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A CLASS OF FUNCTIONS AND THEIR DEGREE OF APPROXIMATION
BY ALMOST (N,p,a) METHOD

RAJIV SINHA AND HEMANT KUMAR

Abstract. Qureshi [6] proved a theorem for the degree of approximation of a periodic function
¥, conjugate to a 27-periodic function f and belonging to the class Lip 6, by almost matrix mean
of its conjugate series. The above theorem was further generalized by Qureshi and Nema [8] for
a function belonging to the class W(L?, ¥ (t)) by almost matrix mean. In the present paper we
have discussed degree of approximation of above class of functions by almost (N, p, @) method.

1. Let f(z) be periodic with period 2 and integrable in the sense of Lebesgue. The
Fourier series associated with f(z), is given by

o0
flz) ~ o Z(an cos nz -+ by, sinnx) (1.1)
2 n=1
then -
flz) ~ Z(bn COSNT — ap SINNIT), (1.2)
=1

is called the conjugate series of f(x).
A function f € Lip 8 if

fz+h) - f(z) =0(h)f) for 0<B<1, (1.3)

We define the norm || - ||, by

2w
|If||p=(/0 F@)Pdn)/?, p>1

and the degree of approximation E,(f) by

E.(f) = r{}jn |f = Thullp (sce Zygmund [7])

where T}, is a trigonometrical polynomial of degree n. We say

f(z) € Lip(f,¢q) for a<z<b (1.4)
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if
b
([ 17+ - f@)de) " < A, <0 <1q21,
where A is some constant. (see def. 5.38 of McFadden [2])

Given a positive increasing function ¥, (¢) and an integer p > 1, we notice
(see Qureshi [4]) f(z) € Lip(¥1(t),p) if

2w
([ 1f+9 - f@Pdz)” = 0 1) (15)

0

and that f(z) € W(LP, ¥, (t)) if

27 1
(/0 f(z+1) — f@Psin®sds)? = O(T1(8), B> 0. (1.6)

In case 3 = 0, we find that our newly defined class W (L?, ¥,(t)) coincides with the
class Lip(¥,(¢),p).
Lorentz [1] has defined:

Definition 1. A sequence {S,} is said to be almost convergent to a limit S, if

1 %X
li By = :
AT et Jae = o

uniformly with respect to p.

An almost convergence is a generalization of ordinary convergence. Qureshi [5] defined
almost Norlund means. Qureshi [3] have also defined almost triangular matrix means as:

Definition 2. If (an k) (n =0,1,..., K =0,1,...n); anpo = 1 be a triangular matrix
with real or complex elements, then a series Y >  u, with the sequence of partial sums
{S,} is said to be almost triangular matrix summable to S, provided

n

Onp = Zan,k Skp =S as n—o (1.8)
k=0

uniformly with respect to p, where

1 k+p
Ske = T 2 Sk

Definition 3. In above definition almost matrix summabiiity reduces to almost

(N, p, @) summability if
_ ‘ akPn—k __ GkPn—k

an.k = (p % a)n = ™
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where

Tn = (p X Q)pn = PoOn + P10p—1 + -+ Pnlo
n
= Zak Prn—k-
k=0

Now the series Y oo, u, with the sequence of partial sums {Sn} is said to be almost
(N, p, @) summable to S, provided

- _Xn: Ak Pn— kgk,f’_ 1 - a S
S e (p X @) (p X @)n —~t BRI
uniformly with respect to p, where
1 k+p
Sk,p = E'ﬁ ;Sﬂ'

2. Qureshi [6] proved the following theorems.

Theorem A.The degree of approzimation of a periodic function f, conjugate to a 2w
periodic function f and belonging to the class of Lip 6 by almost Noérlund means of its
conjugate series, is given by

) O[(L)}; 0<6<1
|7 (@) = tap(@)| = (2.1)
Ol(logn); 6=1

where T, ,(x) are the almost Nérlund means of the series (1.2) and the sequence {pn} is
non-negative and non-increasing such that :

DPn—k - _I)_n
K+1 =0y

Theorem B. If a function f_(_'r) is conjugate to a 27 periodic function f(x) belonging
to the class of Lip 6 for 0 < 6 < 1, then

Oy 3. Fali o< <l
[np = 1(2)] = ol (2.2)
Ol £ Bt d=1

where @y, are the almost triangular matriz means of the series (1.2).
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The above theorems were further generalized by Qureshi and Nema [8] for a periodic
function f(z) and belonging to the class W(LP, ¥,(t)).
However our theorem is as follows:

Theorem. If f(x) is periodic and belongs to the class W (LP, ¥ (t)), then

LY #
Ui(3) ) N akpnn

(p X @)n it KA1

|[Frp— Fl| =0 ] (2.3)

provided ¥y (t) satisfies the following conditions:

AU o B A L
(a) (/0 (W) s tdt) —O(n)

Oy e _ ot
©) ([ (g, 7 )7 = 00

where § is an arbitrary number such that q¢(1 — 6) — 1 > 0, condition (a) and (b) hold
uniformly in z,

V() =flz+1t) - f(z —1),

f(z) is a function conjugate to f, T, , are almost (N, p,a) means of the series (1.2) and

{S2E2=k}R_ is a non-negative sequence with respect to K.

