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EXISTENCE OF INTEGRAL MANIFOLDS FOR IMPULSIVE DIFFERENTIAL

EQUATION WITH SMALL PARAMETER

S. K0STADINOV1, K. SCHNEIDER2, M. VENKOVA3

Abstract. Applying the Banach fixed-point theorem, sufficient conditions for the existence of
bounded manifolds of Lipschitz type are found.

1. Introduction

Many papers and monographs devoted to imp~lsive differential equations have ap
peared in the last 10 years (for example [1], [3], [4] and [5], where further references
can be found). On the other hand, the theory of the differential equations with small
parameter makes rap這 development because it can be successfully applied in physics,
mechanice etc. By generalizing of some results from [6] the present paper is trying to
connect these two impoartant fields of study (see also [2]).

2. Statement of the problem

Consider the impulsive differential equation:

dx
dt
- = F(t, x, y, c) (t~叭 =J tn)

~X/t#n = Qn(x(tn),y(坏 ），c) (n EN)
dyc- = A(t, x)y + G(t, x, y, c) (t~0, t =J 坏 ）
dt

c~Y/t#tn = Pn(x)y(tn) + Rn(x(tn),y(耘 ），c) (n EN)

where x E Rk, y E Rm, c~0 and A(t, x), Pn are (m, m)-matrices (t~0, n E N).
We introduce the following conditions:

(1)

(l')

Hl. There exist numbers l > 0 and m E N such that each interval on扣 with length l
contains not more than m points of the sequence { tn}!篙后 >ti and infiEN(ti+l -ti) =
p > 0.
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H2. There exist co ;::: 0 and C ;::: O such that

IIF(t,x1,Y1,c)-F(t,x2,Y2,c)II~C(llx1 一 X2il + IIY1 - Y2II),
IIQn(X1,Y1,c) - Qn(X2,Y2,c)II~C(llx1 - x21i + IIY1 - Y2i1),
IIQn(x, Y, c)/ 丨 5兮
IA(t,x日- A(t, X2)II $ C(lt1 - 花I+ 屿 －這 ），

IIG(t, x1, Y1, c) - G(t, x這2, c)II $ C(Jlx1 一 x21l + IIY1 - Y2ll)((max{IIY1ll, IIY2II})2 + c勺 ，
IIG(t, x, y, c)II~C(ilyll2 + c),

鷗 (x1甩1, c) - 瓦(x2,Y2,c)II $ C((max{IIY1l1, I园})2 十 e行 (llx1 一 x2II + I丨Y1 - Y2 ll),
IIRn(x, Y, c) II $ C(/IYll4 + c勺 ，

IIPn(x1) - Pn(x2)II $ Cllx1 - x2l1

for any x,x1,x2 E Rk, Y,Y1,Y2 ER叭 t 2:: 0, c E [O,co] and n EN.

H3. The eigenvalues of A(t x) satisfy the mequat1on

Re.Xi(t,x) $ - 盼 i= 1, ... ,m

for some I> 0 and rr:1 III+ Pill < 00.

Under the assumptions HI, H2 and H3 we are going to prove the existence of integral
manifold for equation (1,11).

3. Main results

Theorem 1. Let the conditions HJ, H2, and H3 hold. Then exist E* E (0, co) and
positive constants D and Ll such that for every c E (0, c*) the equation (1,1'has an
unique integral manifold y == H* (t)

）
, x, c with the follow西 properties:

I. IIH*(t,x,c)II::; D.
2. IIH*(t,x1,E) - H*(t,x2,c)II::; Llllx1 一 x2!1.
3. 瑩 = F(t,x,H*(t,x,c),c) (t~O,t =f. tn)

Llxft=tn = Qn(x(拉），H* Ctn, x(tn), c), c) (n E N).

In advance we will prove the following lemma:

Lemma 1. Let A(t) be bounded m x m matrix for every t~0 and Lipschitz w聶
constaitt q. Bes國es let the. eigenvalues of A(t) satisfy the inequation

Re>.i(t) ::; - 盼 i = 1, ... ,m

for some 'Y > 0 and 几:1 /II + Pi 丨丨 < oo. Th en exist posztzve constants L and c1 such
that the Cauchy operator W(T, t, c) of the equation

dz
冨 =A(t)z (t ;::: 0, ti= 柞）

c~Zlt=tn = Pn(z) (n E N) (2)
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satisfies the inequation
IIW(r, t,c)II~Ke弓行-t)

for any O~t~r < oo, c E [O,c1] and a constant K > O.

