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EXISTENCE OF SOLUTIONS OF SECOND ORDER NEUTRAL
FUNCTIONAL DIFFERENTIAL EQUATIONS

K. BALACHANDRAN AND S. MARSHAL ANTHONI

Abstract. Sufficient conditions for existence of mild solutions for second order neutral functional
differential equations are established by using the theory of strongly continuous cosine families
and the Schaefer theorem.

1. Introduction

In many cases it is advantageous to treat the second order abstract differential equa-
tions directly rather than to convert them to first order equations. A useful machinery
for the study of abstract second order differential equations is the theory of strongly
continuous cosine families. We will make use of some of the basic ideas from cosine
family theory [8,9]. Motivation for second order systems can be found in [1,3,4]. Re-
cently, Ntouyas [5] and Ntouyas and Tsamatos [6] established the existence of solutions
for semilinear second order delay differential equations using the Schaefer theorem. The
purpose of this paper is to study the existence of mild solutions for second order neutral
functional differential equations using the Schaefer theorem.

2. Premilinaries

Consider the second order neutral functional differential equation of the form

S1(0) - olt, )] = Aa(®) + f(t, 2, @'(B), te = (0,7,
To = ¢, EI(O) = Yo, (1)

where the state z(-) takes values in a Banach space X, yo € X, A is the infinitesimal gen-
erator of the strongly continuous cosine family C(t), ¢t € R, of bounded linear operators
inX,f:JxCxX — X andg:JxC — X are given functions and ¢ € C.

Here C' = C([-r,0], X) is the Banach space of all continuous functions ¢ : [-r,0] = X
endowed with the sup-norm.

lI¢]l = sup{|¢(6)| : —r < 6 < 0}.
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Also for z € C([-r,T],X) we have z; € C for t € J, z:(6) = z(¢ + 0) for § € [—r,0].

Definition 1.[8] A one parameter family C(t), t € R, of bounded linear operators in
the Banach space X is called a strongly continuous cosine family iff
(i) C(s+1t) +C(s—t) =2C(s)C(t) for all s,t € R,
(ii) C(0) =1,
(iii) C(¢)z is continuous in ¢t on R for each fixed z € X.
Define the associated sine family S(t), t € R, by

t
S(t):cz/ C(s)zds, z € X,t€R.
0

Assume the following conditions on A.

(H;) A isthe infinitesimal generator of a strongly continuous cosine family C(t), t € R, of
bounded linear operators from X into itself and the adjoint operator A* is densely

defined i.e. D(A*) = X* (See [2].)
The infinitesimal generator of a strongly continuous cosine family C(t), t € R, is the
operator A : X — X defined by

© cwe| | zeD)

Az = —
dt? -

where D(A) = {z € X : C(t)z is twice continuously differentiable in t}.
Define E = {z € X : C(t)z is once continuously differentiable in t}.
To establish our main theorem we need the following lemmas.

Lemma 2.[8] Let (H;) hold. Then
(i) there exist constants M > 1 and w > 0 such that |C(t)] < Me“!tl and |S(t) —

St < M | I e“"5|ds' fort, t* € R;
(i) S(¢)X C E and S(t)E C D(A) fort € R;
(iii) %C(t)x = AS(t)x forz € E and t € R;
(iv) 4,C(t)c = AC(t)z for = € D(A) and t € R.

Lemma 3.[8] Let (H) hold, let v : R — X such that v is continuously differentiable
and let g(t) = fot S(t — s)v(s)ds. Then
q s twice continuously differentiable and for t € R, q(t) € D(A),

g(t) = /Ot C(t — s)v(s)ds, and ¢"(t) = A4,(t) + v(2).

Lemma 4.(Schaefer Theorem [7]) Let S be a conver subset of a normed linear
space Y and assume 0 € S. Let F: S — S be a completely continuous operator, and let

E(F)={z€S:2=AFz for some0 < X < 1}.
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Then either £(F') is unbounded or F' has a fized point.

Definition. A continuous function z : [-r,T] = X, T > 0, is called a mild solution
of the problem (1) if zo = ¢, and if it satisfies the integral equation

2(t) = C(£)$(0) + S()wo — 9(0,8)] + / C(t — 8)g(s,z4)ds

t
+ / St — 8)f (5,25, ' (a))de, €T
0

We make the following assumptions:
(Hy) C(t),t > 0 is compact.
(H3) The function. g is completely continuous and such that the operator

G : C([-r,0], X) = ([0, T}, X)

defined by (G¢)(t) = ¢(t, ¢) is compact.
(H,) There exist constants ¢; and cp such that

lgt,d)| < cillgll +c2, teJ, ¢eC.

