defined by recurrence relations has long been
discussed in various branch of sciences (see e.g. Kocic and Ladas (l]). In this note, we are
concerned with the asymptotic behavior of the set n of real sequences {Xn}翌一 2 defined
by X-2 = a > 0, X-1 = fJ > 0, xo = "I > 0 and

Xn+I = f (xn)g(Xn-1, Xn一 2), n = 0, 1, 2, ... , (1.1)

where
(Hl) f: (O,oo) -t Rand g: [O,oo) x [O,oo) -t Rare positive functions; and
(H2) f is nondecreasing and g is nonincreasing in each of its independent variables.

A positive fixed point x* that satisfies x = f(x)g(x, x) is also called a positive equi
librium point of equation (1.1). Our objective of this note is to show that under mild
conditions on the functions f and g, every real sequence in n tends to one of the positive
equilibrium points of (1.1).

Similar results have been obtained for a number of recureence relations, see e.g. Kocic
and Ladas [1], Camouzis et al. [2], Li et al. [3], and Li [4]. Indeed, this note is motivated
by a concern raised in Kocic and Ladas [1, p.46] related to the stability of recurrence
relations.

2. Stability Criteria

We need to establish a boundedness criteria as a preparatory result for proving our
assertion. Its proof is motivated by that of Theorem 4.1 in (2], and involves novel use of
a polynomial equation.
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Theorem 1. Assume that (Hl) and (H2)hold. Suppose further that there are positive
constants A, B, L, p, q and r such that

f(x) :S Ax积 x 2:: L > 0,
B

g(x,y) :S 丙 戸 x, y 2:: L > 0,

and
_x3 - p.X2 + q.X + r = 0

does not have any positive roots. Then every sequence inf! is bounded.

Proof. Let {An}翌~o be defined by Ao = p and

(2.1)

An= P -
An-IQ+ r

入2'n-1
n = 1,2,3, .... (2.2)

We assert that there is some positive integer N such that Ao, A1, ... , AN」> 0 and
AN ::; 0. Indeed, if p3 ::; pq + r, then

3

入1 =p- =
pq + T p - (pq 十 r)
p2 p2 ::; 0

If 忙 > pq + r, then

A1 = p3 - (pq + r)p2 > 0,

and
pq+r

A1 - 品= - < 0.p2

If An > 0 for all n, then since

An+l - An = (An - An-1)
A訟n-lq + AnT + An-1T

A2 A2n n-1

for n 2: 1, we easily see by induction that { An} decreases to a nonnegative limit .\. By
taking limits on both sides of (2.2), we see that.\ is a nonnegative root of (2.1), further
more, it must be positive, since O is not a root of (2.1). However, by our assumptions, the
above equation does not have any nonnegative solution. This i.s a contradiction. In other
words, there is some positive integer N such that .\0, .\1, .\2, ... , AN-I > 0 and 扭 ~0.

Let {xn}窋;,_2 be a real sequence in n. If / is bounded by M, then clearly

Xn+l = f (x,i)g(xn一 1, Xn-2)~Mg(O, 0)

for all n 2: 0. If f is not bounded, then limn~oo f (x11) = oo since f is nondecreasing. If
{Xn} is not bounded above, then there is a subsequence { Xni} r:。such that lirn日oo Xn; =


