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ON A GENERALIZATION OF CLOSE-TO-CONVEXITY

OF COMPLEX ORDER

KHALIDA INAYAT NOOR

Abstract. The class Vk of bounded boundary rotation is used to generalize the concept of
close-to-convexity of complex order. A function f : / (z) = z 十 I:"" 乓 zn, analytic in the unitn=2
disc E, belongs to Tk(b), b # 0 (complex) if and only if there exists a function g E 凶 such that

Re{1十出蓋 - 1)} > 0, z EE.
Some basic properties, rate growth of Hankel determinant and radii problems for the functions
in 1',.(b) are studied.

1. Introduction

Let A denote the class of functions f given by

00

J(z) = z +Lan 护 ，

n::2

(1.1)

which are analytic in the unit disc E = {z: lzl < l}. By S,K,S* and C, we denote the
subclasses of A which are respectively univalent, close-to-convex, starlike and convex in
E. Let P be the class of analytic functions h given by

00

庫）=1+ 芷 ％护
n=l

(1.2)

with Re h(z) > 0 for z EE.
Let Vk, k~2 be the class of functions of bounded boundary rotation and let 凡 be

the class of functions p analytic in E and have the representation

1 rr 1 + ze-it
p(z) = 2 /_1T 1- ze-itdµ(t),
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whereµ(t) is a function with bounded variation on [- 兀1r] which satisfies the conditions

「dµ(t) = 2,「Jdµ(t)I ::; k.
-7!" 一7r

We note that P2 = P.
It is known [13) that 启 is a convex set. Also f, given by (1.1), belongs to Vk if and

only if~趼 E Pk. It is clear that p E Pk if and only if

k l k l
p(z) = (4 + 2加 (z) - (4 一 5犀 (z), (1.3)

where P1,P2 E P.
We define the class P(b) as follows.

Difinition Ll. Let b -/=·O be a complex number. Then an analytic function h, given
by (1.2), is said to belong to P(b), if and only if, there exists a function p E P such that

h(z) = bp(z) + (1 - b). (1.4)

We note that, for O < b < l,
p(b) C P

and P(l) = P.
In the following we define a generalized concept of close-to-convexity of complex order.

Definition 1.2. Let f be analytic in E and be given by (1.1). Th細/ E Tk(b), k 2: 2,
b # 0 (complex), if and only if, there exists a function g E 凶 such that 阜旦 E P(b) for
z EE.

g (z)

We note that 五 (1) = Tk, a class of analytic functions introduced and studited in
[9] and T2(l) is the class K of close-to-convex functions. Also 花 (b) = K(b) consists
entirely of close-to-convex functions of complex order introduced in [1] by Al-Amiri and
Fernando.

2. Some Basic Properties of 五 (b)

Theorem 2 .1. f E 五 (b) if and only if

J'(z) = (Kf (z)) 钅 +!
, - -- , 、、k l'

where K1 and K2 are close-to-convex Junctions of complex order b.
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Proof. From definition 1.2, we have

J'(z) = g'(z)h(z), g E Vi, h E P(b)
(s1(z)/z) 钅 +!
(s2(z)/z) 钅 - !

= h(z), s1,s2 E S*,see[3].

(K山 ））钅 丑
..

(K2(z))4-2
k 1, K1,K2 E K(b).

Theorem 2.2 Let O < 柘 ＜ 転 Then 五 (b1) C Tk(奶）．

Proof. Let f E Tk (伍）. Then there exists a function g E Vk such that

f'(z)
— ＝柘h(z) + (1 - 叭，h E P.g'(z)

Now
1 十彗 f'(z) - 卟 ＝芭h(z) + (1 - 竺

b2 g'(z) 炳 b2).

Since O < 柘 ＜ 奶，we have O < 虹b2 < 1 and this means O < (1 - 旵b2 = 0:1 < 1. Hence

Re[l十趴硐 - 1}] > o:1 > 0. This implies that f E 五 （奶），and this completes the
proof.

We now discuss a geometrical property for the class T1;;(b). Here we investigate the
behaviour of the inclination of the tangent at a point w (B) = f (reie) to the image rr of
the circle Cr = {z: lzl = r}, 0~r < l, and() is~ny number of interval (0, 2可 under
the mapping by means of a function f from the class Tk (b).

