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APPROXIMATION METHODS FOR THE SOLUTIONS
OF IMPULSE DIFFERENTIAL EQUATIONS

A. GEORGIEVA AND S. KOSTADINOV

Abstract. In the present paper approximations for the solution of impulse differential equations
by solutions of an appropriately constructed ordinary differential equations are found.

1. Introduction

The impulse differential equations are adequate models of processes which are un-
dergoing salutatory changes in their evolutionary development in the form of impulses.
These kinds of processes are commonly met in many branches of physics, chemistry,
robotics, biotechnology etc. The quantitative theory of these equations has been inten-
sively developing in the last 5 years (see [1]-[4]). In the present paper for a given impulse
equation we construct an ordinary equation so that the solutions of these equations are
“near” in various senses.

2. Statement of the Problem

We consider the following impulse equation

T =f2) (£t (1)
x(t:{) = an(tn) (t = tn)a (2)

where F(t,z) : Ry x R - R(R; = [0,00)), @, : R = R. The points of jump t, satisfy
the following conditions 0 =t < t, < tp41(n =1,2,--),limp 00 tn = 00.

The process simulated by (1), (2) evolves as follows: the point P(t) = (¢,z(t)) which
maps the trajectory having left the starting point (¢o, o), moves along the cruve {¢,z(t)}
determined by the solution of the ordinary differential equation

dx
— =F(t,z 3
= Fl(t,) 3)
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with initial value z¢ at point t,. The motion along this curve goes on until the point
t1 > ip at which the point (¢,z(t)) meets the hyperplane ¢;. At the moment t = t;
under the action of the impulse operator (); a transition by a jump is performed from
the state (t1,z(¢1)) into the state (t1,z(t])). Further on, for ¢ € (¢;,¢;) the mapping
point P(t) moves along the curve {t,z(t)}, where z(t) is a solution of equation (3) with
initail valued z(¢]). At the moment t, new transition by a jump is carried out from
the state (¢2,z(t2)) into the state (t2,z(¢3)), etc. The motion on the left of the starting
point is carried out similarly.

Definition 1. The function ¢(t) is said to be a solution of (1)-(2) if for ¢t # t,(n =
1,2,---) it satisfies the ordinary differential equation (1) and for ¢ = ¢,, the condition of

jump (2).

Further we assume that the solutions z of the impulse equation are continuous on the
left.
We consider the Cauchy problem for (1), (2)

iL'(to) =T (4)

It is not hard to check, that the impulse Cauchy problem (1), (2), (4) has for any
Zo € R a unique solution off the ordinary Cauchy problem (1), (4) has for any zo € R a
unique solution.

Lemma 1. The solution of the problem (1), (2), (4) for t € (tn,tn+1] is given by the
formula

z(t) = Qnz(tn) + /tt F(s,z(s))ds (3)

Lemma 1 is proved by straightforward verification.
Let R = RU{ too}. Let I (R) be the set of all intervals and I(R) the set of all bounded
intervals. For O C R we denote

AQ:{fQ—)I(R)}, AQZ{fQ%R}

Definition 2. [5] The low and upper boundary of Baire of f € Ag in the point z we
call the number

= —_— l. I i = —_ i o
I(f;z) 45 (6, f;z) and S(f;z) 513& S(, f; z)
respectively, where

I(6, f;z) =inf{y:y € f(t),t € [z -4,z +4,] NN}
S, f;z) =sup{y:y € f(t),t e[z —6,z+6,]NN}
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By gr(h) we denote the graph of the function h € Ag, i.e.
gr(h) = {(z,y) : 2 € Q,y € f(z)}.

Definition 3. [5] A completion of the graph of the function f € Aq we call the
intervalued function F': Aq — Ag defined by the formula

F(f; =) = [I{f;=), S(f; )}

Let Fq be the set of all intervalued functions which coindide with the completion of
his graph, i.e.
Fo = {f € Aq: F(f;3) = f(x),z € Q.

Let f,g € Fq.

Definition 4. [5] The number

h’(f: g) = sup lIlf max[lm — §|, ly —_ 'r]”
(z,y)egr(f) (&:m)Egr(g)

is called one-sided Hausdorff metric.

We shall find approximations for the solution of the problem (1), (2), (4). For this aim we
construct an ordinary differential equation, such that the solution of the two equations
are nearly w.r. to the Hausdorff metric.

3. Main Results

We introduce the following condition:
(H1) A =inf(t,4+1 —t,) > 0.
Theorem 1. We assume that the impulse Cauchy problem (1), (2), (4) has for any

zo € R a unique solution z(t) and that the condition (H1) holds. Then for anye € (0,A)
there exists a function G.(t,y)(t > 0,y € R) such that the Cauchy problem

dy
i Ge(t,y) (6)
y(to) = zo (7)

has a unique solution y(t) with h(y,z) < €.

