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A CLASS OF FUNCTIONS AND THEIR DEGREE OF APPROXIMATION

BY ALMOST (N,p,a) METHOD

RAJIV SINHA AND HEMANT KUMAR

Abstract. Qureshi (6] proved a .theorem for the degree of approximation of a periodic function
f, conjugate to a 27r-pcriodic function f and belonging to the class Lip 0, by almost matrix mean
of 比s conjugate series. The above theorem w邸 further generalized by Qureshi and Nema (8) for
a function belonging to the class W(L庄叭 (t)) by almost matrix mean. In the present paper we
have discussed degree of approximation of above class of functions by almost (N, P, oc) method

1. Let f(x) be periodic with period 鉫 and integrable in the sense of Lebesgue. The
Fourier series associated with f(x), is given by

00

J(x) rv 竺 十芷 (an cos nx + b sin nx
2

n)
n=l

(1.1)

then
CX)

了（） 芝 (bX "'nCOS nx - an S1Il nx),
n=l

(1.2)

_is called the conjugate series of f (x).
A function f E Lip fJ if

f (x + h) - f (x) = O(Jhle) for O < B·:S 1,

We define the norm II·lip by

IIJIIP =『 廿(x) I 11dx) 1 /P , p 2'. 1
。

and the degree of approximation En (f) by

(1.3)

En(!)= min llf -TnllJJ
'I'n

(see Zygmund [7])

where Tn is a trigonometrical polynomial of degree n. We say

f(x) E Lip((), q) for a~x~l> (1.4)
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if

寸b lf(x + h) - J(x)lqdx)1/q~Ajh户 0~(} < 1, q 乏 1,
a

where A is some constant. (see def. 5.38 of McFadden [2])
Given a positive increasing function 叭 (t) and an integer p > 1, we notice

(see Qureshi [4]) J(x) E Lip('1>'1 (t),p) if

(「 lf(x + t) - f(x)IPdx) I/p = O(\J11 (t))
。

and that f(x) E W(LP, 叱 (t)) if

(「 lf(x + t) - f (x平 sin/3P x dx)} = 0(叭 (t)),
。

(1.5)

(3~0. (1.6)

In case (3 = 0, we find that our newly defined class W(LP,'111(t)) coincides with the
class Lip('111(t),p).

Lorentz [1] has defined:

Definition 1. A sequence {Sn} is said to be almost convergent to a limit S, if

n+p
r 11m ......
n-+oo n + 1 LSk =S

k=p
(1.7)

uniformly with respect to p.

An almost convergence is a generalization of ordinary convergence. Qureshi [5) defined
almost Norlund means. Qureshi [3) have also defined almost triangular matrix means as:

Definition 2. If (an,k) (n = 0, 1, ... , K = 0, l, ... n); an,o = 1 be a triangular matnx
with real or complex elements, then a series I::=o Un with the sequence of partial sums
{Sn} is said to be almost triangular matrix summable to S, provided

CJn,p =立 n,k Sk,p~S as n~oo
k=O

uniformly with respect top, where

1 k+p
沁 =K+l LSµ.

/L=p

(1.8)

Definition 3. In above definition almost matrix summability reduces to almost
(N,p, a) summability if

akPn-k akPn-k
an,k = =(p X a)n 庄
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where

rn = (p X a)n = P哼n+P泣n·-1 + ... + PnOo
n

＝芝 叩Pn-k·
k=O

Now the series 瓦~=0 匹 with the sequence of partial sums {S五} is said to be almost
(N,p, a) summable to S, provided

: 。江n-k Sk,p
k==O

Tn,p =t ?k Pn-k .'h,p = 1

k=O (p x a)k (p x a)n

uniformly with respect top, where

s 1 k+p

k,p = K + 1 LSw
tL=P

2. Qureshi [6] proved the following theorems.

Theorem A. The degree of approximation of a periodic function 了 ， conjugate to a 21r
periodic function f and belonging to the class of Lip fJ by almost Norlund means of its
conjugate serie.5, is given by

