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INEQUALITIES RELATED TO A CERTAIN INEQUALITY USED

IN THE THEOilY OF DIFFERENTIAL EQUATIONS

B.G.PACHPATTE

Al>,stract. In this paper we estal>I'IIS 丶some new mtegral and fit1ite difference·111et1uaht1cs·related
to a certain integral inequality used in the theory of differential equations. The 1nequaht1es
obtained here can be used as handy tools in the theor fY o dome new classes of i11te~ral and
sum-difference equations.

1. Introducti邲

Recently, in [11-14] the present author has established a number of new inequalities
related to the following inequality.

Theorm A. Let y and f be r·eal-val-ut:d nonnegative continuous f1mctions defined for
t ER+ = [O, oo). If

Y2(t) ::; c2 + 2 /1 f(s)y(s)cls,
。

for t E R+, where c~0 is a constant, then

y~t)~C 十丨t J(s)ds,
。

fort ER+.

In the literature there are many papers which make use of this inequality very fre­
quently to study the different properties of the solutions of various nonlinear differential
equations, see [1,3-8,11-15] and the references given therein. The importance of this in­
equality lies in its successful utilization to ti·1e s1tuat1ons for which the other available
inequalities do 11ot apply directly. The aim of the present paper is to establish some new
integral and sum-d"ff1 erence mequalities which claim their origin to the inequality given in
Theorem A. Tl·ie mequalttres established here can be used as tools in the study of certain
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new classes of integral and sum-difference equations. We aslo present. some unmediate
applications t.o convey usefulncss of our results t.o the literature.

2. Statement of Results

In what follows, we use the following definitions and notations for simplification of
details of pre1;,ent.at1on. Let R denotes the set of real numbers, It+ = [O, oo) and No =
{O, I, 2, ... }. For any function u(n) defined for n E N0, we define the operator~by
tlu(n) = u(n + 1) - u(n). For m > n, m, n E N0 and any funcf.ion p(n) defined for
n E No, we use the usual conventions

n n

芝 p(s) = a, II 沁 ）::::1
,=n1 s=nt

For some suitable functions a, b, y and t E R+, n E N0, we set :

L[t, a, b, y] = (「 a(CJ)y(u)da) ( 「b(a)y(u)da),
o Jo

n-1 n-1

M[n,a,b,y] = (芝 a(t)y(t)) (芝 b(t)y(t)).
t=O t=O

Our main results are given in the following theorem.

Theorem 1. Let y, a, b I bi c rca -va ue, l l d nonegativc continuous functions defined Jor
t ER and c b+ c a nonnegative real constant.

(ai) Let f : Rt -+ R+ bc a continuous function which satisfies the condition

0 :S J(t, ui) - J(t, u2) :S k(t, u2)(v.1 - u2),

fort E R+ and U1 2: U2 2: 0, where k : R2 -t R .+ + is a continuous function. If

t
y2(t) $ c2 + 2L[t, a, b, y] + 2丨y (s) J (s, y (s)) els,

。
fort E R+ ,then

(2.1)

(2.2)

-~(t>. ..~Q(t)[_c_+ lat J(s, cQ(s)) exp(lt k(CJ, cQ(CJ)Q(CJ)da)dsJ, (2.3)

for t E R+, where

Q(t) = exp(fo~[a(~)(fos b(a)da) + b(s)(18 a(a)da)]ds),

fort ER+·

{2.4)
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如）Let 1'V(y) be a r·eal-valued continuous, nondecreasing and subrnultiplicative function
defined on the internal I= [Yo, oo) and lV(y) > O on (y0, oo), y0~O is a real constant
W(yo) = 0. If

t
Y2(t)~c2 + 2Lft, a, b, y] + 2丨h(s)y(s) lV(y(s))ds,

。 (2.5)

fort E R+, then for O :a:; t~t1,

y(t) :S Q(t)D可D(c) + jt h(s)叭Q(s))ds],
。

where Q(t) is defined by {2.4) and

(2.6)

汩＝「上 r 2: ro with ro > y0,, 。W(s)'

n-1 is the inverse of fl and t 1 E R+ be chosen so that

fl(c) +「h(s)W(Q(s))ds E Dorn(n-1),., 。

(2.7)

阮 o:::;t.:S 互
如）Let w(t, r) be a real-val-ued nonnegative continuous function defined for t E R和
0 .:S r < oo, and monotone nondecreasing with respect to r for·any fixed t E R.1 .. If

t
妒 (t) :S c2 一1- 2L[t, a, b, y) + 2丨y(s)w(s, y((s))ds,

。
(2.8)

fort E R+,then
u(t)~Q(t)r(t), t E R和

wher·e Q(t) is defined by (2A) and r(t) is a maximal solution of

r'(t) = w(t,.Q(t)r(t)), r(O) = c,

fort ER+·

{2.9)

(2.10)

The discrete analogues of the results given in Therorem l are established in the
following theorem.

