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AN INEQUALITY OF GRUSS'TYPE FOR

RIEMANN-STIELTJES INTEGRAL AND

APPLICATIONS FOR SPECIAL MEANS

S. S. DRAGOMIR AND I. FEDOTOV

Abstract. In this paper we derive a new inequality of Griiss'type for Riemann-Stieltjes integral
and apply it for special means (logarithmic mean, identric mean, etc·.·).

I. Introduction

In 1935, G. Griiss proved the following inequality which establishes a connection
betwen the integral of the product of two fucntions a.nd the product of the integrals:

亡[ f(x)g(x)dx三[ f(x)dx三t g(x)dxl S 1債- <P)(r - 分

provided that f and g two integrable functions on [a,b] and satisfying the condition

¢ ~f(x)~q; and,~g(x)~r for all x E [a, b]

The constant ! is the best possible one and is achieved for f(x) = g(x) =sgn(x - 罕）
For other similar results, generalizations for positive linear functionals, discrete ver­

sions, determinantal versions etc. see the Chapter X of the book [1] due to Mitrinovic,
Pecaric and Fink where further references are given.

In this paper we point out a Griiss'type inequality for Riemann-Stieltjes integral and
apply it for special means, i.e., logarithmic mean, identric mean, etc·..

2. The Results

The following result of Gri.iss'type holds:

Theorem 2. I. Let f, u : [a, b] -+ R be so that u is L-lipschitzian on [a, b], i.e.,

lu(x) - u(y)I::; Llx - YI for all x,y E [d, b] (2.1)
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f is 和emann integrable on [a, b] and there exists the real numbers, m, M so that

m :S J(x) :SM for all x E [a, b].

Then we have the inequality

(2.2)

|「f(x)du(x) - u(b) - u(a)「 L
b-a J(t)dtl :S -(M - m)(b - a), (2.3)

2

and the constsnt ! is sharp, in the sense that it can not be replaced by a smaller one.

Proof. First of all let observe that if vis an L-lipschitzian mapping and q is Riemann
integrable on [a, bl, then

|「q(x)dv(x)I :SL「Jq(t) Jdt
a a

(2.4)

Indeed, if 6.n : a = 喵 ＜吋 < .. . < 伊n-1 <碟 = b is a sequence of partitions of [a, b]
with 11(6.n) := maxi=l,n-1 (xf+1 - 吋) -+ 0 (for n-+ oo) and 秤 E [xi, x?+-1] then

|「q(x)dv(x)I = I lim 団q(~f)(v(xf+1) - v(x?))I
a 11(.6.n)-+0

i=O
n-1

~r I: lq(經）II
(v(xf+1) - v(xr))

lffi
11(.6.n)-+O i=O X辶 －吋

l(x詬 －吋）

n-1 b

~L 11(妁~o~lq(抨) l(x如 －吋）= L 1 lq(t)ldt.

Now, let observe that

1 [ f(x)du(x) - u(b~= :(a) l J(t)dt丨
=, 1b (J位）－占 户 (t)dt)du(x) I

::; L lb IJ(x)亡lb f (t)dtldx

Now, define
l b

I:=二1b(f(x) -三1 f (t)dt)2dx

Then we have

(2.5)

I=三{lf'(x) - 2/(x)三t f(t)dt + (三；t f(t)dt忭 )dx

＝上 「 l bb 一 a a
汽x)dx - (— J

b- a a
f (t)dt)2
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and

I= (M-二户(t)dt) (声 lb f(t)dt - m) -凸lb (M - f(t))(f (t) - m)dt
As m ::; f (x) ::; M for all x E [a, b], then

「(M - f (t))(f (t) - m)dt~0
a

which implies

I::; (M - 上「f (t)dt)(上「f(t)dt - m).b-a a b-a a

Using the elemetary inequality

1 1(M - k)(k - m) < -((M - k) + (k - m)]2 = -(M - m)2- 4 4

which holds for k, m, M E R, we get

1I<-(M-m)2.-4

Using Cauchy-Buniakowski-Schwarz's integral inequality we have

(2.6)