Proof. At first let prove (see [6]) that the Cauchy operator U(r, t, c) of the equation

dz
c- = A(t)zdt

satisfies the estimate

IIU(T, t, €)II :S Le丑 (r-t)e-[全--J!-戸](r一 t) (3)

for some L~0 and c E [O,堯] . For any fixed u E R the following equation holds true:

1 T
U(r, t,c) = efA(u)(r-t) +€ 1 efA(u)(r一s) [A(s) - A(u)]U(s, t, c)ds

Since IIA(t)II is bounded and Re>.i(t)~-2, for some L~0, we have

llefA(u)(r-t) II~Le-苷 {r-t)

for all O~t~T < oo, c E [O,co] and u ER. Now let u = r, then

IIU(r, t, c)H = Le-銅-t) 十竺 lT e翌 (s一 t)IIU(s, t, c)ll(r 一 s)ds.

Hence
IIU(r, t, c)lle磬 (r-t) = L +竺 Te芸 (s-t) IIU(s, t, c)II ('T - s)ds.

Let v(s) = e登 l•-t)IIU(s,t,c)fl. It is not :a~to check that

汩 5 茄 ）= !::_[e霹(r-t) + e-vfi)(r-t)].
2

This means that

IIU(r, t,c)II~ ~e-f{r-t)[e-(正汽正-t) + e一（全十氙 ；）（`

Consequently for 封＝沄 and c E [O, c~] (3) holds true.
Consider now the impulsive differential equation (2). In 圍 is shown that

W(,,t,c) = U(,,tJ+k,c)(I +Pi+k)U(ti+k,ti+k~1,E)(I +Pi+k-1)
x .. ·x(I+Pj)U(tj,t,c) (O:::;t:::; 朽 < ···< tj+k :::; T < oo).

Set

µ=t-西
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Hence

k

IIW(r,t,£)11::; Le弓(r-t)e-µ(r-t) (IJ LIil + PHill)
i=O

::; L琵-;(r-t)eµ仔-t)+(k-1) In L+L「=O In III+P,+i II

There exists£1 such that for£E [O, £i] the estimate

In L::; (t - 召）p
holds true. Hence

(k - I) ln L < (k - I)µp <µ(T - t)
and consequently

IIW(T,t,c)II~Le主T-t) rr 111 + Pj+ill~L戶(r-t) [[III+ Pill~Ke一 }(r-t)
i=l i=l

Let M(L\, D) be the set of all functions f : n --+ R叭 where n = {t 2: O,x E Rk,E E
[O, co]}, f are continuous for t -:/= ti, left-hand continuous in ti (i E N), and satisfy the
following conditions

llf(t,x,E) - J(t,x',c)II :S L\llx - x'II,
盯 (t, x, c)IJ :S D

Consider the function

p(f, f*) = sup 丨lf(t,x,c) - f*(t,x,c)II = Ill!- !*Ill
(t,x,e)Er2

It is not hard to see that (M(6 D), p)·11s a comp ete metnc space.

Proof of Theorem 1. Let HE M(6, d). Then using H2 we obtain

IIF(t, x, H(t, x, c), c) - F(t, x*
~C(llx - x*II + IIH(t,x,c) - H(t,x*,t:)11)~C(l + 6)llx - x*II (x,x* E Rk, t~0)

Similarly

IIQn(x,H(t,x,t:),c) - Qn(x*,H(t,x*,c),c)II~C(l + 6)1丨X 一 x*II (x,x* E Rn,n EN)

The equation

dx
盂 =F(t,x,H(t,x,c:),c:) (t 2:: O,t =/=口

~Xft=tn = Qn(x(tn), H(tn, x(tn), c:), c) (n EN)
x(O) =~

(4)

(4')
(4")
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has an unique solution r.p(t) for any~E Rm. Let fix a number T~0 and denote r.p仔）=x.
Since later on we use the abbreviation <j;(t) = <P(t, T, x, c/H). Notice that the function
r.p(t) is a solution of the equation