Theorem 2. Let y, a, b, h be r·eal-valued nonnegative functions defined Jor n E N。
and c be a nonnegative r·eal constant.
(b1) Let g: No 名 R+ 弓R+ be a function which satisfies the cond山on

0 s; g(n,u1) -9(n,u2)~q(n,u'1.)(tt1 - tt'l.), (2.11)
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for n E N,。and lL1~u2 2: 0, where q(n, r) is a r·cal-valucd noncgati11c function defined
for n E No, r ER+·If

n-1

y2(n) :::; c2 + 2.M[n, a, b, y] + 2芷 y(t)g(t, y(t)),
t=O

(2.12)

for n E No, then

y(n)~P(n)[c +:立 g(s, cP(s)) Yi (1 + q(t, cP(t))P(t)]], (2.13)
a=O t=s+l

/01·n E N0, whcr·e

B 一 1 s

P(n) =五 [1 + a(s)(L b(t)) + b(s)(芷 a(t))J, (2.14)
s=O t=O t=O

for n E No.
（妨）Let lV, n, n-1 be as in (a.2) in Theorem 1. If

n-1

y2(n) :S c2 + 2M[n, a, b, y] + 2 芝 庫）y(t)W(y(l)),
t==O

for n E No, then for O :Sn :S n1,

(2.15)

n一）

y(n) S P(n)O叮O(c) + L庫 ）W(P(s))],
s=O

(2.16)

where P(n) is defined by (2.14) and n1 E N。be chosen so that

n-1

n(c) -J- L h(s)W(P(s)) E Dom(n-1),
, =O

for n E No and O~n~n1
（柘）Let w(n,r) be a 1·eal-valued nonnegative funciton dr.fined for n E N0, r ER+, and
monotone nondecr·casing with r-espect to r for any Jiud n E No. If

n-l

矗i)~c2 + 2M[n,a., b,yJ + 2 芝叩）w(t, y(t)),
t=O

(2.17)

for n E N0, then
y(n) :::; P(n)r(n), n E N0,

wher-e P(n) is defined by (2.14) and r(n) is a solntion of

11r(n) = w(n., P(n)r(n)), r(O) = c

(2.18)

(2.19)
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for n E No.

3. Proof of Theorem 1

回We first assume that c > 0 and define a function z(t) by the right side of (2.2).
Now differentiating z(t) and using the fact that y(t)~J硐 we observe that

z'(t)~2囍 珦(t) lot b(a)氙 訂da) + b(t)(fot a(a)氙 可da) + J(t, 汽 万）]. (3.1)

Differentiating v,園, and then using (3.1) we have

d
（訌 ）＝

z'(t)
' ' "' 一 """" . . . '

dt 2{冨

S [a(t)(「b(a)汽 訂da) + b(t)(t a(a)江 訂da) + J(t,氙t))]. (3.2)
。 ［

Dy s~tting t = s in (3.2) and integrating it from O to t we have

vz{t)" m(t) +[[a(s)([ b(a)二 品）十沁）{ a(a)氙可d<T)Jds, (3.3)

where
t

rn(t) = C 十丨 J(s,氙~))ds.
。

(3.4)

Since m(t)·1s pos1t1ve and monotone nondecreasing for t E R+, from (3.3) we observe
that

忥
. . •.一" 一·一 －

s~
• ••一· 二m(t)~1 t- 1 [a(s)(1 b(a) m(a) da) + b(s)(fo a(a)訂 汀品）Jcis. (3.5)

Define a function v(t) by the right side of (3.5). Differentiating v(t) and then using (3.5)
and the fact that v(t) is monotone nondecreasing for t E R+ we observe that

v'(t) S [a(t)(J.'b(a)da) + b(t)(J.'a(a)da)]v(t)

The inequality (3.6) implies the estimate

(3.6)

v(t) s; Q(t), t E R+

where Q(t) is defined by (2.4). Fi·om (3.5) and (3.7) we have

冨S Q(t)m(t)1 t ER+.