(Hs) The function f(t,.,.) : C — X is continuous for each ¢ € J.
(Hg) The function f(.,z,y): J — X is strongly measurable for each z € C' and y € X.
(H7) For every positive constant k there exists ax € L'(J) such that

sup |f(t,z,y)| < ai(t) fora.at € J.
llzll.ly|<k

(Hg) There exists a continuous function p : J —= [0, c0) such that
1ftz,y)l <m@Qlzll +|yl), te€J, zeCandyeX,

where Q : [0,00) = (0,00) is a continuous nondecreasing function and

/OTm(s)ds</coos+dﬁ<oo

where

m(t) = max{c;[Me1 + M + M*],M(aT + T + 1)p(t)},
M =sup{|C(t)|: t € J}, M* =sup{|AS(t)|:t € J},

c=(M+M +ec)lgll+ (1+T)M{lyol + crllgll + c2} + (M + M™)eoT + co.
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3. Main Result

Theorem. Suppose (Hy)-(Hg) hold. Then the IVP (1) has atleast one mild solution
on [-r,T].

Proof. Consider the space Z = C([-r,T],X) N C*(J,X) with the norm
llzlI* = max{||zll-, l|l=llo},
where
llzll- = sup{le() : =r < ¢ < T}, lla'llo = sup{le’(t)] : 0 < ¢ < T}.

To prove the existence of a mild solution of the IVP (1) we apply Lemma 4. First we
obtain a prior: bounds for the mild solutions of the IVP

%[x'(t) = Ag(t,zt)] = Mz(t) + Af(t, ze,2'(t)), teJ, A€ (0,1). (2)
Let = be a mild solution of the equation (2). From
z(t) = AC(2)8(0) + AS(t)[vo — (0, 9)] + A /Dt C(t — s)g(s, zs)ds
e /0 S0t = 5)f(s, 20,2 (8))ds, te U
we have
z(&)] < Mgl + MT{lyo| + c1ll8ll + 2¢,} + M, /Ot llzsllds

+M:r/0 p(8)Qllzs || + |2 ())ds, te€ J

Consider the function u defined by
p(t) =sup{|z(s)|: —r <s<t}, teJ

Let t* € [—r,¢] be such that u(t) = |z(¢*)|. If t* € [0,¢], by the previous inequality we
have,

t
u(t) < M|l + MT{Jyol + c1l|dll + 26,} + Mey / u(s)ds

+MT /0 p(8)2u(s) + |/ (s))ds te J.

If t* € [-r,0] then u(t) = ||¢|| and the previous inequality holds since M > 1.
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Denoting by v(t) the right hand side of the above inequality we have,
p() So(t), € Ju(0) = MI¢l + MT{|yol +callgll + 2c;}
and

v'(t) = Meip(t) + MTp(6)Q(u(t) + |2'(B)]), t€J,
< Mcyu(t) + MTp(t)Q(v(t) + |2'(t)]), t€ J

By

303

i
z'(t) = AAS(£)$(0) + AC(8)[yo — 9(0, #)] + Ag(t, z:) + /\/0 AS(t — s)g(s, s)ds

;
+/\/ C(t —s)f(s,zs,2'(s))ds, tE€J,
0

we obtain

t
(0] < Mgl + Mgol +allél + 2} + erllell + o+ M {GaT + s [ lellds)

t
+Mf0 p(5)(|zs]l + |2 (s))ds, te€ T,

Denoting by r(¢) the right hand side of the above inequality we have

z' @) <r(t), teld,
r(0) = M*||¢ll + M{lyo| + c1lldll + c2} + crll@ll + c2 + Mo T,

and

r'(t) < av'(t) + M*cyu(t) + Mp(t)Q(v(t) +7(t)), te€J,
< e {Merv(t) + MTp)R(u(t) +r(t)} + M*ero(t) + Mp(£)(u(t) + (1)),

Let
w(t) =v(t) +r(t), te
Then
wil) = ¢,
and

w'(t) =0'(t) +r'(2)
<a[Me + M+ M*u(t) + M(aT + T + 1)p(t)Qv(2) + r(2))
<ca[Me + M+ M*w(t) + M(enT + T + 1)p(t) Q(w(t))
<m@)w(t) + m@)Q(w(t)), teJ

e J
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This implies

s ds ol *  ds
— < msds</ —_— tEJ
¢/w(0) s+ Q(S) - ‘/0 ( ) c s+ Q(S‘)

