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EXISTENCE OF SOLUTIONS OF SECOND ORDER NEUTRAL

FUNCTIONAL DIFFERENTIAL EQUATIONS

K. BALACHANDRAN AND S. MARSHAL ANTHONI

Abstract. Sufficient conditions for existence of mild solutions for second order neutral functional
differential equations are established by using the theory of strongly continuous cosine families
and the Schaefer theorem.

1. Introduction

In many cases it is advantageous to treat the second order abstract differential equa­
tions directly rather than to convert them to first order equations. A useful machinery
for the study of abstract second order differential equations is the theory of strongly
continuous cosine families. We will make use of some of the basic ideas from cosine
family theory·[8,9J. Motivation for second order systems can be found in [1,3,4]. Re­
cently, Ntouyas [5] and Ntouyas and Tsamatos [6] established the existence of solutions
for semilinear second order delay differential equations using the Schaefer theorem. The
purpose of this paper is to study the existence of mild solutions for second order neutral
functional differential equations using the Schaefer theorem.

2. Premilinaries

Consider the second order neutral functional differential equation of the form
d
-[x'(t) -g(t,xt)] = Ax(t) + f(t,xt,x'(t)), t E J = (O,T],dt

Xo = qJ, x1(0)=yo, (1)

where the state x(·) takes values in a Banach space X, y0 E X, A is the infinitesimal gen­
erator of the strongly continuous cosine family C(t), t E R, of bounded linear operators
in X, J : J x C x X -+ X and g : J x C -+ X are given functions and¢E C.

Here C = C([-r, O], X) is the Banach space of all continuous functions¢: [-r, OJ -+ X
endowed with the sup-norm.

11</JII = sup{l</>(8)1: 一r~fJ~O}.
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Also for x E C([-r, T], X) we have Xt EC fort E J, Xt(O) = x(t + B) for() E [-r, O].

Definition 1.[8] A one parameter family C(t), t E R, of bounded linear operators in
the Banach space X is called a strongly continuous cosine family iff

(i) C(s + t) + C(s - t) =·2c(s)C(t) for alls, t E R;
(ii) C(O) = I;
(iii) C(t)x is continuous int on R for each fixed x EX.
Define the associated sine family S (t), t E R, by

S(t)x =「C(s)xds, x EX, t ER.
。

Assume the following conditions on A.
(H1) A is the infinitesimal generator of a strongly continuous cosine family C(t), t ER, of

bounded linear operators from X into itself and the adjoint operator A* is densely
defined i.e. 瓦冗 =X* (See {2].)

The infinitesimal generator of a strongly continuous cosine family C(t), t E R, is the
operator A : X -+ X defined by

d2
Ax= 一dt2 C(t)x , x E D(A),

t=O

where D(A) = {x EX : C(t)x is twice continuously differentiable int}.
Define E = {x EX : C(t)x is once continuously differentiable int}.
To establish our main theorem we need the following lemmas.

Lemma 2.[8] Let (H1) hold. Then
(i) there exist constants M > 1 and w > 0 such that

S(t*)I :SM ft e引slds fort, t* E R;
1 1 _ _ IC(t)I :S Mewltl and IS(t) -

(ii) S(t)X C E and S(t)E c D(A) fort E R;
(iii) 蓋C(t)x = AS(t)x for x E E and t E R;
(iv) 品C(t)x = AC(t)x for x E D(A) and t E R.

Lemma 3.[8] Let (H1) hold, let v: R-+ X such that v is continuously differentiable
and let q(t) = 瓜S(t - s)v(s)ds. Then

q is twice continuously differentiable and阮 t ER, q(t) E D(A),

q'(t) =「C(t - s)v(s)ds, and q"(t) = Aq(t) + v(t).
。

Lemma 4.(Schaefer Theorem [71) Let S be a convex subset of a normed linear
space Y and ass.ume O E S. Let F : S -r S be a completely continuous operator, and let

~(F) = {x ES: x = >.Fx for some O < >. < 1}
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Then either t(F) is unbounded or F has a fixed point.

Definition. A continuous function x : [-r, T] -+ X, T > 0, is called a mild solution
of the problem (1) if x0 =¢, and if it satisfies the integral equation

x(t) = C(t)¢(0) + S(t)[y。- g(O, ¢)] + Jt C(t - s)g(s, Xs)ds
。t十丨 S(t - s)f(s,x5,x'(s))ds, t E J.