3. Proof of the Theorem.

Let S be the k-th partial sum of the conjugate series (1.2). Then we have

Sie) - Ta) == [T EE D

T 2sin 5
and
1 k+p
k

_ / 3 —C sl 3l o

27r(K on(K +1) sin £
B / smpt —sin(K +p+ 1)t P
B 21r(K +1) Jo 2sin® £

Now we have :

Top = F(2) = Z(‘;jfg’“ t0(2) - ()
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Zakpn k (Skp(z) — f(2))

(p X @)n
.3 T \Il(t) Xn: ipn_k cos(K +2p+1)t/2 sin(K + 1)t/2 Py
T 27 Jo (pxa)nK 0(K—i—l) sin® t/2
B / / U (t) akpn_k cos(K + 2p + 1)t/2 sin(K + 1)t/2dt
B mr (p x a)n (K +1) sin® t/2
= Il + I2, say
Now
1 /”/n T (t) Z kP cos(K + 2p + 1)t/2 sin(K + 1)t/2 ,,
YT o Jo (px a)n = (k+1) sin®t/2

Applying Holder’s inequality and the fact ¥ (t) € W(LP, ¥y(t)), we have

L < %(/{)ﬂ/n((ﬂg’—(t—))smﬁ t)pdt)l/p

Uy (2)

/"/” ( ¥, (t) akpn % cos(K + 2p + 1)t/2sin(K + 1)t/2|)th)1/q
(p x a)nt (K +1) sin® t/2sin® ¢

(

[ (/”/" \I’l(t) akpp—k (K +1)|sint/2]
o (Pxa)nt = (K+1) sin 2¢/2sinf t

:O[(l [(pxa Zakpn k(/n/n(%g)th)l/q],

applying mean-value theorem, we have

P n w/n
1= 00 ey 2o e+ (HQ) O [

1 1 - r. t=@Aetl L \1/q
- O[(H)]O[(p X Q)n Zakp"‘k((qll(;i)q—(2+ﬁ)q+ 1)1/ ) ]

) ) /q] by condition (a).

[( )] [ Z(xkpn 49y (= )(n)5+1+(1/p)]

(px

e )(n)f’“ HO/D) 2.
_O[ (p X &)n g(K+1)]'

Since we have:

BEID & B & ey
n(p X a)n k=0 " (P X a) k—0 (K 1)
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where > + % =1 such that 1 < p < 0.
Also, similarly as above

T 4—0 gin B 1/
s ( t79 sin” £ (¢) pdt) P
a w/n v, (t)
" Z akpn-k cos(K +2p+ 1)t/2sin(K + 1)t/2¥,(¢) dt)l/q
(/7T/n pxn)n £ (K+]) t=0+2 ginP ¢

=o[([, (" 'q’(ff)')dt)w]o[g@%g]
- AON
O[(p xla)n kzzo ?Iz'p+ lk) / (t 1‘5; ]
= O[(n)a]()[ _l_lﬁ]O[(p xla)n Z ?f’;'pi_lk) (/ (‘I’;gl_/zy)) Z—Z)l/q] by condition (b)

= 0[(n)°10[(n)" [(p : a)n Z EIII;P:_ 1k (/ yaqil’gQ+2)1/Qj|

o P (n)~+2—(1/2)
= 0[(n)5]0[(n)’3]0[ f x({;)) Z = 'EEK)JF 1) ]
™ k=0

U1 (1)(n)P+2-0/9) QP
:0[ (p x )n Z:(I’;+1k]

Hence

[‘1’1(%)(”)[“"”(]/’)) "\ QkPn—k ]

[Trp(z) — f(z)| =0 (P X a)n e (K + 1)

uniformly for z, therefore,

ITnp(@) = F@)Il = sup |Tnp(2) - f(@)| =0

[‘1’1(%)(")5“”1/1”) - akpn—k]
0<z <27

(p x a)n . (K +1)

This complete the proof of the theorem.
The following Corollaries can be derived from the theorem:

Corollary 1. If f = 0 and ¥1(t) = t7, then the degree of approzimation of a function
f(z), conjugate to a 2mw-periodic function f belong to the class sz(fy, pl; DLy <148
given by:

(L)yr=1-0/p) Z\ aypp i ]

IFas (@) = Tl = O[5y = 3 Gy

XpPn—k

where T, »(z) are almost (N, p, o) means of the series (1.2) and { T

sequence with respect to K.

} is non-negative
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Proof. Since

» T Ty (L) ()P H1+ P S oppn—
[Tnp(@) — f(2)| = O[ P X O)n kz___:o (I’;' 4 1k)]

()P S oupn—k
o| (P x a)n Z(K+1)]

k=0

0[(-};)”"1‘“/”) - akpn—k]

(px@n 2 (K+1)

which completes the proof.

Corollary 2. If p — oo in Corollary 1, then

Iaste) -7 = O[5 32 5

pXa)n

and we have theorem B, and if further a = 1, we have theorem A for 0 < a < 1. The
proof of Corollary 2 is obvious.

(1]
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