This inequality implies that there is constant K such that
w(t) =v()+r(t) <K, ted
Then

lz(t)| <v(t) < K, tel,
') <r(t) < K, te€J,

and hence
“-TH* = max{||:r||r, “-TIHO} < K,

where K depends only on T and on the functions m and {2.
We shall now prove that the operator F' : Z — Z defined by

(Fz)(t) = ¢(t), —-r<t<0,

(Fz)(t) = C(1)$(0) + S(¢)[yo — 9(0, )] + /0 C(t—s)g(s,zs)ds

+/(; S(t—s)f(s,zs,2'(s))ds, te€J, (3)

is a completely continuous operator.
Let By = {z € Z : ||z|]|* < k} for some k > 1. We first show that F maps Bj into an
equicontinuous family. Let £ € Bx and t,,t3 € J. Thenif 0 < t; <t; < T,

[(Fz)(t1) — (Fz)(t2)]
< |[C(t1) — C(t2)]8(0)| + |[S(t1) — S(t2)][yo — g(0, B)]

31 ’ . t2
+ [ 10t = 5) = Cta = s)lg(s,adsl + | [ Clta = s)g(s,2)ds

ty

+| /Ot’[S(tl —38)—S(tz — s)]f(s,ms,a:'(s))dsl

+!/t25(t2—s)f(s,:r,s,x’(s))ds|
<|C(E) = C@)IlIBl + 1S (t1) — S(E2){lyol + c1ll@ll + c2}
% /0 Cltr = 8) = Clts — 9){eillzsll + ca}ds

ta
4 / Cltz - 8)l{erllzsll + co}ds

i1
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3 /t1 |S(t1 = 8) — S(t2 — s)|ax (s)ds
0

+ / " 1St — 8| (s)ds, (@)

4

and similarly,

|(Fz)'(t1) = (Fz)' (t2)]
< 1A(S(t1) = S(t2))9(0)] + [[C(t1) — C(t2)][wo — 9(0,9)]]

+g(tr,2) = gt2,z0)| +| [ A = ) - 52 = s)g(s,a)ds

t2
- AS(ts — s)g(s,xs)dsl

t1

+ [C(t1 — 8) — C(t2 — 3)]f(s,zs,z'(s))ds
0

ta
+ Cl(ts — s)f(s,zs,a:’(s))ds}

131

< JA(S(t2) = SE)IBIl + [C(ta) — e {lvol + eallgll + c2}
lg(ts, 2e,) — gltasz,)] + / "JA(S(t — 5) = S(tz — ) {crl|zal + c2}ds

iz
+/ |AS(t2 - s)|{c1||zs|| + c2}ds

t1

ty
+/ |C(t1 — s) — C(t2 — s)|ak(s)ds
0

ta
+/; |C(ta — 8)|ak(s)ds, (5)

The right-hand side of (4) and (5) are independent of y € B; and tends to zero as
ty —t1 — 0, since C(t), S(t) are uniformly continuous for ¢ € J and the compactness
of C(t), S(t) for ¢ > 0 imply the continuity in the uniform operator topology. The
compactness of S(t) follows from that of C(t) (see [9].)

Thus F' maps By into an equicontinuous family of functions. It is easy to see that
the family F' By is uniformly bounded.

Next we show F'By, is compact. Since we have shown F By is an equicontinuous collec-
tion, it suffices by the Arzela-Ascoli theorem to show that F' maps By, into a precompact
set in X.

Let 0 < ¢ < T be fixed and € a real number satisfying 0 < € < t. For z € By, we define

t—e

(Fez)(t) = C(t)#(0) + S(t)[yo — g(0, 8] + : C(t - s)g(s,zs)ds

t—e
+ S(t—s)f(s,zs,2'(s))ds, teJ,
0
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Since C(t), S(t) are compact operators, the set Y, (t) = {(Fez)(t) : z € By} is precompact
in X for every ¢, 0 < € < t. Moreover for every z € By we have

t

(Fz)(t) - (Fex) ()] < / IC(t — 5)g(s, 2)|ds

t—e

: / © 1St = ) (5,20, (s))lds

—~€

t
< / IC(t — 8)l{callz]l + c2}ds
t

=

/ ©15(t = 9)[ax(s)ds,
t—e

and
(Fo)'(t) — (Fez) (8)
t
< |9t 2e) — C(e)g(t — & Te—e)| + / |AS(t - 8)g(s, 24)|ds

t—e

+ /ti C(t = 5)f(s,25,'(5))]ds

t
<1620 - CO(t - ez + [ 1AS(t = 5)l{erllael + cads

t—e

+/t |C(t — s)|ak(s)ds,

_E )

Therefore there are precompact sets arbitrarily close to the set {(Fz)(t) : = € By}.
Hence the set {(Fz)(t) : z € B} is precompact in X.

