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CONVOLUTIONS OF UNIVALENT FUNCTIONS

WITH POSITIVE COEFFICIENTS

B. A. URALEGADDI AND A. R. DESAI

Abstract. Let f(z) = z + Loo 00n=2 On Zn, On~0 and g(z) = Z + Ln=2 bnzn, bn 2 0. We
investigate some properties of h(z) = f(z) * g(z) = z + Loo nn=2 anbnz where f(z) and g(z)
belongs to certain subclasses of starlike and convex functions.

1. Introduction

00Let S be the class consisting of the functions of the form f (z) = z + I: 佈玕 thatn=2
are analytic and univalent in the unit disk E = {z : lzl < 1}. A function f E S is said to
be starlike of order a, 0 ::; a < 1, if Re{节}> a for z E E and it said to be convex

of order a, 0 ::; a < 1, if Re{l 十十钳} > a for z E E. Th 1ese c 邸ses are respectively
denoted by S*(a) and K(a). S*(O) = S* and K(O) =Kare respectively the classes of
starlike and convex functions in S.

Let f(z) = z + L~2 an伊 and g(z) = z + E:=2 加zn. Then the Hadmard prod
uct (convolution) (f * g)(z) of functions f(z) and g(z) is defined by (! * g)(z) = z +
E:=2 an加Zn.

Recetly Ruscheweyh and Sheil-Small [1] proved the Polya-Schoenberg conjecture that
if知 ）=z+ 瓦:=2 an玕 E K and g(z) = z + E:=2 加zn EK then h(z) = f(z) * g(z) =
z + I::=2 anbn玕 E K. Further in [2) Shild and Silverman considered convolutions of
univalent functions with negative coefficients.

For 1 < /3 ::; ! and z E E let M(/3) = {f E S : Re疣f < /3} and L(/3) = {! E
S : Re.(1 十迂耳 ) < /3}. Let V be the subclass of S consisting of functions of thef'(z)
form f(z) = z + I:~2 an玕 ，an 2:: 0. Let V*(a) = S*(a) n V, Vi(a) = K(a) n V and
V(/3) = M(/3) n V, U(/3) = L(/3) n V. V*(O) = V* and Vi(O) = Vi are respectively
the classes of starlike and convex functions in V. The _classes V(/3) and U(/3) have been
studied by B. A. Uralegaddi, M. D. Ganigi and S. M. Sarangi [3). They have shown·that
all functions in V(/3) are starlike and all functions in U (/3) are convex.

In this paper we investigate some properties of f * g where f, g E V(/3) or U(/3).
We need the following results [3].
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Theorem A. Let J(z) = z + L~=2 an玕 be in S. If 严~=2伍- f3)Janl~f3 - 1 then
J E M(/3).

Theorem B. Let f (z) = z 十立~2an玕 be in S. If L~=2 n(n - 判叫 S户 l then
f E L(/3)

Theorem C. A function J(z) = z + L~=2 an玕 ，an 2:: 0 is in V ((3) if and only if
L~=2伍- (3) an~(3 - l.

Theorem D. A function J(z) = z + L~=2 an玕 ，an 2:: 0 is in U ((3) if and only if
L~=2 n(n - /3) an :::; /3 - l.

2 C. onvolutions of funct10ns in V ({3) and U (/3)

Theorem 1. If f位）=z+立:2 an玕 ，an 2 0 and 叩 ）=z+立:2 加 Zn, bn 2 0
are elements of V(/3), then f(z) * g(z) = z + L~=2 an加zn is an element of V (刃 ，where
'Y = 6-8/3十3/32

' ' . 一 ．．．5-6/3+2{32·

Proof. Since f (z) and g(z) E V(/3), it follows that L~=2 护钚戶 1 and L~=2曰加
:::; 1. We want to show that L~=2(n - ,)anbn :S 1 - 1. Equivalently we want to show
that f n - f3

-1n=2 (3—an~l (1)

and

f二g三 1
n=2 f3 - 1 (2)

imply that

f二an bn ::; 1 for all'Y =禪）2: 6 - 8(3 + 3(32
n=2 'Y - 1 5 - 6(3 十 一 ＾^ ．

From (1) and (2) using Cauchy S h- c awarz inequality, we get

f二(3 - l二 ::;l.n=2
Hence it suffices to show that

n--y n-(3
二anbn ::; — 泝瓦，n = 2,3, ....'Y f3 一 1

or二 s n - /3'Y - 1
·一" 一 " "一- - ·.. .
/3-ln--y

From (4) it follows that

二 s (3 - 1- f
n- f3 or each n.