。
We make the following assumptions:
（比 ）C(t), t > 0 is compact.
(H3) The function.g is completely continuous and such that the operator

G : C([-r, OJ, X) -+ C([O, T], X)

defined by (G¢)(t) = g(t, ¢) is compact.
(H4) There exist constants c1 and c2 such that

jg(t, ¢)I~C111¢11 + C2, t E J, ¢E c.
(H5) The function J(t, ., .) : C-+ X is continuous for each t E J.
(H6) The function f(., x, y) : J-+ X is strongly measurable for each x EC and y EX.
(H刃 For every positive constant k there exists ak E L1(J) such that

sup IJ(t, x, y)I~ 叩 (t) for a.at E J.
llxll拉 l$k

(H8) There exists a continuous function p: J-+ [O, oo) such that

lf(t, x, y)I~m(t)!1(llxll + IYI), t E J, x EC and y EX,

where n : [O, oo) -t (0, oo) is a continuous nondecreasing function and

1T m(s)ds <『 s +d~(s) < 00

where

m(t) = max{c1[Mc1 + M + M*], M(c1T + T + l)p(t)},
M = sup{IC(t)I : t E J}, M* = sup{丨AS(t)I : t E J},

c = (M + M* + c1)ll</JII + (1 + T)M {IYol + c1ll</JII + c2} + (M + j\tf*)c2T + c2.
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3. Main Result

Theorem. Suppose (H卟(H討 hold. Then the !VP (1) has atleast one mild solution
on [-r, T].

Proof. Consider the space Z = C([-r, T], X) n 伊 (J, X) with the norm

llxll* = max{llxllr, llx1llo},

where

llxllr = sup{lx(t)I : 一r :S t :S T}, llx'llo = sup{jx'(t) I : 0 :S t :ST}.

To prove the existence of a mild solution of the IVP (1) we apply Lemma 4. First we
obtain a priori bounds for the mild solutions of the IVP

d— [x'(t) - .,\g(t,xt)] = .,\Ax(t) + .,\f(t,xt,x'(t)), t E J, .,\ E (0, 1). (2)dt

Let x be a mild solution of the equation (2). From

x(t) = .,\C(t)¢(0) + .,\S(t)[yo - g(O,¢)] 十入「 C(t-磡 (s, X8)ds

寸S(t 一 s)f(s,x,,x'(s))ds, tE。J,
。

we have

t
lx(t)I~Mll</>11 + MT{IYol + c1ll</>II + 2c2} + Mei丨llxsllds

+MTJ'p{s)f!(llx,11 + lx'(s)l)ds, t E /
。

Consider the functionµdefined by

µ(t) = sup{lx(s)I: -r~s~t}, t E J.

Lett* E [-r, t] be such thatµ(t) = lx(t*)I. If t* E [O, t] b thy e previous mequality we
have,

t
µ(t)~Mll</>11 + MT{IYol + c11l</>II + 2c2} + Mc1丨µ(s)ds

+MT「p(s)f!(µ(s) + lx'(s)l)ds t E J. 0

。
If t* E [-r, 0) thenµ(t) = 11¢11 and th·e previous mequality holds since M > l.
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Denoting by v(t) the right hand side of the above inequality we have,

µ(t)~v(t), t E J, v(O) = Mll¢11 + MT{IYol + c1'1¢11+ 2』
and

v'(t) = Mc1µ(t) + MTp(t)O(µ(t) + Ix'(t)j), t E J,
~Mc1v(t) + MTp(t)O(v(t) + jx'(t)I), t E J.

By

x'(t) = AAS(t)</>(O) + AC(t)[yo -g(O,¢)] + Ag(t,xt) + A AS(t- s)g(s,xs)ds• J.'
丑 C(t - s) f (s, x s, x'(s)) ds, t E J,
。

we obtain

lx'(t)I~M*ll</>11 + M{yol + c1ll</>II + c2} + c1llxtll + c2 + M*{幻T + c1 Jt llxsllds}
。

+Mft p(s)O(llxsll + lx'(s)l)ds, t E J.
。

Denoting by r(t) the right hand side of the above inequality we have

lx'(t)I :S r(t), t E J,
r(O) = M*ll</>11 + M{IYol + c1ll</>II + c2} + c1ll</>II + c2 + M國T,

and

r'(t):::; c1v'(t) + M*c1v(t) + Mp(t)O(v(t) + r(t)), t E J,
:::; c1 {Mc1v(t) + MTp(t)O(v(t) + r(t))} + M*c1v(t) + Mp(t)O(v(t) + r(t)), t E J.

Let
w(t) = v(t) + r(t), t E J.

Then
w(O) = c,

and

w'(t) = v'(t) + r'(t)
::; ci[Mc1 + M + M*]v(t) + M(c1T + T + l)p(t)O(v(t) + r(t))
::; ci[Mc1 + M + M*]w(t) + M(c1T + T + l)p(t)O(w(t))
::; m(t)w(t) + m(t)O(w(t)), t E J.
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This implies 「t) ds T = ds
w(O) s + O(s) ::; 1 m(s)ds < 1 s + O(s)'t E J

This inequality implies that there is constant K such that

w(t) = v(t) + r(t) ::; K, t E J.

