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OPTIMAL CONTROL FOR SYSTEMS GOVERNED

BY DISCONTINUOUS NONLINEARITY

NGUYEN BUONG

Abstract. The aim of this paper is to present an existence theorem of optimal control for
systems descrided by the operator equation of Hammerstein type x + KF(u, x) = 0 with the
discontinuous monotone nonlinear operator F in x. Then, the theoretical result is applied to
investigate an optimal control problem for system, where the state is written in the form of
nonlinear integral equations in Lp (0).

1. Introduction

More and more technical and physical problems have been recently formulated in the
form of equations of Hammerstein type, see, e.g., [卟 (4)'[釙 [8), (10)-(18), (21), (22). We
often need to control such systems optimally. For the case when the nonlinear operator F
is smooth, such control problems are considered in [l), [9), [14) and (23). From the optimal
control point of view, the main difficulty consists of the fact that the nonlinear operator
F is generally discontinuous in x. This situation usually arises in optimal control for
system with variable structure (see [11)). In this paper, for the last case, by using the
method of monotone operators we shall prove an existence theorem of optimal control
and give one application of the result.

Let X be a real .Banach space and X* be its dual which are uniformly convex. For
the sake of simplicity, the norms of X and X* will be denoted by one symbol II·II- We
write (x*, x〉instead of x*(x) for x* E X* and x E X. Let F : Uad x X -+ X* be
a discontinuous operator in x, where Uad C U, U is another reflexive Banach space of
controls, and Uad is a convex, closed and nonempty set. Let K: X* -+ X be a bounded
(i.e. image of any bounded subset is bounded), nonegative and linear operator.

Consider the problem of optimal control: find u0 E Uad such that

J(uo) = min J(u), u E Uad
J(u) = J(u, x(u)), (1.1)

where J: U ------t 杞 is a cost function having the following properties:
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•J(u,x)isl (1.s.c. ower sem1contmuous) weakly in u and m x, i.e. Un~u, Xn~
x => lim inf J(Un涇n)~J(u, 玢 ，and

• J(u,x) is coercive in u E Uad, i.e. liminf J(u,x) == +oo as llull-+ +oo, u E Uad
uniformly with respect to x,
the symbols -+ and~denote convergence in norm and weak convergence, respectively,
and the state of the considered system x(u) is described by the operator equation

x + KF(u,x) = 0

where F(u, x) possesses the following properties:

i) F: Uad x X -+ X* is bounded,
ii) for every fixed x E X, F(·, x) is weakly continuous in u, and
iii) for every fixed u E Uad, F(u, ·) is monotone in x, i.e.

(1.2)

(F(u,x) - F(u,y),x - y〉2: 0, 'efu E Uad, x, y E X.

2. Main Result

Integral equations of Hammerstein type with the nonlinear discontinuous operator
F was investigated in [8], [12], [20] by introducing a new concept of solution. But,
throughout this paper the word'solution'is meant in the classical sense.

Definition 1 (see [19]). A point x E Xis called a point of h-continuity of the operator
Q: X -t X* if

Vl EX lim 〈G(x + tl), l〉= (G(x), l〉.
t-+0+

A point x E X is called a point of discontinuity, if x does not satisfy the condition in
Definition 1.

Definition 2. A discontinuous point x of G is called regular, if

3l EX: 囤 十(G(x + tl), l〉< o.

Theorem 2.1. Assume that K : X* ---t X is a linear, bounded and nonegative
operator, cond山ons i) - iii) hold, all the discontinuous points of F are regular, and that
there exists a positive constant r such that

(F(u, x), x〉> 0, if llxll > r, Vu EU碰

Then, Eq. (1.2) has a solution x(u), for each u EU砥

Proof. As in [6], consider the regularized equation

x + BnF(u, x) = 0, Bn = B + O:nV, (2.1)
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where Vis the standard dual mapping of X*, i.e.,

(V(x*), x*) = IIV(x*)llllx*II = llx*112, Vx* EX*,

and an is the sequence of positive real numbers such that an~0, as n~+oo. Then>
R(Bn) = X, B;;刊0) = 0, B;;1 is an one-to-one mapping, and B計 is continuous (see [5]).
Therefore, all the discontinuous points of Fin x are the discontinuous points of En+ F,
and inversely, all the discontinuous points of En + F are the discontinuous points of F,
where En (x) = -B;;1 (-x). Obviously, we can rewrite Eq. (2.1) in the form

瓦 (x) + F(u, x) = 0. (2.2)

By virtue of[19], Eq. (2.2) has a unique solution, henthforth denoted by Xn(u). Moreover,
!lxn(u)I! ~r, Vn. As Fis bounded, the sequence {F(u,xn)} is bounded, too. Without
loss of generality, assume that

Xn~Xo, and F(u, Xn)~y~.

From (2.1) it implies that
Xo +B沁 =0.

Now, we have to prove that Yo = F(u, Xo), Since Fis monotone, then

(2.3)

〈F(u,x) - F(u,xn),x 一 Xn〉2: 0, \/x EX.