We have
</>(B) = 芒+ () + arg J'(re凸

{)
2 = arg 面f(reie),

and for B2 > B1, B1, B2 E [O, 21r],

</>(B2) - </>(B1) = 02 + arg J'(rei02) - 01 - argf'(reiOi).

Now, since
0 + arg J'(rei8) = 0 + Re{-ilnj'(rei8)},

then
a
"一·一·
f)() (e + arg !'(re凸）= Re{ 1 + re也f 11 (reiB)

f'(r在） ｝．
Therefore

「 ~(e + arg !'(re凸）＝「 Re{ 1 + reie f"(r 护 ）}de
81 8() 81 f'{rei8)
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On the other hand

「~{0 + arg J'(rei8)}dB = B2 + arg J'(reifh) - 81 - arg J'(re叭
01 {)()

）

= ¢(恥）-¢(B1).

So, the integral on the left hand side of the last equality characterizes the increment
of the angle of the incliriation of the tangent to the curve rr between the points w (82)
and w(B1) for 82 > B1.

We now have the following.

Theorem 2.3. If f E 五 (b) and O~r < l, l2b - 11 < 1, then for B2 > 81,
81, 02 E [O, 21r),「2 Re{ 1 + reie f"(r 护 ） k 2lblr。i f'(r詞） }dB > -271" + 2 cos-1 1 - l2b - llr2.

Proof. From definition 1.2, we can write

(zf'(z))'(zg'(z))'zh'(z)Re
f'(z) = Re + Re , g E Vk, h E P(b).g'(z) h(z)

With z = re色 0::; r < I,() E [O, 21r],術 ＜朊 we have

f Re { 1 + re;,{;!~:尸 }dB=f Re[1 + re;,~:!;:;') }do+「,Re re'~~~,!t) dB
。1 (2.1)

It is known [3] that, for g E Vi和

「2 Re{I + rei(Jg"(reiO). }do> - ( 芒~1 7r
01 g'(re叭 2) (2.2)

Now in the second integral we observe that

8 8
·一8B

arg h(reiB) =—Re{-i ln h(reiB)}
8B

=Re{
reiB h'(re叮
h(r詞） ｝．

Consequently 「2 Re{ reiO h'(reiB)
01

h(reiB) }do= arg h(reiB2) - arg h(reiBi).

Hence

霹0) I 丨 Re
B2 reiBh'(reiB)

h(rei9) d()'= max 丨 arg h(re凸- argh(reiBi)I.
B1 hEP(b)
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Also, from (1.4), we have

11 + -(h(z) - 1) = p(z), p E P,
b

and, for 囯 = r < 1, it is well-known that

lp(z)一曰 I ::; 1 :rr2

From this, we have
lh(z) - 1 + (ib - l)r21 <凹二

1 一 r2 一 1 - r2

Thus the values of h(z) are contained in the circle of Apollonius whose diameter is the
1+ 2b-1 r2line segment from 早岸立 to 三巴.!k. The circle is centered at the point _J 戸 户

and has the radius四. So I arg h(z) 丨 attains its maximum at points where a ray from
the origin is tangent to the circle, that is, when

argh(z) = 士sin- 1 2lblr
1 - l(2b - l)lr2

From the above observations, we see that

(2.3)

02 rei。h'(rei0)·2lblr
繻 ）I fe1 Re h(r召） dej~2sin-1 1- l2b- llr2

2lblr= 1r - 2 cos-1
1 - l2b - llr2·

(2.4)

Using (2.2) and (2.4) in (2.1), we obtain the required result.

Remark 2.1. If f E Tk(b) and b is real, then it can easily be shown that, for
恥 ＞術，z = reiO

「2 Re{l+ rei(}J"(r詞）}dB> - 荳- 1 + lbl)
(}1 ! ' (元 (})

For (31 2: 0, the class K (趴）has been introduced in [5]. We notice that, if bis real,

(i) Tk(b) CK( 钅 + lbl - 1)
(ii) Tk(b) consists of univalent functions fork+ 2lbl~4 whilst / E Tk(b) for k + 2lbl > 4

need not be finitely-valent.
(iii) It can easily be seen that Tk(b) forms a subset of a linear-invariant family of order

( 钅 + lbl).