It remains to show that F' : Z — Z is continuous. Let {z,}§° C Z with z, = z in
Z. Then there is an integer g such that |z,(t)| < ¢, |z,,(t)] < gforallmn and t € J, so
lz(t)| < ¢, |2'(¢)| < g and z, 2’ € Z. By (H7)

f(t> xntaz'nl(t)) =y f(taxtvx'(t))
for each t € J and since

|£(t, Zne, T (2) — f(2, 22, 2" (2))] < 204 (2),

we have by dominated convergence theorem,
_ t
|Fz, — Fz|| = 21611; I / C(t — s)[g(s,Tns) — g(s,zs)]ds
, 0

+/ S(t = 3)[f(8, TnesTn (8)) — f(8,%,,%"(5))]ds
0
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T &
< / (10— aTTala, i) — il e
0

T
+/0 |S(t = s)[f(s, Zns, zn'(s)) — f(s,25,2'(5))]|ds =0 asn — oo,
and
|(Fza)' — (Fz)'||

t
= sup[lo(t, z0e) — 9,20 + | AS(t = 5)lg(s,2ns) — g(s,z)lds

teJ

t
+/ C(t — 8)[f (s, Tns, Ta'(8)) — f(3,2,,2'(5))]ds
0
t
<|9(t,znt) — g(t,z¢)|ds + /0 |AS(t - 3)[9(3, Tns) — 9(8, ms)]lds

+ /T |C(t — 8)[f (5, Tns, Tn'(8)) — f(s,25,2'(s))]ds|r = 0, asn — .
0

Thus F' is continuous. This completes the proof that F' is completely continuous.

Obviously, the set {(F) = {x € Z : z = AFz, ) € (0,1)} is bounded, as we proved in
the first step. Consequently by Schaefer’s theorem the operator F' has a fixed point in
Z. This means that any fixed point of F' is a mild solution of (1) on [—r, T satisfying
(F'z)(¢) = z(¢). Thus IVP (1) has atleast one mild solution on [—r, L

4. Example

Consider the following partial differential equation

B, t
57509~ 20t =) = 2y 0,8) + [ (5,200, = 1), 2400, 5))ds,

#(0,2) =z(x,8) =0, fort>0D,
z(y,t)zqﬁ(y,t), for —TStSO,
z(y,0) = 2z1(y), teJ=[0,T), for0 <y <m, (6)

where ¢ is continuous.
Let X = L?[0,7] and let A: X — X be defined by

Aw =w", w € D(A),

where D(A) = {w € X : w,w' are absolutely continuous, w" € X, w(0) = w(w) = 0}.
Then,
Aw =" —n*(w,wn)wn, w € D(A),

n=1
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where w,(s) = /2/wsinns, n = 1,2,3,... is the orthogonal set of eigenvalues of A.
It can be easily shown that A is the infinitesimal generator of a strongly continuous
cosine family C(t), t € R, in X and is given by

(e o]
Cltyw = Zcosnt(w,wn)wn, w € X.
n=1

The associated sine family is given by

oo
1
St = Z E sin nt(w, wn)wn, w € X.

n=1

Let g : J x C — X be defined by

g(t,u)(y) = p(t,u(v), weC, yeol,

where u : J x [0,7] = [0,7] is continuous and strongly measurable. Also there exist
positive constants ¢; and cy such that

lut, 8]l < cillgl] + ca.
Let f:J x C x X = X be defined by
ft,v,w)(y) = o(t,v(y),wy), veCweX, yel0,],

where o : J x [0,7] x [0,7] = [0,7] is continuous and strongly measurable. Further the
function o satisfies the following condition:
There exists a continuous function p : J — [0, 00) such that

lo(t,v,w)l| < p(H)QI0l + |w]), teJvelwelX,

whrere ) : [0,00) — (0, 00) is a continuous nondecreasing function such that

i oo
ds
d N
f, wos< [ g
and c is a known constant.

With this choice of 4, g and £, (1) is an abstract formulation of (6). Furthermore, all the
conditions stated in the above theorem are statisfied. hence the equation (6) has atleast
one mild solution on [—r, T).
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