叩）= x-1·F(s, r.p(s), H(s, r.p(s), c), c)ds- L Q心(ti),H(ti,r.p(ti),E,c) (0 :S 竺 T)
t<t;<,

If (()(t) and (()*(t) are two solutions of (4)-(4") and cp(T) = x, (()*(可 = x*, then the
following inequality is valid

Jl<p(t) - <p*(t)ll:::; llx - x*II

十fr IIF(s,<p(s),H(s,<p(s),c),c) - F(s,<p*(s),H*(s,<p*(s),c),c)llds

十 芝 IIQ心(ti), H(t, <p佑 ），c),£)-Qn(varp~i*(ti),H*(ti,'P*(ti),c),c)ll
t<t;<r

:s; llx - x*II + C 17 ((1 +~)llcp(s) - cp*(s)II + IIIH - H*ljj)ds

+c 芝 ((1 +~)佃(ti) - <p* (ti)II + 11 IH - H* 111) (0 :s; t :s; T)
t<t; <r

Applying the integral inequality from (3], we obtain the estimate

lllH-H*II·. IIH-H*丨
非p(t) - <p*(t)II :s; (llx - :t*II+)(1 + a)k(t,r) - II

l+Ll l+tl

where k(t, T) is the number of the impulse points in [t, T), and a is an arbitrary constant
fulfilling a 2: C (1 + Ll) .

Consider the equation

dy
C一 = A(t, <p(t))y + G(t, <p(t), y, E) (t 2: 0, t f. 耘）

dt
ELlyft=tn = Pn侄(tn))y+R虛 伍 ），y(庄）） (n EN)

At first we are going to prove that the Cauchy matrix U = U'P行 ，t, E) of the equation

差 =A(t, <p(t))y (t 2: 0, t f. 耘）
ELlYft=tn = Pn侄 (tn))y (n EN)

for some K 2: 0 satisfies the inequality

IIU -<p(T,t,c)II ::S Ke-f(r-t) (0 ::ST :St< oo)

Using柘 and H1 we obtain
IIA(t凸o(t))II :::; C,

(5)
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and for t2 > t1:

IIA(t趴 cp(t2)) - A(t1,cp(t1))II :S C(t2 - t1 + 1lcp(t2) - cp(t1)1l)

:S C(t2 一釘十「 IIF(s, cp(s), H(s, cp(s),t:), t:)llds 十 芝 IIQ心(ti, cp(ti), t:), t:)11)
t1 t1 <t; <t2

:SC(坯- t1 + C(t2 - t1) + C 芝 p) :S C(l + 3C)(t2 - t1).
t1 <t; <t2

From this estimates and from H3 follows that Lemma 1 can be applied and consequently
exist K 2: 0 and£1 2: 0 such that (5) is satisfied in [O, ci].
If i.p(t) and i.p*(t) are two solution of (4)-(4n), then Ucp(T,t,E) - Ucp•(T,t,£) satisfies the
equation

e印 (Ucp(r, s,c) - U凸•(r,s,c)) = A(s,<p(s))(Ucp(r,s,E)-匹 (r,s,c))

+(A(s, <p(s)) - A(s, <p* (s)))Ucp• (s)))Ucp• (r, s, c).
c.6.(Ucp(r, tn, c) - Ucp• (r, tn,c))/t=tn = Pn(t.p(tn))(Ucp(tn))(Ucp(r, tn, c) - Ucp• (r, tn, c))

+(Pn(t.p(tn)) - Pn(t.p*(tn)))Ucp• (r, tn,c)

Hence

IIUcp 行 ，t,E) - Ucp•(r,t,c)II
1 f'T

S i j JIUcp 行 ，u, E)(A(u, <p(u)) - A.(u, <p*(u)))Ucp• (u, t, c)lldu
t

十］ 芝 IIUcp(T, tn,E)(Pn伊 (tn)))Ucp• (tn, t,E)II
t<tn<T

三户 }(r-t)「佃(u) - <p*(u)lldu +严工 -}(r-t) 芝 I俘 (tn) - <p*(tn)II
t E t,tn <r

K冗
(II

IIJH-H*IJI
5了 X - x*II + 1 + .6.)e-f(-y-l)(lr (1 + al(u,r)ea(r-u)du

十 芝 丨侄(tn) - <p*(tn)II
t<t;<r

K2s — (llx - x*IJ +
JIIH - H*III t1c

E l+.6.
) e(a弓）(r一 tl(/ (l + a)n-k+Ie-a(t;-t)du

t
n-I t;+I
十芷 (1 +a)"一 i /,~ e-a(u-t)du + 1: e-a(u-t)du + t.(1 + a)"一 i+l e-a(t,-t))