From (2.3) and the well-known result

I argg'(z)I~ksin-1 r
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for g E Vk, we have the following.

Theorem 2.4. Let J E Tk(b), j2b - 11~1. Then

I arg J'(z) I~k sin- l r + sin-1 _ . _. _ . -2jbjr

Next we prove a distortion theorem for Tk(b).

Theorem 2.5. Let f E Tk(b). Then

(1 - l2b - ljr)(l 一 r) 钅 尸 1 (l + r)t-1(1 + j2b - ljr)
(l+r)~+2 ~IJ'(z)I~

(l-r)t+2

The equality is attained for the function fO E Tk (b) defined by

(1 + 如 ）差 1
!~位）= (1 + (2b - 1)01z), 101 I = 1021 = 1.(1 - 知）~+2

The proof is immediate when we use the distortion theorems阮 g E Vi, see 13 and for
h E P(b),

［ ］

1 - j2b - ljr 1 + l2b - ljr
l+r ~lh(z)I~

1 一 T

Speical Cases.

(i) For k = 2, J is close-to-convex of complex order b and we have

1 - l2b - llr
~IJ'(z)I~

1 + j2b- ljr
(1 +卍 (1-r)3·

This reult is proved in [1].

囯 For b = l, we obtain the sharp bounds for / E 瓦 established in [9].

Theorem 2.6.(Covermg theorem). The image of E under functions in 九 (b) contains
the schlicht disc

囯 ＜
k+l 一 丨 2b- 11

k(k + 2) .

Proof. Let dr denote the radius of the Iargest schlicht disc centered at the origin
contained in the image of 囯 < r under J (z). Then·there is a point z0, 园 = r such
that IJ(zo)I = dr. The ray from Oto J(zo) lies entirely in the image of E and the inverse
image of this way is a curve in I z I < r.

Thus

dr = lf(zo)I = 1 IJ'(z)I 丨 dz 丨 ~[ 生芋（旵）t-1亡 予'



ON A GENERALIZATION OF CLOSE-TO-CONVEXITY 79

where b1 = l2b - 11.
Let 旵 =( . Then菡dt = d(
So

1 岸 1 岸 k

lf(zo)I~-4 j (1 - 嶧 巳－國 - 4 J (1 +如~2d~
。 。

＝－！；（！ ）钅 ［ 二 (~ ) + 圧 鬥 + (k + (1 - 柘））
2 1 + r k + 2 1 + r k k(k + 2)

Now, by letting r ---+ 1, we obtain the required result.

3. Hankel Determinant Problem for 五 (b)

Hankel determinant off EA and given by (1.1) is defined, for q 2'. 1, n 2'. 1, by

齿 (n) =
an an+l… an+q-1
an+l

an+q-1· · · an+2q一2

For f E S*, Pommerenke [16] solved this problem completely. He showed that, if f E S*,
H汩 =O(l)n2-q and the exponent (2 - q) is best possible.

We shall investigate the rate of growth of Hq(n) for f E 五 (b). We first prove the
following.

Theorem 3.1. Let- f E Tk(b), k > 3 and be given by (1.1). Then, form= 0, l, 2, ... ,
there are numbers 咋m and Cmµ(µ= 0, ... , m) that satisfy lcmol = lcmml = 1, and

00

芝 'Yk ::S: 3,
k=O

2
0 :S;,m :S; m+l

(3.1)

such that f Cmµan+µ= 0(1).n 戸 尸，
mu=O

(n---+ oo).

The bounds (3.1} are best possible.

Proof. Since f E 九 (b), there exists g E Vk such that, for z E E and h E P(b), we
have

J'(z) = g'(z)h(z). (3.2)

Let k位）be the class of strongly close-to-convex functions of order {3 in the sen竺e of
Pommerenke (14). It is known (4) that, for all k > 2, Vi is properly contained in K值）
and (3 =債- 1). From this it follows that, if g E Vk, k > 2, then

zg'(z) = s(z)p~-1(z),
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for some s E S*, p E P.
Thus we can write (3.2) as

(3.3)zj'(z) = s(z)p!-1(z)h(z)

Now s can be represented as

s(z) = z exp『log 1
。
亡 dµ(t)],

whereµ(t)·1s an mcreasmg function andµ(2可 -µ(0) = 2.
Let a1~a2~ · · ·be the jumps ofµ(t) and t = 趴，0趴. . . be the values at which these

Jumps occur. We may assume that 81 = 0. Then _a1 +a2+- .. ::; 2 and a1 +a2+·. ·+aq = 2
for some q if and only if s is of the form

(3.4)

q

s(z) = z IT (l - e量，z)-2/q
j=l

m

<Pm(z) = [I (1- eiBµz).
µ=1

We define 蚪 by

as fol-and define'TJm, for each case respectively,[16]We consider three cases as in
lows.