Then

jx(t)j :S v(t) :S K, t E J,
Ix'(t)I :S r(t) :S K, t E J,

and hence
llxll* = max{llxllr, llx1llo} ::; K,

where K depends only on Tandon the functions m and 0.
We shall now prove that the operator F : Z -+ Z defined by

(Fx)(t) = </>(t), 一r~t~0,

(Fx)(t) = C(t)</>(O) + S(t)[Yo - g(O, ¢)] +「C(t - s)g(s, X5)ds
。ri

十} S(t - s) f (s, x s , x1 (s)) ds, t E J, (3)
。

is a completely continuous operator.
Let Bk = {x E Z: llxll*~k} for some k 2: 1. We first show that F maps Bk into an
equicontinuous family. Let x E Bk and t1, t2 E J. Then if O < t1 < t2~T,

t(Fx)(t1) - (Fx)(t2)I
~l[C(ti) -~(t2)]¢(0)I + l[S(t1) - S(t2)][Yo - g(O, ¢)]I

+I「1 [C(t1 - s) - C(t2 一 s)拉 (s, Xs)dsj +·1「C(t2 - 磡(s, X5)ds
0 t1 I

+I fot1 [S(ti - s) - S(t2 - s)]f(s, Xs, x'(s))dsl

+I「S(t2 一 s)f(s, Xs, x'(s))ds
t1 I

~IC(t1) - C(t2)111¢11 + IS(t1) - S(t2)l{IYol + cill¢11 + c2}

+「 IC(t1 一 s) - C(t2 - s)l{c1I丨Xsll + c2}ds

+ }''IC(t, 一 s)l{c1llx,II + c,}ds
ti
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+「 IS(t1 一 s) - S(t2 - s)回 (s)ds
。

十「 臣(t2 一 s)lak(s)ds, (4)
t1

and similarly,

l(Fx)'(t1) - (Fx)'(t2)I
~IA(S(ti) - S(t2))¢(0)I + l[C(ti) - C(t2)][Yo - g(O, ¢)]I

+lg仂 ，x這- g(t2,XtJI + I 1ti A(S(t1 - s) - S(t2 - s))g(s,xs)dsl

+It AS(t, - 磡(s,x,)dsl

+I foti [C(t1 - s) - C(t2 一 s)]J (s, Xs, x'(s))dsl

+I「C(t2 一 s)J(s, X8, x'(s))ds
t1 I

~IA(S(t1) - S(t2))lllc/>II + l[C(t1) - C(t2)]l{IYol + c1llc/>II + c2}

+lg伍 ，x這- g(t2, Xt2)I +「國(S(t1 一 s) - S(t2 一 s))l{c1llxsll + c2}ds
。+「 IAS(t2 一 s)l{c1llxsll + c2}ds

t1

+「 IC(t1 - s) - C(t2 一 s)lak(s)ds
。+「 IC(t2 - s)回(s)ds, (5)ti

The right-hand side of (4) and (5) are independent of y E Bk and tends to zero as
t2 一 ti ---+ 0, since C(t), S(t) are uniformly continuous for t E J and the compactness
of C(t), S(t) for t > 0 imply the continuity in the uniform operator topology. The
compactness of S(t) follows from that of C(t) (see [9].)

Thus F maps Bk into an equicontinuous family of functions. It is easy to see that
the family FBk is uniformly bounded.

Next we show F瓦 is compact. Since we have shown FBk is an equicontinuous collec­
tion, it suffices by the Arzela-Ascoli theorem to show that F maps Bk into a precompact
set in X.

Let O < t~T be fixed and€ a real number satisfying O <€ < t. For x E 趴 we define

(Ftx)(t) = C(t)¢>(0) + S(t)[yo - g(O, ¢]+「t C(t - 磡(s, X8)ds

+「 S(t - s)f(s,x.,x'(s))ds~t E J,
。
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Since C(t), S(t) are compact operators, the set Yf(t) = {(Ffx)(t) : x E 趴} is precompact
in X for every E, 0 < E < t. Moreover for every x E 趴 we have

I (Fx)(t) - (F{x) (t) I :S jt IC(t - 磡(s, Xs)lds
t-E

+「 IS(t - s)f(s, Xs, x'(s))lds
t一 E

'.S ft IC(t - s)l{c1llxsll + c2}ds
t一 E

ft IS(t 一 s)lo:k(s)ds,
t一 E

and

I (FX)'(t) - (Fe X) 1 (t) I

~lg(t, xt) - C(t::)g(t - E, Xt-E)丨十Jt IAS(t - s)g(s, Xs)lds
t-E

+ ft IC(t- s)f(s,xs,x'(s))lds
t一 C

~jg(t, Xt) - C(t::)g(t - 凸 -f)I +「 IAS(t 一 s)j{c1llxsll + c2}ds
t一 E

+ J IC(t 一 s)iak(s)ds,
t-€

Therefore there are precompact sets arbitrarily close to the set {(Fx)(t) : x E Bk}.
Hence the set {(Fx)(t) : x E Bk} is precompact in X.