Hence,

〈F(u, x), x - Xn〉- (F(u, Xn), X〉;: (F(u, Xn), BF(u, Xn)) + O'.n (F(u, Xn), VF(u, x』
By passing n~+00 in the last inequality, because of

lim inf (F(u, Xn), BF(u, Xn)〉2: (Yo, Byo),
lim O:n (F(u, Xn), VF(u, Xn)) = 0,n~+=

and (~.3) we have
(F(u, x) - 婦，X-Xo〉2 0.

Replacing, for any l E X and t > 0, x by x0 + tl in (2.4) we see that

(2.4)

(F(u, xo + tl) - 婦，l) 2: 0, \/l EX.

Hence, x。is the point of h-continuity of F. Consequently, from (2.4) and Minty's lemma
(see (22]) Yo= F(u,xo). Theorem is proved.

Remark. If one of the operators K and F(u, ·) is strictly monotone, then the solution
x(u) is unique.
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Theorem 2.2. Assume that all the conditions in Theorem 2.1 hold, and that J is
l.s.c. weakly in u, x and coercive in u, then Problem (1.1) has an optimal control u。
Proof. Let Un be a minimizing sequence of the functional J(u). As J(u) is coercive,

the sequence {un} is bounded. We denote by Xn the solution of Eq. (2.1) with u = Un
We shall prove that the sequence {xn} also is bounded. To do this, we construct the
Banach space Z = X x X* with the norm llzll2 = llxll2 + llx* 112, z = [x, x*], x E X
and x* EX*. Consider the operator A(u,z) := [F(u,x),Kx*J + [-x*,x]. Obviously,
Zn = [xn, x~] is a solution of the equation

A(un, Zn) = 0

if and only if Xn is a solution of the equation (2.1) with u = Un- The space Z has the
dual space Z* = X* x X and the operator A: U x Z-+ Z* is also a monotone operator
in z and weakly continuous in u (see [6]). Certainly, A is discontinuous m z because of
discontinuity of F in x.

On the other hand; from condition ii) we obtain

(,(llxnll) - IIF(un, 0)11) llxnll~ 〈A(un, Zn) - A(un, 0), Zn〉~IIF(un,O)llllxnll­

Therefore, the sequence {Xn} also is bounded. Let Un~uo, Zn~Zo := [xo, Xo]- We
shall prove that x0 is a solution of (1.2) with u = uo. Since (A(un, Zn), z 一 Zn〉= 0, then
from

〈A(un, z) - A(un泫n), Z - Zn)~0, Vz E Z

it follows
(A(uo, z), z 一 Zo〉~0, Vz E Z.

Thus, zo can only be the point of h-continuity of the operator A. So, A(uo, zo) = 0. In
other words, x0 = x(u0) is a solution of (1.2) with u = uo. From the weak l.s.c. of J and
Xn --'- xo (see [7]) we have

J(uo) :S lim inf J(u吐
Theorem is proved.

3. Example

Consider a system described by the nonlinear integral equation

x(s) + j k(s, t)f(u, x(t))dt = 0,
。

where the kernel function k(s, t) is such that the operator K defined by

(Kx)(s) = J k(s, t)x(t)dt
。

is nonnegative1 and K acts from Lq(D) into Lp(D), Lp(D) denotes the space of p­
summable functions in the CJ-finite measure set n C R庄 with p-1 + q-1 = 1, and
the nonlinear function f(u, t) satisfies the following conditions:

(3.1)
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a) f(u, t)t~aoltlP + boltl1 + co, ao > 0, bo < 0, co < 0, 1'< P,
b) f(u, t) is not decreasing, and is right continuous int, at the point of discontinuity t。
f(u, to - O)f(u, to) > 0, for every fixed u E Uad,

c) lf(u,t)I~a1 + b1ltlP-l,'it E R1, a1 + 柘> 0, a1~0, b1~0, and
d) f(-, x(t)) : U 一伝 (0) is, for every fixed x(t) E 柘 (D), compact.

Because of c) we define the operator F: X = Uad x Lp(O) 分 X* = Lq(O) as follows

F(u,x)(t) = f(u,x(t)), \::/x(t) E Lp(O),

where Uad is a convex, closed subset in a real reflexive Banach space of controls U. Then,
Eq. (3.1) can be rewritten in the form (1.1), where the defined operator F(u, x) possesses
all the properties from Section l. Indeed, condition a) guarantees the existence of r in
Theorem 2.1, the monotone property and the regularity of discontinuity points of F(u, x)
in x follow from condition b) (see 冏 ），and remaining properties are verified on base of
conditions c) and d). Therefore, for each fixed u E Uad, Eq. (3.1) has only a solution,
and the solution is unique if one of K and Fis strictly monotone.

Moreover, we are given these additional data: Wis a real Banach space (observation
space), C: Lp(D)~W a linear continuous operator, wd E W a fixed element. Then, it
is easy to see that the cost function

J(u) = J(u, x) = IICx - wdll~+ Allulli, (3.2)

where A,µ,() are the positive constants, and II·llw denotes the norm of W, is coercive
in u uniformly with respect to x and l.s.c. weakly in x and in u. Therefore, Probl.(3.1)
and (3.2) has an optimal control uo.
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