(3.7)

(3.8)
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Denne a function u(t.) by

u(t) =「J(s,汩~)ds
。

(3.9)

From (3.9), (3.8) and using the fact that m(t) = c + u(t) from (3.4) and the condition
(2.1) we observe that

u'(t)~f(t, Q(t)(c + u(t)))
= f (t, cQ(t) + Q(t)u(t)) - J (t, cQ(t)) + f(t, cQ(t))
~k(t , cQ(t))Q (t)u (t) + f (t, cQ (t)) . (3 .10)

The inequality (3.10) implies the estimate

u(t)~lot J(s, cQ(s)) exp(lt k(u, cQ(a))Q(u)du)ds.

Using (3.11) in m(t) = c + u(t) we have

m(t)'.o C 十［ 八s, cQ(s)) exp([ k(a, cQ(a))Q(o)da)ds. (3.12)

(3.11)

Now the required inequality in (2.3) follows by using (3.12} in (3.8) and tl1en usm
fact that y(t) ::; 氙 ． g the

If .c 1s nonnegative, we can carry out the above procedure with c+ E instead of c,
where E> 0 is an arbitrary small constant, and subsequently pa.5s to the limit E-+ o to
obtain (2.3). This completes the proof of (ai}.

伍 ）Assuming that c is positive and defining a function z(t) by the right side of (2.5)
and the function m(t) by

m(t) = c + jt h(s)W(氙;j")ds,
。

and following the same steps 邸 in the proof of (ai) we have

[ 而:S Q(t)m(t), t E R和

(3.13)

(3.14)

where Q(t) is defined by (2.4). From (3.13),(3.14) and using the conditions on W we
observe that

m'(t) .S 庫）W(Q(t)) lV (m(t)).
郿m (2.7) and (3.15) we observe that

d
dt-D(m(t)) .S 庫 ）W(Q(t)).

Integrating both sides of (3.16) from Oto t we have

t
D(m(t)) .S D(c) 十丨 h(s)W(Q(s))ds.

- 0

(3.15)

(3.16)

(3.17)
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From (3.17) we have

t

m(t)~n升O(c) + j h(s)W(Q(s))ds]
。

(3.18)

Using (3.18) in (3.14) and then the fact that y(t) S vz衍 we get the required inequality
in (2.6). The subdomain for t E R+ is obvious. The proof of the case when c is
nonnegative can be completed as mentioned in the proof of (ai).

佃）Assuming that c is positive and defining a function z(t) by the rigbt. side of (2.8)
and the function m(t) by

t
m(t) = C 十丨 w(s, vz訂)ds,

。
and following the same steps a.c, in the proof of (a1) we have

閂 ~Q(t)m(t), t ER+·

where Q(t) is defined by (2.4). F'l-om (3.19) and (3.20) we observe that

m'(t)~w(t, Q(t)m(t)).

(3.19)

(3.20)

(3.21)

Now a suitable application of the b函c comparison theorem due to Conti (see (2, p.35)
or [l?.] to (3.21) and (2.10) yieds

m(t)~r(t), t E R+ , (3.22)

where r(t) is a maximal solution of (2.10). Using (3.22) in (3.20) and the11 the fact that
y(t)~ 氙), we get the desired inequality in (2.9). The proof of the case when c is
nonnegative can be completed 邸 mentioned in the proof of (ai).

4. Proof of Theorem 2

(bi) Assume that c > 0 and define a function z(n) by the right side of (2.12). 恥m
the definition~、f z(n) and making use of the formula

6.[u(n)v(n)J = u(n)6.v(n) + v(n + 1)6.u(n),

and the fact that y(n)~v'z(0 we observe that

n-1

6.z(n)~2二[a(n)(L b(t) vz(t)) + b(n)(L a(t)汩t)) 十 g(n, 石 而 ）). (4.1)
t=O t=O

It is easy to observe that

6(二 ）＝
z(n +·1) - z(n)

＜
6z(n)
._., ._, "' , •• 一 ·

二 +v可訂 一2泝而 (4.2)
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Herc in the last step we have used the fact that z n <二－二 .Dy using (4.1) in
(4.2) we have

n-l n

邲 同 ）~[a(n)(L b(t)氥)+ b(n)位叫而)+ g(n, /;(_ 可）]. (4.3)
l.=O t=O

By taking n =sin (4.3) and summing both sides of (4.3) from s =Oto n - 1 we have

n 一 I s 一 1

~s; m(n) + L[a(sHI: b(t)vz荀) + b(s) (严 a(l)vz面））， (,1.4)
s==O t=O t=O

where
n-1

m(n) = c+ Lg(s, Jz面 ）．
s=O

(4.5)

Since m(n) is positive and monotone nondecreasing for n E N0, from (1.4) we observe
that

二 11 一 1 s-1 冨 '
可 ~1 + L[a(s)(巴b(t)-) + b(s)(芝 叩）五 苞）]. (1.G)

s==O t=O m(t) m(t)t=O

Define a function v(n) by the right side of (4.G). from the definition of v(n) au<l using
(4.6) an<l the fact that v(n) is monotone nondecreasing for n E N0, we observe t.hat

n-1 n

--·.. -·.... 6.v(n)·~[a.(n)(L b(t)) + b(n)(芝a(t))Jv(n) (4.7)
t=O t==O

The inequality (4. 7) implies the estimate (see [10])

v(n)~P(n), n E N0,

where P(n) is defined by (2.14). From (4.6) and (4.8) we obtai11

二~P(n)m(n), n E No.