(i) 0 :S a1 :S 1 and加= l\'.'m十1 (m = 0, 1, 2, ...)
(ii) 1 < 0:1 < ! and'(Jo = a1,'f/1 = max(a1 - 1, a2), ry2 = max(a1 - 1, a3),加= l\'.'m for

m~3.
J<2 _ 1:1~2 and 770 = a1叩 =max(a1 - 1, a2),師 = O'.m(m~2).(iii)

Then the first part, that is the the bounds (3.1), follows similarly as in [16]. For the rest,
we need the following.

Lemma 3.1. [16] Let 術 ＜恥 ＜．．．＜恥 < ()1 + 21r and let >.1, ... , >.q be real, >. > 0,
入 ：：：：入 i(j = 1, ... ,q). If

(3.5)
q 00

心 (z) = fI(l-e一 iB; z)-入，＝芷 加Zn
j=l n=l

then
as n ---+ oo.bn = 0(1)·n>.-I

We now complete the proof of theorem 3.1. We write

m
転 (z) =芝 CmµZm-µ

µ=O
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and
m oo

転 (z)·zj'(z) =芷 bmnZn+m 十芝 (n + m)amnZz+m, (3.6)
n=l n=l

where

n

bmn = L(n + ll)Cm-van-11,
11=0

amn =芷％卫 n+µ, lcmo I = lcmml = l.
mµ

First let s in (3.3) be not of the form (3.4). Then a1 + a2 十 ·•·+ ak < 2 for k~1 and
in particular a1 < 2. Hence the number T/m defined as before satisfy

2
加 ＜

m+l , T/O + T/1 +· · ·< 3.

Form~0, let
1 . 2 1 m

茹 = 3 mm { -:;;;_百 寸 m子言仕 芷司｝，
k=O

and
霏i = T/m + 26m,

Then 茹 > 0 and 瘺 ＜品T 冴 0 + ,1 +· · ·< 3. Now, it can easily be shown [15] that in
each case (i), (ii), (iii),

max l<Pm(z)g(z)I = 0(1)·(1 - r)-'TJ=-8=
JzJ=r

(3.7)

Thus, from (3.6), (3.3) and Cauchy integral fromula, we have

(n + m)lamnl :S~(計 1211: I 転 (z)s(z)pt-1 (z)h(z) ldB)

1 鈺:S 27T'rn+m max I 転 (z)s(z)I (1 IP杞 1h(z)ldB)

1 1 211:
名戸 ~max l</>m(z)s(z)I信 fo27r IP 辶 2(z)ldB) 2 (~1 lh(z)l2dB) 歹 (3.8)

We shall need the following two lemmas.

Lemma 3.2. [6] Let p E P for z EE. Then, for A> l,

「jp(rei0)1..\dB < c(,\)~三。 (1 - r)
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Lemma 3.3. [12] Leth E P(b) in E and be given by (1.2). Then

1 沅

莊 lo lh(rei平d{) :s; 1 - r2 .
1 + (4lbl2 - l)r2

Using these lemmas in (3.8), we have for k > 3

(n + m)lamnl = 0(1)·(1 - r)-TJ=-0三t-1) (r -t 1),

which implies
amn = O(l)n 戸 尸 (n -too).

We now consider the case when s in (3.3) has the form (3.4), that is, a1 + a2 + ... + aq = 2
with'Ym ='TJm·It follows that

2
'Ym :s; 孟言 ,'Yo + "fl +· · ·:s; 3,

and 2
瘺＝— implies that m = q -

m+l 1,a1 =· · ·= aq.