I~[
1 b

二111位）－三 lb f (t)dtjdx]2
Now, by (2.6), we get

ib If位）-~lb J(t)dtJdx :S~(M - m)(b - a)

and then by (2.5) we obtain the desired inequality (2.3). To prove the sharpness of the
constsnt ! , let choose

a+b a+b
u(x) := Jx -—I, f位）：= sgn(x -), x E [a, b].2 2

Then

Ju(x) - u(y)J = llx -— - -a+b a+b
2 I IY 2 一

II< lx'-y! and all x,y E [a,b]

which shows that u is L-lipschitzian with the constsnt L = l. Also, because -1 :S f位 ）三
1, for all x E [a,b], then M - m = 2 and

L
一 (M--: m)(b - a) = b - a.
2
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On the other hand,

t f(x)du(x) -干 1'f(t)dt = 1'sgn(x - 于）du(x)

＝『 必(x) + 1: 心(x) = -雪~)+ u(a) + u(b) -雪~)= b - a

which shows that the euqality is realised in (2.3).

Corollary 2.2. Let f : [a, b] -+ R be as above and u : [a, b] -+ R a differen­
tiable mapping whose derivative u1 : (a, b) -+ R is bounded on (a, b). Denote 伽'I區 ：＝
suptE(a,b) 园(t) I < oo.'['hen we have the inequality

|「f (t)u1 (t)dt一立 二 旦 b 伽111
a

b-a 丨f (t)dtl~ — 芝(M - m)(b - a).
a 2

Corollary 2.3. Let f : [a, bJ -+ R be a differentiable mapping whose derivative':
(a, b) -+ R is bounded on (a b . f

,) and f(a) =/: f(b). Denote IIJ'lloo := suptE(a,b) lf'(t)I < oo.
Then we have the inequality

戶二 二 「 IIJ'lloo
2 b- a a

f(t)dtl :S··~
21f (b) - J (a)I (M - m)(b 一 a).

The proof is obvious from the above corollary choosing u = J.

Remark 2.4. If Corollary 2.2 we put u = JP , u = ln f, u = sin f etc· · ·, we can
obtain some other intersting inequalities. We shall omit the details.

3. Applications for Special Means

We first discuss the application of the results in the previous sections to lower and
upper bounds estimation of some important relationships between the f

Th
ollowing means:

e arithmetic mean: A= A(a, b) :=(a+ b)/2, a, b 2: o.
The geometric mean: G = G(a, b) :=聶b, a, b 2: 0.
The harmomc mean:

H = H(a,b) :== -2

a+,;
1 1 , a, b > 0.

The logarithmic mean:

L == L(a,b) := {閂a. if a =jc b,
a if a= b' a,b > 0.
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Note that for the convex mapping f = t : (0, oo) i---+ IR, we have

占户(t)dt = L-1 (a, b) for a i- b.

The p-logarithmic mean

与＝犀 a,b) := { [c;這二r/·
a

if a =I= b , pE 艮\{-1,0},a,b > 0.
if a= b

For the convex (or concave) mapping f(t) = tP, p E (-oo,O)U[l,oo)\{刁} (or p E (0, 1))
we have

l b
二J f (t)dt = L:(a, b) for a -:f b.

a

The identric mean:

I= I(a, b) := { !信 ）占 if a i- b
if a= b

a,b > 0.

For the convex mapping f (t) = - ln x we have

1 b
二J f(t)dt = ln J(a, b) if a i- b.

a

These means are often used in numerical approximation and in other areas. However,
the following simple relationships are known in the literature

H < G < L <I< A.

It is also known that Lp is monotonically increasing in p E 艮with Lo = I and L_1 = L.
We now derive various sophisticated bounds for some differences and products of the

above special means using the results obtained in the previous section. These bounds
are very useful in applications since the special means are often used in numerical ap­
proximations.

1. If in Corollary 2.2 we choose f (x) = x兀 u(x) = xP+I (p, q > 0), then we get

ILp+q - 扛Lql < qbP 尸p+q'P q - —(b - a)L2 q-1· (3.1)

2. If in Corollary 2.2 we choose f(x) = xq(q > 0), u(x) = i, and a> 0, then we get

閲-G2L髯 I ::; 矗 (b - a)G2 L~二 ｝． (3.2)



292 S. S. DRAGOMIR AND I. FEDOTOV

3. If in the above corollary we choose f(x) = 邳(q > 0), u(x) = lnx, and a> 0, then
we get

IL~- LL~二 ii::; 志 (b - a)LL启 (3.3)

We remark that if in the ab_ove corollary we choose f and u in other appropriate
ways, we get some other interesting inequalities for special means.

We omit the details.
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