Define a fu11ction u(n) by
n-1

u(n) =芷 g(s, vz同 ）．
s=O

(4.8)

(4.9)

. (4.10)

f、rorn (4.10), (4.9) and using Lhe facL that m(n) = c + u(n) from (4.5) and the condition
(2.11) we observe that

6-u(n) S g(n, P(n)(c + u(n)))
= g(n, cP(n) + P(n)u(n)) - g(n, cP(n)) + g(n, cP(n))
:; q(n, cP(n))P(n)u(n) + g(n, cP(n)). (4.11}
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The inequality (4.11) implies the estimate (see [10])

n-1 n-1
u(n)~ 芷 g(s, cP(s)) [I [l + q(t, cP(t))P(t)] {4.12)

s=O t==s+l

Using (4.12) in m(n) = c + u(n) we have

n一 1 n 一 l .

严rn(n)~c 十 叭 s, cP(s)) IT [l + q(t, cP(t))P(t)]. (4.13)
s=O t=~+l

Now the required inequality in (2.13) follows by using (4.13) in (4.9) and then using the
fact that y(n)~二.The proof of ti I1e case w 1en c ts nonnegative can be completed
as mentioned in the proof of (a1),

The proofs of ( 妃）and ( 柘）can be completed by following the proof of ( 柘 ）and closely
looking at the proofs of 佃 ）and (a3). We note that in the proof of ( 如），we will have to
use the basic comparison theorem given by the present author in (9, Theorem 2]. Here
we omit the details of ( 伍）and ( 柘）．

5. Some Applications

In this secti~n we indicate in brief applications of some of our results to obtain bounds
on the solutions of certain sum-difference and integrodifferential equations. For example,
consider the following sum-difference equation

n 一 1 n-1
6.[正 (n) - 2(芝 F(t, x(t)))(严 G(t, x(t)))] = 瓦(n)H(n, x(n)), x(O) = x0, (5.1)

t=O t=O

where F, G, H are real-valued functions defined on N。x R. We assume that

IF(n, x(n))I~a(n)lx(n)I,
IG(n, x(n))I~b(n)lx(n)I,

IH(n, x(n))I~w(n, lx(n)I),

(5.2)
(5.3)
(5.4)

where a, b, w arc as defined in Theorem 2. It is easy to observe that if x(n) is a solution
of (5.1), then it is also a solution of the equivalent sum-difference equation

n-1 n-1 n-1
式 (n) = 蟠+ 2(严 F(t, x(t)))(L G(t, x(t))) + 2 L 山）H(t, :r(t)). (5.5)

t=O t=O t==O

Using (5.2)-(5.4) in (5.5) we have

jx(n)j2~ 因2 + 2(~a(t)lx(t)I)(:立 b(t)jx(t)I) + 2~!x(t)丨w(t, 拉 (t)I). (5.6)
t=O t=O t=O
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Now an application of Theorem 2 (b3) yields

lx(n)I ::; P(n)r(n), n E No, (5.7)

where P(n) is defined Ly {2.14) and r(n) is a soluticm of the difference equation {2.19)
with c = lxol- The inequality (5.7) gives the bound on t.hc 逼u I.ion 元 (n) of equation {5.1)
in terms of the known functions n.nd the solution r(n) of (2.19). If the solution r(n) of
(2.19) is bounded and P(n) is finite, then (5.7) implies t.11;1.t the sol11tio11 x{n) of (5.1) is
bounded for n E No.

We also note that the incqurtlity given in Thcorcrn 1 (a3) can he used to obt.ain bound
on the solution of t.he following intcgrodifferential equation

d t
(x2(t) 丨 t

沅 一 2(F(s, 氙s))ds)(丨G(s,x(s))ds)] = 2:t(t)H(t.,x(t)), :r.(O) = x0,
。 。

{5.8)

under some suitable conditi_o11s on the fuct.ions involved i11 (5.8) similar lo that of given
in {5.2)-{5Af-17oi·ii1cqualities similar to that of given in Theorems 1 a11d -2 and their
applications, see [几14).
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