S K2C (II JJIH - H*III n
了 一 X - x*IJ +———)e<a弓）(r-t)((l + ar-k+l~+a严 (1 +a)正 le-a(t;-t))

1+.6. a
i=k
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K2C 11,H - H*I I
: -(llx - x*II + ,'A)e(a-t)(T-t)(l + a)n-k(l + a)n-k

€

l+a 00

.(— +am 1 + a -ie-ali)
a

I:()
i=O

Notice that (n - k)p:::; T - t and consequently
~(1 + a)n-k < ea(n-k)<e P (r-t)

hence

鷗 (r,t,c) -Uip•(r,t,c)II

5立 (llx - x*II + IIIH - H*III)e((l十;)0一7)(r-t\二 十 am
c 1 +~ ）a 1 - (1 + a)e-al

Now we are in position to define a mapping T for every HEM(~, D).

T(H)(r,x,c) = :r 広 (r, t, c)G(t, <p(t), H(t, <p(tO, c), c)dt

c:L 広 (r, tn, c:)R虛 包 ），H(tn), <p倡 ），e),c) (6)
O<tn <r

First we show that T maps M(Ll, D) into M(Ll, D):

IIT(H)(T, x, c)II :S鷓D2 + c2)「e-玕-t)dt十竺 (D4己 戶(T一曰
e 。 c

）芝
O<tn <T

5孚 (D2三 ）「 e一 王 (T-t)dt十竺 (D4十凸—二。 c 1 - e-7

Now we suppose that
1(1 +-)a_ 1_ < 0
p E

Then

IIT(H)(r,x,c) - 這）(r亞 ，c)II
l T

s e ! T広 (r,t,c)- 毋 (r, t, c) jj JIG(t, ip(t)卫(t, 草 (t), <), C)lldt』111u~(r,t,,)-U,;-(r,t,c)I IIG(t, 至(t)卫(t, 草 (t), ,), •) lldt

十 芷 II U,(T, tn, C) II !!Rn(l"(tnl),H(tn), H(tn, \"(tn), C), C
O<tn<T

－瓦 （草包 ）卫 (tn歹 倡 ），c), c) II
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弓 芷 IIU'P(T, tn, c) - Uip(T, t, c)IIIIRn停(tn)卫(tn歹 佑 ），c, c)ll
O<tn <r

:S: ~(D'+ c勺 (1 + t.)(I扛 －判 十 IIIH氙 111)「(1 + a)'(t,rle位~,')(r一 'ldt
l+~ 。

十L(D2 +c門（二 十 am )(llx - xii + )JJ1n-「I 1

亨
a 1 - (1 + a) e- al 1 +~'Y _ 巳!.ac

p

K IIIH-和 II
+~(D2 + c勺 (1 + 6)(11x - 司I+ 1+6) 芷 (1 + al(tn,t)e(a子 ）(r-tn)

O<tn<T

竺(D4+e4)(二 ］十:a)e•')( 廿x-司I+ 111:::111) L el{l+})•弓）(r一曰
O<tn <r

＜
Ka—(D2 十 E:2一, -aE: ) (1 + 6)(11x - 司I+

fl1s潭 111 n
1+6

芷 (1 + a)1l+i-Ie(a子 ）(r-t;)
i=l

二(D2 + c勺（二 十 am)(Jlx - 可l 十 II 1s - HI I)·1
E a 1 - (1 + a)eal 1 + 6 1 - c已la

p

十一 (D2 + c勺 (1 + 6)(1Jx - IT+
K IIIH沉,11 ((l十; )a-7)(r-tn)

c 1 +6) 芝
O<tn <r

K2C 1 + a
+— (D4 + c勺(— +

am 11,s围 111
) (!Ix - 『+ )

m
E:2 a 1 - (1 + a)e-al 1 + 6 - .

fl1s-和
:S (llx - 司I+ II Ka m

){— (D2 +c勺(1 + 6)
1 + 6 1 - aE: 1 _ e((l十圧 －子）l

十幻 C l+a
— (D2 +c勺(— +

am 1
E a l - (1 + a) e al) "I - E严

I{
+—(D2 +c勺 (1 +~) m

E ."''~'.