(2.1)
O<fJ<l

I 了(x) - !n,h)I = { O[( 印'J;
O[(~log n)]; B=l

when: tn.,p(x) are the almost Norlund means of the series (1.2) and the sequence 伍} is
non-negative and non-increasing s11.ch that

t Pn-k P
K+l

= 0( 二勺 ．nk=O

Theore1n B. lf a function兀0 is conjugate to a 鉫 periodic fundion f (x) belonging
to the dass of Lip fJ for O < e~1, then

(2.2)
1＜o
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瓦n,p - J(x)1 =

where 万n,p aT'e the almost triangular matrix means of the series (1..2)
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The above theorems were further generalized by Qureshi and Nema [8] for a periodic
function f (x) and belonging to the class W (L兀叭 (t)).

However our theorem is as follows:

Theorem. If f(x) is periodic and belongs to the class W(L兀叭 (t)), then

11亢 ，p- 了 II= O[
汩!i) (n/十 I+(f;) n

(,n V rv、n 芝
O'.kJJn--k
K+l］k=O

(2.3)

provided 叭 (t) satisfies the following conditions:

(a) (「/\ tlw(t)IP)P sin{jp t dt) 1/p = 0(.!_)。 'Y1(t) n

(b) (「『 I\Jl'(t)I)P dt) I/p = O(n勺
!!. . \JI 1 (t)

where o is an arbitrary number such that q(l - o) - 1 > 0, cond山on (a) and (b) hold
uniformly in x,

\Jl(t) = f(x + t) - f(x - t),
"' 一．．．．．．． ．f(x) is a function conjugate to f, 〒n,p are almost (N,p, a) means of the series (1.2) and
{CTkPn-k}n·

Tn k=O is a non-negative sequence with respect to K.

3. Proof of the Theorem.

Let 瓦 be the k-th partial sum of the conjugate series (1.2). Then we have

函(x) - 了(x) = -~「\JI (t) cos (K + !) t dt。 2sin :!:.2

and

1 k+p
函 ，p - f(x) =一 芝（瓦(x) - 了(x))

K+l µ=p

= - I 「k+p cos(µ+ t)'
坏 (K + 1) 0

並 (t) 芝 ．
µ=p

sm:!:. dt
2

= 1 「sin pt - sin(K + p + l)t
沅 (K + 1) o

\Jt(t)
2sin -2 t dt

2

Now we have:
n

戸 －了(x)°= I: O'.kPn-k (Sk,p(x) - 了(x))
k=O (p X a)k
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1＝一 一 立翦Pn-k (Sk,p(x) 孑(x))
(p X <X)n k=O

＝
1 「W(t) n 凶Pn-k cos(K + 2p+ l)t/2sin(K + l)t/2 dt

芷－一21r 。(p x a)n (K + 1) sin2 t/2
K=O

＝上日 rr/n 十「 l W(t) 户 主土cos(K + 2p + l)t/2 sin(K + l)t/2 dt
27r O 7i/n (p X 庫 (K + 1) siri2 t/2k=O

= 11 + 12, say.

Now

Ii= -
1「'1'(t) 立 叩Pn-k cos(K + 2p + l)t/2sin(K + l)t/2
27f 。 (pxa)n (k+l) 2

dt
sin t 2

k=O ／

Applying Holder's inequality and the fact'lt(t) E W(L积 '1'1(t)), we have

1 可n 呼(t)1i::;~(fo ((立 ）sin/3 t)Pdt)
1/p

可n'1'1(t) n akPn-k cos(K + 2p + l)t/2sin(K + l)t/2 q l/q
丑 ((p X a)』芷面言 dt

k=O
sin2 t/2 sin13 t I))

= O[(~)JO[((f~芒戶~'(:~-t) (二 訂二鬥 ）'dt)'1'] by condition {a)

