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ON THE NEIGHBOURHOODS OF STRONGLY

CONVEX FUNCTIONS

R. PARVATHAM AND MILLICENT PREMABAI

Abstract. In this paper neighbourhoods of strongly convex and strongly starlike
function are determined.

1. Introduction

Let H(E) denote the class of all functions f holomorphic in the open unit disc E in C
and A be the class of all functions f E H(E) with the normalizations f(O) = 0 = f'(0)-1.
Any f E A has the Taylor's expansion f(z) = z + a2z2 + ... in E. The convolution or

00Hadamard product of f(z) = z + Lk=2 ak护 and g(z) = z + L~2 缸 zk is defined as
(f * g)(z) = z + Z:~2 akbkzk. Clearly f(z) = f(z) * Ji (z) and zf'(z) = f(z) *h(z) where

z z
fi(z) = and h(z) =l-z (1-z)2·

In this paper let us investigate the neighbourhoods of functions which are Strongly
Starlike or Strongly Convex. These functions were introduced and discussed by D. A.
Brannan and W. E. Kirwan [1] and also by J. Stankiewicz [5] and [6].

Defimt10n 1. A function f E A is said to be Strongly Starlike of order a
O < a $ l in E if for all z E E, la丑剧 ＜罕 Th f 'e set o all such functions is denoted
by S*(a).

Clearly S*(l) = S* (the class of all starlike functions)
立f E S* (a) means that the image of E under lies in the regionf(z)

f! = {z E C : jarg zj <芍，O<a::;l} (1)
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Equivalently 卐畀 -1- te士 ia1r /2, t E 配

Definition 2. Any function f EA is said to be Strongly Convex of order a in E
if for all z E E,

larg(l + zf"(z))I <竺
f'(z) 2'

O<a:Sl.

Let K(a) be the class of all strongly convex functions of order a.

Note. (i) K(l) = K- the class of all convex functions.
(ii) f E K(a) <:=> zf'(z) E S*(a)

First let us state two lemmas (without proofs) which we need to establish our results in
the sequel.

Lemma A.(2] Let /31, T1 E <C, h E H(E) be convex univalent in E with h(O) = l
and Re(/3'h(z) + T1) > 0, z EE and let p(z) = 1 + p1z 十···E H(E). Then

zp'(z)
p(z) + -< h(z) =;, p(z) -< h(z)

/3p(z) + T

where the symbol -< denotes subordination.

Lemma B.(4] If¢is a convex univalent function with¢(0) = 0 =¢'(0) -1 in
the unit disk E and g is starlike univalent in E, then for each analytic function
F in E, the image of E under 钅繕粗 is a subset of the convex hull of F(E).

First let us establish an inclusion relation.

Theorem 1. Let f E K(a). Then f E S*(a).

Proof. Let p(z) =痼 l.. Then since f E K(a), p(z)十痼 =1+臼l CD, de-

fined in (1). Since Dis a convex domain, an application of Lemma A gives [毌护］ ＝
zEE

p(z)zEE CD, which shows that f E S*(a).

Definition 3. For f E S*(a) define S*'(a) as a class of all functions

h(z) = h(z) - te士m可2 fi(z)
1 - te士io:可2'

t E 甿 where fi(z) = 声 and fz(z) = 冇今戸

Now let us give a characterization for a function f E A to be in S*(a) be means of
convolution.

Theorem 2. f E S*(a) if and only if (/*H)(z) =I 0, z E E and for all
H(z) E S*'(a).
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Proof. First let us assume that l1.!.竽丑 f. 0 for all HE S*'(a) and z EE. Hence

(f * H)(z) f(z) *戸 - te±ic,,r勺(z) *声
＝ ．z(l - te士 ic,,r /2) , t E 限十 f. 0.

z

Equivalently 卐畀+ te士 ia:1r/2't E配 Ast E 缸 te士 ia1r 12 covers the straight line

arg w =士a可2 and 弓抨 = 1 at z = 0, Hence

誓 江=[z EC: la丑 昰I< 竺] or f E S*(a)

Conversely let f E S* (a). Then

zf'(z)— f= te士 ia可2 +
f(z)'

t E 服

Now

(2)

(! * H)(z) f(z) * h(z) - te士 ic,可2/i(z).
＝z z(l - te士 ic,可2)'

痼- te±ic,,r /2 [囯 ．
(1 - te士 ic,,r /2) z ]

(2) gives (/*H)(z)z :/= 0 in E which completes the proof of the theorem.
The notion of 8-neighbourhood w邸 first introduced by St. Ruscheweyh [3].