十 I<2C 1 + a—(D4十四— +
am

）
m

｝召 a 1 - (1 + a)e-al ((I+f;)a:r)l1 - e ,

Now set D = cDo and 6. = c6.。. Hence

·KC m
IIT(H)(r, x, c)II :'Sc(—(D5 + 1) + cKC(Dri + 1))

'
(7)

_L1 - e•
If X = 至then

K邸
IIT(H)(r,x,c) -T(H)(r,x,c)II :S一 (DJ + 1)(1 + c6.) mr - ac 1 - e((1十;)a一"(€



IMPULSIVE DIFFERENTIAL EQUATION WITH SMALL PARAMETER 307

l+a
+K2Cc:(D5 + 1)(— + -

am
）

1
a I - (l + a)e-al'Y - c于a

+Kc(Dl + 1)(1 + c.6.0)
m

1 - e((l+l;;)a一 ?)l

+K的c(D訂 l +a am
(— )

十 m IIIH-和 II
｝a l - (1 + a)e-al 1 一 e«1十;)a尹 1 + c.6.。· (8)

..'
If H = H then

Kac2
IIT(H)(r,x,c) -T(H)(r亞 ，c)II~{ (D5 + 1)(1 + c~o)

m
7 一 ac 1 - e((l+f;)a-壼

l+a
+K羞(D5 + 1)(— + )-

am l
a l - (l + a)e-al'Y _£已

p a

+Kc(D~+ 1)(1 + c:~0)
m

1 - e((l+li;)a-7

+K2Cc2(D訂（干 + 1 ,, a~-\--nl) _ //1二2\,}llx- 百 II

Set a= 祚2c(p+l) . There exists c:3 such that for every c: E (0, c:3) the inequation

C(l + c~o) :S 'YP
2c(p+ 1)

holds. Next we find Do such that inequation

?( KC
C —(D~+ 1) + c:KC(Dci + 1) m 1) :S c:D。'Y _ i_1 - e•

(9)

holds true for every c E (0, c3]. Then from (7) follows that IIT(H)(T, x, c)II :::; D in n.
Finally we find~。such that inequation

Kp
c (D5 + 1)(1 + c~o) + K2Cc(D6 + 1)(

m 玘 (p + 1) + -ypc
p+2 1-e玉 l -y(p +
十 -ymp 2 m

2(p+ 1)(1-'YP+2e(p+l)e-尹 l)'Y- + Kc(D5 + 1)(1 + c~o)
1-e-2勺

<2e(p+l)

+K2Cc(Dri + 1)( 2巳 (p + 1) +'YPc
-y(p + 1)

+ -ymp m
2(p + 1)(1 -'YP+2e(p+l)'IP 勺 ）｝2e(p+l) e一三 1- e-2引 :::; c~。

holds true for every c E (0, c3]. Then from (9) follows that

廿T(H)(T, x, c) - T(H)(T戶r,c)II:::; ~llx - 克II
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in n and consequently T(H) E M(6., D). Now let show that T(H) is a contraction on
M(6., D) providing a unique fixed point H*. In fact, from (8) we receive the estimate

IIT(H)(T,x,c) -T(酌 (T, x, c)II S {c*2(D5 + 1)(1 + c6.o) 1 _二
+K2Cc(D5 + 1)( 2召 (p + l) +'YPE:

十
,mp

）
2

,(p + 1) 2(p + 1)(1 - -rp+2e(p+l) e-尹汩2e(p+l) ) 7

+Kc(D5 + 1)(1 + c6.0)三三+K2Cc(Dri + 1)(2c2(p + 1) + ,Pc
,(p+

十
,mp

） ｝
m IIIH-和 II

2(p + 1)(1 _'YP+2e(p+l) _ _..u_
2e(p+l) e 2e(p+lll) 1 一 e一2引 1 + c6.。

s 1:~~。IIIH 一刀'I Is 1 :3~~』IH-HIII

This completes the proof.
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