= 0[(-))0
1 [ 1 n 1r/n 叭 (t) 1/q
n (p x a)n~硒 -·(1 (戸 )'dt) ] ,

applying mean-value theorem, we have

Ii= O[(~)JO[(p: <>)n 户 叩-•(吋(;; )『 聶汩）1/ql
1 [ 1 n t一 (2+{3)q+l 1/q

= 0[(-))0n (pxo:)
芷 akPn-k(団（巧 ）；/n

n k=O
n -(2 + f3)q + 1) ]

1 n
= O[())0 [

1- --L(劻n-kW1(-)(n)7f (3+1+(1/p)
n (p x o:)n n ］

k=O
= o[叭(~) (n)f3+1-t-(l/p) 立四二

(p x a) n k=O (K + l)] .

Since we have:

叭 吐）(n)IHl+(l/p) nL
叭 債）(n)f3十 1 十 (1/p) n 叩Pn-k

叩Pn-k < (p x a)n 瓦－一
n(p x n)n (K + 1)

k=O k=O
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where ! + ! = 1 such that 1~p~oo.p q
Also, similarly as above

lz 竺(「 |曰sin/3 涇 (t) 「dt l/p
可n 叭 (t))

x(「I 1 立 O::kPn-k . cos(K + 2p + l)t/2 sin(K + l)t/2'1'虫）q dt l/q
可n (p X n)n k=O (K + 1) t-0-1-2 sinfl t I)

= o[(1二 （尸 ；＼闊 ）dt) l/下 [sin}信 ）］

xo[(p x1...,)n t,罡鬪 ({n(~~~;)'dt{']

=O[(n汁 JO[(;)P] O [ (p x1a)n t,『~-1) (f.鬥1一巴 ）荳 ）, ;, ] by condition (b)

= O[(nl]O[(n)f3]0 [
叭 債） n O::kPn-k n dy l/q

(p X a)n 芷 (K + 1) (1 yoq一2q+2) ]

= O[(n)°]O[(n茫 )0 ['111 吐） n 翦Pn-k(n)-o+Z-(l/q)
(p X a)n 芷

k=O (K + 1) ]

=0[叭(*)(n)f3十 2一 (1/q) n
(p X a)n

芷 D'.kPn-k

k=O (K + l)J.

Hence

|〒n,p(x) -同I= o[
叭 （拉 (n)f3+1+(l /p) n

(p X a)n
芷硒 -k

k=O (K + 1)]

uniformly for x, therefore,

11--Fn,p(x) - 同 II I 〒n,p位）－同 l=O
叭 （印 (n)f3+l+(I/p) n

= sup。:=:;x91r [ (p X a)n
芷 akPn-k

k=O (K + 1)]

This complete the proof of the theorem.
The following Corollaries can be derived from the theorem:

Corollary 1. If f3 = 0 and 叱 (t) = t1, then the degree of approximation of a function
f (x), conjugate to a 21r-periodic function f belong to the class Lip(,, p), 0 < , :::; 1, is
given by:

IITn,p(x) — f(x)II = 0 n
— ［巳）1-1-(1/p) n

fox aL 芷
O'.kPn-k

k=O (K + l)J
where 〒n,p(x) are almost (N,p, a) means of the series (1.2) and { 「；：际 「} is non-negative
sequence with respect to K.
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Proof. Since

戸(x) -同I= o[曰 ）(n)f3+1 十 (l/p) n O'.kPn-k

(p X霍一已三
= o[吐）'(n)l+(l/p) t~

(p x a)n k=O (K + 1)]

= o[仕),-1 一 (1/p) t四二
(p X a)n k=O (K + 1) ]

which completes the proof.

Corollary 2. If p -t oo in Corollary 1, then

1 "(-1

II〒n,p(x) -同11 = o[ 囧） 立三
(p X a)n k=O (K + 1)]

and we have theorem B, and if further a = 1, we have theorem A for O < a < 1. The
proof of Corollary 2 is obvious.
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