(3)

(4)
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Therefore it is sufficient if we show that

/3-l n-/31-I< for all n.
n-/3- /3-ln-1

The inequality (5) is equivalent to

I+ n(曰E
,2

1 + (曰 ）2 •

The right-hand side of (6) is a decreasing function of n, n = 2, 3, .... For n = 2, we get

1 + 2(目）2 6 - 8/3 + 3餠
'Y 2: =1 + (目 ）2 5 - 6/3 + 2/32 .

The result follows.
Observe that 1 <, < 4/3.

The result is sharp, for the functins

f(z) = g(z) = z + (曰 ）z2

Remark 1. V(曰併拾）CV*(目; ) follows from the result [3]: If f E V({3) then

f EV*(任 薔 ）．

Remark 2. In the above theorem we have shown that if f,g E V(f3) then f * g E
V(6-3!3+3f32 . For given h E V(6-3f3+3祀5-6/3+2/32) 5-6/3+2(32) do there exist functions f, g E V({3) such that

00h = f *9? We shall show by an example that the answer is no. Let f(z) = z+L n
n=2 anZ

and g(z) = z + I::=2 bn玕 be the functions in V ((3), then an < (3-1
- n-(3-,bn~戸. By then-(3

above theorem we have

f * g = Z +t anbn严 EV(~一門十巴
n=2

Also note that a b < (j-1')
n n _ (~)-.

Consider
6-8/3+3/32

5-6/3+2/3~ 一 1
护 EV( 6 - 8{3 + 3餠

h(z) = z+)
n- 足 8/3+3/32

5-6/3+2酐 5 - 6{3 + 2伊 ．

For this function we have

6-8(3+3(3 2

5-6(3十2(3~- 1

n- 6-8/3+3(32
5-6/3+2姸

值- 1)2 >· ((3 - 1)2
for n

(5 - 6(3 + 2(32)n - (6 - 8(3 + 3(32) (n - (3)2
~3.

(5)

(6)
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i.e there is no f and g E V(f3) such that J * g = h E V(足 8(J十 3(325-66+2(32).

Corollary. Let J(z) and g(z) be in V(/3). Then h(z) = z +
This result follows from th

立~2~玕 E V(/3).
e inequality (4). It is sharp for the same functions as in

Theorem 1.

Theorem 2. If J E V(/3) and g E V(刃 then J * g E V(J), where <5 = f-4(J-4,+3(J1
"')t:) ., __'""'~.

Proof. Proceeding as in the proof of Theorem 1, we obtain

1 + n(护l){'Y-1}
c5 > (n-/3)(n-分
一 1 + ii,护l){'Y-1) .

(n-/3)(n-'Y)
(7)

The right-hand s這e of (7) is a decreasing function of n (n = 2, 3, ...). Taking n = 2, we
get

1 + 2({3_-1)(千一旦
6 > (2-/3)(2--y) 6 - 4(3 - 41 + 3(31
一 1 + (/3--1){-y-_l_)_ ＝

(2-/3)(2--y) 5 - 3(3 - 的+2(31.

Corollary. If f(z), g(z), h(z) E V((3), then f * g * h E V(6-6/3十护7-9/3十3(J:r).

Proof. From Theorem 1, we have f * g E V (仁続愤戶）Using Theorem 2, we get

f * 9 * h E V (6- 4,8 - 4(閂這)+ 3,8(閂這
, 5 - 暄-3(三 +2,8三 ））

i.e. f * g * h E V(6-6f3+/3戸f3十詔 :r).
For functions in the class U ((3) we have similar result. We shall prove:

Theorem 3. If f E U((J) and g EU行 ）， then f *g E U (o), where c5 = 巒芒芒芝曰．

Proof. From Theorem D, we have I:=
, - 1. We wish to show that I:=

n=2 n(n - (])an ::;户 1 and I::=2 n(n五 ）bn::;
n=2 n(n - o)anbn ::; 0 - 1. It is sufficient to show that

f立工
n=2 (3 - I an::; 1

and f n(n- 刃
,-1 bn :S I

n=2
imply

f〒anbn :S 1 for all J = <5((3, 汾 2: 2(5 - 3(3 - 3, + 2距 ）
n=2 9 - 訒- 5ry + 3{3ry .
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Proceeding as in the proofs of Theorems 1 and 2, we get:

n - c5 n(n - 阶(n - 刃
戸 三值- 1)(, - 1)

or
l+ (/3-1) ('Y一 1)