Definition 4. For 8 2'. 0 the 8-neighbourhood of f(z) = z + I:~2 akzk E A is
defined by

00 00

芯(! ) = [g(z) = z +芷立 2回 －如 :S 8
k=2 k=2

］

Lemma 1. Let H(z) = z十立 :2 加zn E S*'(a). Then

lhnl :=:;
n

sin 罕2

Proof. Since H(z) E S*'(a), we have

H(z) = 1 [ z - te士 ia,r/2二
1 - te士，a,r/2 (1 _平 1-J

00

= z+Lhn玕 ．
k=2
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Then comparing the coefficients on either sides we get,

n - te士 io:-rr /2
lhnl = 11 - te士 io:-rr 121. Hence

lh詛 ＝
(n - tcos(a7r/2))2 十 t2 sin2位可2).
(1- tcos(a可2))2 + t2 sin2(a可2),
n2 - 2ntcos區/2) + t2

＝ 1 - 2t cos(a可2) + t2

lh詛 =l+
n2 - 1 - 2t(n - 1) cos(a可2)

1 - 2t cos(a可2) + t2
n2 -1

< 1 + since t~O;
- 1 - 2tcos(a可2) + t2

~Ill严 [1 + 1 - 2t c::(:7r\2) + t2]
n2 - 1 n2 - cos2(a可2)

<1+ =
一 sin2(a可2) s記 (a可2)

Therefore

lhnl ＜
三 cos2位可2) n< .

sin(a可2) sin(a可2)

Lemma 2. For f E A and for every <: E C such that J<:J < 8, if 瓦 (z) =
f(z)+<z
l+< E S*(a) then for every HE S*'(a), I竺鬥 ~8, z EE.

Proof. Let 凡 E S*(a). Then by Theorem 2, 华芋止 :f. 0, for all H E S*'(a),
z E E. Equivalently

(f * H)(z) + a :p O in E or
(1 + t)z

U*H)(z) i= -f
z

which shows that J~巴囯 J 2: 8.

Theorem 3. For f E A and E E C, ltl < 8 < 1 assume 凡 (z) E S*(a). Then
N8sin(a,r/2)(f) C S*(a).
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Proof. Let HE S*'(a) and g(z) = z +'E'f:'=2 缸 zk is in N6'(!). Then

I (g * :)(z) I = I (f * :)(z) 十 ((g - f)z* H)(z) I
~I (f * :)(z) 1-1 (g - !)(:) * H(z) I

00(k
江 -lz:= bk 一紅 ）加 z

k=2 z I
thus

by Lemma 2;

I (g * H)(z) 12'.: 8 - lzlf lhkl I帆－叫
z k=2

1 00

> 8- . 芷 悔－叫 k by Lemma 1
sm(a可2) k=2

8'> 8 - = 0 for 81 = 8sin(a1r/2).
sin(a可2)

Thus 缸严 -::J O in E for all H E S*'(a) which means by Theorem 2, g E S*(a); in
otherwords N5 sin(a可2)(!) C S*(a).

Next let us show that the class S*(a) is closed under convolution with functions
f which are convex univalent in E, that is (f * g)(z) E S*(a) whenever f E K and
g E S*(a).

Theorem 4. Let f(z) EK, g(z) E S*(a). Then (f * g)(z) E S*(a)

Proof. Since g E S*(a) C S* the class of starlike functions and f E K aiid n
defined by (1) is a convex domain, an application of Lemma B gives

z(f * g)'(z)
(/*g)(z)

鬥痼]g(z)
＝ (f*g)(z)

Cc。翌邑 =n,
g'(z)

z EE.

This shows that (f * g)(z) E S*(a)

Theorem 5. If f E K(a), then f(z)+ez
1十 C

E S*(a) for 11:i < i·
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Proof. Let f(z) = z + I::=Z an玕 Then

f(z) +tz =~(1 + 1:) + L:=2但Zn
1+€ 1+€

f(z) * [z(l +€)+I:二n]

1+€
［尸户 2]

=f(z)* =f(z)*h(z)l-z

[z - 三
where h(z) = I+• ] . Now

1 一 Z

zh'(z) [z - 缶司 z -pz l
h(z) + = +[z一戶 2] 1 - z l - pz l - z'

where p= ffi·Hence IP丨＜己同寸 gives IEI < t·Thus Re[哥毌] 2:园11:1~且罰 >0
if IPI < lzl2 + 2回）- 1 < 0. This inequality holds for all p < 1/3. and lzl < 1, which is
true for IEI < 1/4. Therefore his starlike in the unit disk and so瓦苧 dt is convex.

But h(z); log[士 ] =瓦苧 dt and so h(z) * log幘] is convex in E and

(!, h)(z)~(h 寸 ）(z)~h(z), [z((z) ,log巳 ］］

~zf'(z) * (h(z) * log [户 ］］

f(z) E K(a) ===;, zf'(z) E S*(a) and h(z) * log 占 E K. Now by Theorem 4

［ ［］］
[ ]]

h(z) * zf'(z) * log 占 is in S*(a). Thus (J * h)(z) =告严 E S*(a) for kl< 1/4

Theorem 6. Let J E K(a). Then N1;4 sin(a1r;2i(f) C S*(a).

Proof. Let f E; K(a). Then from Theorem 5 we have 生伊 E S*(a) for 11:I < 1/4.
Then an application of Theorem 3 gives N1;4 sin(a1r;2i(J) C S*(a).

When a= 1 we get a result of St. Ruscheweyh (3] as a special case
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