It remains to show that F : Z -+ Z is continuous. Let {Xn}宦 旦 Z with Xn -+ x in
Z. Then there is an integer q such that lxn(t)I~q, lx~(t)I ::; q for all n and t E J, so
lx(t)I~q, Ix'(t)I~q and x, x'E Z. By (H1)

f(t, Xnt, Xn'(t)) -+ J(t, Xt, x'(t))

for each t E J and since

lf(t,Xnt,Xn'(t)) - f(t,Xt,x'(t))I~2aq(t),

we have by dominated convergence theorem,

IIFxn - Fxll = sup I丨t C(t- s)[g(s,Xns) - g(s,x5)]ds
tEJ 0

+ ft S(t 一 s)[f(s,Xns,Xn'(s)) - f(s,x5,x'(s))]ds
。
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IT
:S IC(t - s)[g(s,Xns) - g(s,xs)]lds
。+「 IS(t- s)[J(s,Xns,xn'(s)) -J(s,xs,x'(s))]lds-+ 0 as n-+ oo,
。

and

ll(Fxn)'- (Fx)'II

＝翌~l[g(t, Xnt) - g(t, Xt)] + It AS(t 一 s)[g(s, Xns) - g(s, Xs)]ds
。

十丨t C(t - s)[f(s, Xns, Xn'(s)) - J(s, Xs, x'(s))]ds
。

<'. jg(t, Xnt) - g(t, xt) Ids+ J.'jAS(t - s)[g(s, Xn,) -1g(s, x,)]jds

+「 IC(t- s)[J(s,Xns,Xn'(s)) - J(s,x5,x'(s))]dsjr-+ 0, as n-+ oo.
。

Thus F is continuous. This completes the proof that Fis completely continuous.

Obviously, the set~(F) = {x E Z: x = .XFx, A E (O, 1)} is bounded, as we proved in
the first step. Consequently by Schaefer's theorem the operator F has a fixed point in
Z. This means that any fixed point of F is a mild solution of (1) on [-r, T] satisfying
(Fx)(t) = x(t). Thus IVP (1) has atleast one mild solution on [-r, T].

4. Example

Consider the following partial differential equation

[J
詁t(Y, t) -µ(t, z(y, t 一 r) = Zyy(Y, t) +「a(s,z(y,s 一 r), Zs(Y, s))ds,

。
z(O, t) = z(rr, t) = 0, fort> 0,
z(y, t) =¢(y, t), for - r :S t :S 0,

Zt(Y,0) = z1(Y), t E J = [0,T], for O < y < 1r, (6)

where¢is continuous.
Let X =叮0, 1r] and let A: X -t X be defined by

Aw= w", w E D(A),

where D(A) = {w EX : w, w are absolutely continuous, w" E X, w(O) = w(可 = O}.
Then,

00

Aw= L -n2(w, Wn)Wn, w E D(A),
n=l
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where Wn(s) = V可云 inns, n = I, 2, 3, ... is the orthogonal set of eigenvalues of A.
It can be easiiy shown that A is the infinitesimal generator of a strongly continuous

cosine family C(t), t ER, in X and is given by

00

C(t)w =芝 cosnt(w, wn)wn, w EX.
n=l

The associated sine family is given by

S(t)w = f= _!_ sin nt(w, Wn)wn, w EX.
n

n=l

Let g : J x C~X be defined by

g(t, u)(y) =µ(t, u(y)), u EC, y E (0, n],

whereµ: J x [O, n]~[O, n] is continuous and strongly measurable. Also there exist
positive constants c1 and c2 such that

llµ(t, </>II 三 c1i1</>II + C2,

Let f : J x C x X -+ X be defined by

J(t,v,w)(y) = CY(t,v(y),w(y)), v E C,w EX, y E [0,1r],

where CY : J x [O,司 x [O, 1r] -+ [O, n] is continuous and strongly measurable. Further the
function CY satisfies the following condition:
There exists a continuous function p : J -+ [O, oo) such that

1位(t, v, w)II :S p(t)O(llvll + lwl), t E J, v EC, w EX,

whrere 11 : [O, oo) -+ (0, oo) is a continuous nondecreasing function such that

for p(s)ds < 1= s /~(s)'

and c is a known constant.
With this choice of A, g and f, (1) is an abstract formulation of (6). Furthermore, all the
conditions stated in the above theorem are statisfied. hence the equation (6) has atleast
one mild solution on [-r, T].
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