Thus, for k > 3

1 咋

(n + m)lamn 丨 <—— 丨 戸- 21rrn+m k紜 (z)s(z)pz (z)h(z)ldO
。

<:: ~ (五t 户 (z)s(z)p 钅 -•(z)l'de)• (五['1h(z)l2d8) ! .{3.9)
Now

it巴(z)s(z)l'lp(z)lk-2d8 <; 信['l</>m (z)s(z) l4d8) l信 fo''IP(Z) 12k-<d8) !
(3.10)

When we wi·ite I 辶 (z)l4 in the form (3.5), the exponents (古 ）satisfy .Ai :s; 4咋m(j =
1, ... , q: m > 0). Hence, by using lemma 2.1, we have

「l<Pm(z)s(z)l4d(}:::; A出'Ym-1 (n---+ oo).
。 (3.11)

Also, since k > 3, we use Lemma 3.2 to have

1 瓦—丨 伊(z)l2k-4dB < 2k-s
2n _ A2n (n-+ oo).
。

Thus, from (3.10), (3.11) and (3.12), we have

1 21r云丨 I</>土 ）s(z)白p(z)lk-2d(} :=:; An2-y,.,..+k-3.
。

(3.12)

(3.13)
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Hence, using (3.13) and Lemma 3.3 in (3.9), we obtain

(n + m)lamnl~B(k, b)n'"'丹-I (n-+ oo),

and this gives us
amn = 0(1)·n'Y=丹-2

一 2The function so : so(z) = z(I - 丑）q = 瓦00 ( 和+11一 1)·vq+l11=0 II
z shows that the bounds in

(3.1) are best possible. This completes the proof of theorem 3.1.

We can now easily prove the following result.

Theorem 3. 2. Let .J E 五 (b), k > 3 and f be given by (1.1). Then, for q~l,n~l,

Hq(n) = 0(1)·n2+(~-2)q_

The exponent [2 + ( 钅 - 2q] is best possible.
, In particular, for q = l, k > 3

H1(n) =an= 0(1)·n 钅 (n-+ oo).

Remark 3.1. From remark 2.1, it is clear that, for b real, Tk(b) C Kf 钅 + lbl - 1).
Thus for/ E 五 (b), b real, we can write

zf'(z) = s(z)p(z)!+lbl-1,s E S*,p E P.

Following the same techniques of Theorems 3.1 and 3.2 together with the remark 3.1, we
have the following.

Theorem 3.3. Let f E 五 (b), b real, k + 2lbl·> 3. Then, for q~l,n~l

Hq(n) = 0(1). n2+q(!+lbl-3).

4. Some Radii Problems

In the following we find the radius of convexity for f E Tk(b).

Theorem 4.1. Let f E 五 (b). Then f maps lzl < ro onto a convex domain, where
r0 is the least positive root of the equation

T(r) = (1 + Reµ) - (1 + k)(l + Reµ)r - (1 + k)(l - Reµ)r2 + (1 - Reµ)r3 = 0, (4.1)

whereµ= 早 and Reµ2: 0.
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T加s results is best possible for b = l where the extremel function 凡 E 五 (1) is given
by

凡 (z) = 1 1 十 z k

戸 [(二 严 －寸·

Also, for b = 1, k = 2, ro is the radius of convexity for f E K and in this case r0 = 2-氙

Proof. We can write

zf'(z) = zg'(z)h(z),g E Vi, h E P(b)
= zg'(z)[bp(z) + (l - b)],p E P.

Differentiating logarithmically, we have

(zf'(z))'(zg'(z))'zp'(z)
f'(z) = g'(z) + p(z)十早

Thus
(zf'(z))'(zg1(z))'_ zp'(z)Re > Re l-b
f'(z) - g'(z) p(z) +µI, µ= ( 了 －）．

It is known [13) that for g E Vk

Re
(zg'(z))'

＞
r2 - kr + l

g'(z) - 1 - r2 , z = rei(),o::; r < 1,

and for p E P, Reµ2: 0,

I zp'(z) 2r
p(z) +µI ::; /1 - -\r,'-'D- .. 1, _\,'see[7].

Hence we have

(zf'(z))'r2 - kr + 1 2r
Re 2: -

f'(z) l 一 r2 (1 - r)[l + r + Reµ(l 一 r)]
(1 + Reµ) - (k + 1)(1 + Reµ)r 一 (1 + k)(l - Reµ)r2 + (1 - Reµ_)r3

(1 - 司[l +'Y + Reµ(l 一 r)]

This implies that Re丐渥r > 0 for lzl < ro where ro is the least positive root of T(r) = O
give by (4.1).