82 (n-/3)(n-刃

1+ (/3-1)(-y-1) .
n(n-/3)(n-刃

(8)

The right hand side of (8) is a decreasing function of n(n = 2, 3, ...). Taking n = 2, we
get

<5~
2(5 - 3/3 - 3,y + 2/3,y)
9-頲- 5,y + 3距 ·

The result follows.

Theorem 4. If f E V(/3) and g EV(,) then f * g E U(o), where c> = 8-6/3-6"1+5/3"1

Proof. From Theorem C, we have I::=2(n-/3)an~/3-1 and I::=2(n-,)bn~,-1.
It follows that

00

芷 (n - /3)(n - ,)anbn~(/3 - 1)(, - 1).
n=2

We wish to show that L~=2 n(n - 8)anbn ::; 8 - l.
This is satisfied if

n(n - J) (n - /3)(n - 1)
~J - 1 (/3 - 1) ('Y - 1)

i.e. for
1+ n勺护 l)('Y-1)

o> ,(n-f3)(n--y)

l.+ n((j一 l){'Y-1)'
(n一{3)(n-卟

The right hand side of (9) is a decreasing function of n(n = 2, 3, ...). Taking n = 2, we
get

(9)

62
8 - 6(3 - 6, + 5/3,
6-傾- 4, + 3距·

The result follows.
The result is sharp for the functions

/3-1 ,-1
f(z) = z +— 戶E V(/3) and g(z) = z +—一戶EV(社

2-/3 2-,

Putting {3 =, = 4/3.in Theorem 4, we get the following

Corollary. If f, f E V(4/3), then f * g E U(4/3).
Since U(4/3) c Vi [3], the convolution of any two functions in V(4/3) is convex.
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Theorem 5. If f(z) = z + 00
with lbi/ < l i = 2, 3,. Ln=2 anzn, an 2: 0, E V(/3) and g(z) = z十立 :2 bn瓦

- , ·. , then J * g E M (/3).

Proof. 立了~2伍-/3)回 回 ＝立~2(n - /3)anlbnl :S亡~2伍 - /3)an :S (3 - I.

Corollary. If f (z) E V((J) and g(z) == z +
then f * g E V((J). L:=2 bn玕 ，with O :S bi :S 1, i = 2, 3, ... ,

Theorem 6. let J(z) = z + Loon=2
lbd~1, i == 2, 3 ... , then f * g E L(/3).

an玕 E U(/3) and g(z) = z + I::=2 bn玕 with

Proof.

1
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Corollary. If J(z) E U(/3) and g(z) = z +
then f * g E U(/3). 亡:2 加 z巴 with O~bi~l, i = 2, 3, ... ,

Theorem 7. If J, g E V(/3), then h(z) =~+ Loo
(5 = 8-12/3+5{32 n=2(a~+ 砥) Zn E V(o) where

6-8/3十 3(32 .

Proof. Since L:=2(n -·/3)an~f3 - I, we have

立二户呤<{f n - /3 2

n=2 /3 - 1 —an}~l.
n=2 /3 - 1 (10)

Simillarly
00 n -/3
芝（戸 )2b~::; 1
n=2

(11)

From (10) and (11), we get

立 （口 ）` ｀三 1.n=2
(12)

We want to find b =頲）such that

00 n 一 6
芝（亡 )(吐+b;)~1
n=2 (13)
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Comparing this with (12), we see that (13) will be satisfied if

n-8 1 n-/3 2
二 5 釣戸f

or
（三 )2 + 2n0 > (3-1

- (护 ）2+2

Right-hand side of (14) is a decreasing function of n(n = 2, 3, ...). Let n = 2,

<5 2: 8 - 12(3 + 5餠
6 - 8/3 + 3(3n•

The result is sharp for the function

(14)

/3 - 1 .2
f(z) = g(z) = z +-z .

2 - /3
Note that if in Theorem 4, we let "(= /3, we get the same value for fJ as here.
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