Proof. Let € > 0 be arbitrary choosen. We set

F(tyy)Jr—%(Qn"I)z(tn): te (tn,tn +€]
Gs(t’y) = (8)
F(t,y), t€ (th +€,tn41)
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n:[))laza"')QO =T
The solution of the ordinary equation (6), (7) is given by the formula.

t
¥® =yt + [ Gulory(e)ds ©)
tn
It is not diffcult to check that forn =1,2,---
Y(tn) = z(tn)
holds. Indeed from (5), (8) and (9) it follows immediately that

z(t1) = y(t1)

We suppose that y(t,—1) = z(tn,—1) and we shall prove that y(t,) = z(tn).
From (5), (8)and (9) it follows that

tn
2{tn) = Quny2tltn-a)+ F(s,z(s))ds
and
Y(in) = yltn) + [ Celory(s))ds
ol )+/t"_l+e F(s (s))ds+/tn—ﬁ€ o T L R T
= n—1 - Y b = n—1 n—1 n—1
+/tn_1+6 F(s,y(s))ds

= Qn-1%(tn-1) +/ " F(s,z(s))ds

Hence
y(tn) = "E(tn) (10)

From (5), (8), (9) and (10) we obtain

tnte ‘
z(tn +€) = Qnz(ty) + / F(s,z(s))ds
t

n

and

Y(tn +€) = y(ta) + /t " Go(ay(s))ds

n

. fnie ,
BBt / F(s,y(s))ds + / 2 (@naltn) ~ z(tn))ds

' th+e
= an(tn) Ca / F(S, I(S))dS
t

n
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Hence
Y(tn +€) =z(tn +€) (11)

From (8), (10) and (11) we obtain

y(t) =z(t), tE€[tn+e,tnt] (12)

and therefore h(y, z) < €.

Remark 1. The function G, (t,y) can be defined on the following way too

F(t,y) + Pa(t), tE€ (tn,tn +¢|
GE(tay) — {
F(tay)a te (tn T E,tn+1]

forn=0,1,2,---, where Py(t) =0,
Bt =)t — [ + €)), te (tn;tn+e)
Pu(t) =

0, t & (tntnte)

for n =1,2,--- and the numbers a, is given by
1

in = @nz(ta) —a(ta)) ([ T = )~ (treldt)

n

Theorem 2. Let the following conditions are fulfilled:

1. The impulse Cauchy problem (1), (2), (4) has a unique solution z(t) for any zo € R.
2. The condition (H1) holds.

Then for any sufficiently small € > 0 there exists a function G.(t,y),(t > 0,y € R)
such that the Cauchy problem (6), (7) has a unique solution y(t) so that

Iy =l = ([ Tl st <5 (i op<e):

Proof. Let € > 0 be so small that

eP P -
= =l N
IMn+1|”(p+1) -

En (8= 1,8+

Here M, := Qz(t,) — z(t,)-
We set
F(t,y) + = (Qn — Dz(ts), t € (tn,tn + ey
GE(tay) = {

F(t: y), t.e (tn + 5n:tn+1]
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TL“—"O,I,Z,"',QO =1.
Let y(t) be the solution of the problem (6), (7) and z(t) the solution of the impulse
problem (1), (2), (4). Then for t € (t,,t, + €n) We have

En

y(t) — z(t) = (Qnz(tn) — z(ts))

Because y(t) = z(t), (¢ € [tn + €n, tn+1]) we have

0o et tht+en _
Iy ==l = [~ l® -s@Pd =3 [ [@natn) - ata) g
n=1 n

n

|@nz(tn) —sv(t /i — L AR
Z o +en—t)d5§=: TSk

n

ie. [lz—yllp <e.

Remark 2. The function G¢(¢,y) can be defined by the following way too.

F(t,y) + Pa(t), t€ (tn,tn +€n)
(t,y) (13)
F(t,y), t € (tn + €n, tnta]
forn=0,1,2,---, where Py(t) =0,
an(t —tp)(t — (tn +€n)), t € (tn,tn+En)
Pt =
0, t € (tn,tn +En)
forn =1,2,--- and the number a, is given by
tnt+én —q
an = @ualtn) ~a(t))( [ (=t~ (tntea)it)
tﬂ.
i.e.
M,
Hg =— -
Let € > 0 is so small that
' 2 eP P
n=(3)° 5l & =1,2,-+).
Then for ¢ € (tn,tn + €,) we have
. t
y(t) — z(t) = z(tn) — Qnz(tn) + | Pu(s)ds = / P, (s)ds
in tnten
tnten )
O —2@1< [ 1Pa(o)lds < max|Pa(t)l(tn + en ~
t
_ En 6| M,| €2 3| M,
- |Pn(tn+—2—)l(tn+5n_t) 63 _4@'(tn+ n""t) = 26,—,, (tn+5n_t)
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Hence

[— . / " () - a()Pdt

oo tnten 3pan 3poo
<3 [ G e enpa= (5) e =

ie |ly —z|lp <e.
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