We note here that T(O) = 1 + Reµ> 0 and T(l) = -2k < O which means that
T(r) = 0 has at least one zero in (0,1).

Theorem 4.2. Let f E 五 (b) and F be defined, for O < a < 1, by

1 z
F(z) = 云z1-i 1~i-勺 (~)d~
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Then F is close-to-convex of complex order b for lz I < r1, where

1
r1 = -[k一二 ｝．2

(4.2)

This result is sharp.

Proof. Since f E 五 (b), there exists a function g E Vk .such that ,f.J.:.)_g (z) E P(b). Let

1
G(z) =云『；「 e*-2g(~)d(.

。
Then, from a special case of a result proved in (11], we see that G is convex for 囯 < r1
and this radius is best possible.

Now

F'(z) 註 －汀 (z) - 僖- 1) J; ~*-2 f (<;}d~'"" =
G'(z) zi-19位）－僖 - 1) foz ei--2成 ）de
『(i-1 f'(()d(N(z)

＝ 。 ='" ..一"J訌 护 1g'(()d( D(z)'

and
N'(z) f'(z)
• ""'=''

D'(z) g'(z)
E P(b).

Since g E Vk, we know that g is convex for lzl < r1 and so 琿 is starlike for lzJ < r1.
竽Now, using a similar technique of Libera [8], we can easily show that E P(b) forD(z)

囯 < r1 where r1 is given by (4.2). This completes the proof.

We have the following special cases.

(i) Fork= 2, f is close-to-convex of complex order b. Then Fis also close-to-convex of
complex order bin E.

(ii) For b = 1, 、f E Tk. Then F is·close-to-convex (hence univalent) in lzl < r1.
(iii) - When b =:= 1, k = 2, i a positive integer, we obtain a result proved by Bernardi [2].
(iv) Libera (8] proved this result with b = 1, k = 2 and a= !·

Theorem 4.3. Let f E Tk(b) with respect to h E Yk. Let g E Vk and for a, (3 positively
real with a+ (3 = l, let

F(z) = J (!1 (~))°'(g'(~))f3 d~。 ．
and

z
H(z) = j (h1(釧））°'(i(釧））債

。
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Then FE Tk with respect to H for lzl < r2 where r2 is given by

T2 = [lhl 十. ! ~ 五二, ] (4.3)

Proof. We first note that H E Vk since

(zH'(z))'a(zh'(z))'/3(zg'(z))'= +H'(z) h'(z) g'(z)
= ap1(z) + f3p2(z),P1,P2 E Pk
= p3(z),p3 E Pk as Pk is a convex set.

Now
F'(z) (f'(z))°'(g'(z))/3 J'(z) 。
瓦 =(h'(z))可g'(z))/3 = (汩zj) =(p(z))°'.

Since p E P for 囯 < r2 where r2 is given by (4.3), see [1], it follows that p°'E P for
囯 < r2 which implies that F E Tk for 囯 < r2.

Theorem 4.4. Let f E Vk and let

F(z) = bz2-t[zt-1J(z)]'.

Then FE Tk(b) for all lzl < hr1 w ere r1 zs given by (4.2). This result is sharp.

Proof. Let F'(z) = b[(f - l)J'(z) + (zf'(z))']
Then

F'(z) (zf'(z))'1
亢 =b[ f'(z) +(b-1)] =bH(z)+(l-b)

Since H E Pk, it follows that H E P for lzl < r1 and the radius r1 is best possible,
see [13]. This implies that, for lzl < r1·FE Tk(b).

Remark 4.1. Since r1 is the radius of convexity for g E Vi, we can conclude that
f E Tk(b) is close-to-convex of complex order b for !zl < r1 where r1 is given by (4.2).

Following essentially the same technique used in [10], we can prove:

Theorem 4.5. Let F E T2(b) and let, for O < .\ < l,

J(z) = (1 - .\)F(z) + .\zF1(z).

Then J E T2(b) for lzl < T>., where

八 = [?).+~三 l
This result is best possible.
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