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EXISTENCE OF INTEGRAL MANIFOLDS FOR IMPULSIVE DIFFERENTIAL
EQUATION WITH SMALL PARAMETER

S. KOSTADINOV!, K. SCHNEIDER?, M. VENKOVA?®

Abstract. Applying the Banach fixed-point theorem, sufficient conditions for the existence of
bounded manifolds of Lipschitz type are found.

1. Introduction

Many papers and monographs devoted to impulsive differential equations have ap-
peared in the last 10 years (for example [1], [3], [4] and [5], where further references
can be found). On the other hand, the theory of the differential equations with small
parameter makes rapid development because it can be successfully applied in physics,
mechanice etc. By generalizing of some results from [6] the present paper is trying to
connect these two impoartant fields of study (see also [2]).

2. Statement of the problem

Consider the impulsive differential equation:

% =Ft,5,9,£) &>0,t#£%)
Az/izt, = Qn(z(tn) y(tn),€) (n € N) (1)
5% = A(t,z)y + G(t,z,y,e) (t 2 0,t# ts)
€AY/ i#t, = Pu(@)y(tn) + Rn(z(tn),y(tn),e) (n € N) (1)

where z € RF, y € R™, € > 0 and A(t,z), P, are (m,m)-matrices (t > 0,n € N).
We introduce the following conditions:

H1. There exist numbers [ > 0 and m € N such that each interval on R* with length
contains not more than m points of the sequence {t, };:%, ti+1 > ti and infiey (tir1—1:) =
3 L
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H2. There exist g > 0 and C > 0 such that

IF (¢ z1,91,€) = F(t,z2,y2,6)|| < C(||z1 — z2|[ + lly1 — v2ll),

1@n(21,41,€) = Qu(@2,y2,6)|| < C(llz1 — 2a]| + [Jy1 — y2(1),

1Qn(z,y,¢)|| < Cyp,

|AGE,21) — A, z2)|| < C([ts = ta] + |21 — 24]]),

IG(t,21,91,€) = G(t, 22,2,€)[| < C(l|zy — 2a| + [Jy1 — yal) ((max{|ly1], lly=1l})? + €2),
IG(E, z,y,e)ll < C(llylI? +¢),

1Rn (21,91, €) = Rn(z2,y2,€)l| < C((max{|lyl, lly2l1})? + £2)(l|z1 — 2| + [ly1 — y2ll),
|Rn(z,y,€)|l < Cllyll* +€*),

|Pr(z1) — Pra(z2)l| < Cllzy — 25|

for any z,z1,22 € R¥, y,y1,y2 € R™, t >0, e € [0,60) and n € N.
H3. The eigenvalues of A(t,z) satisfy the inequation
Re)li(t,z) <2y i=1,....m

for some v > 0 and ]2 ||I + Pi|| < oo.
Under the assumptions H1, H2 and H3 we are going to prove the existence of integral
manifold for equation (1,1").

3. Main results

Theorem 1. Let the conditions H1, H2, and H3 hold. Then exist e* € (0,e0] and
positwe constants D and A such that for every e € (0,€*] the equation (1,1') has an
unique integral manifold y = H*(t, z,€) with the following properties:

L ||H*(t,z,e)|| < D.
2. HH*(t,El,E) = H*(t,.Tg,E)” S A]le = .’122”
3. % = F(t,z, H*(t,z,e),e) (t>0,t¢ 2t
Ax/t=tn = Qn(m(tn),H*(tn,z(tn),e),e) (n = N)

In advance we will prove the following lemma:

Lemma 1. Let .A(t) be bounded m x m matriz for every t > 0 and Lipschitz with
constant q. Besides let the. eigenvalues of A(t) satisfy the inequation

Reli(t) < -2y i=1,....m

for some v > 0 and [[2, [T + Pi|| < co. Then exist positive constants L and €1 such
that the Cauchy operator W(t,t,€) of the equation
d
ad—j =A(t)z (t>0,t#t,)
€Az[t=t, = Po(z) (n € N) (2)
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satisfies the inequation
W (r,t,e)|| < Ke (79

forany 0 <t <7< o0, € €[0,e1] and a constant K > 0.

Proof. At first let prove (see [6]) that the Cauchy operator U(7,t,€) of the equation

dz
EE A(t)z

satisfies the estimate
|U(r,t,€)|| < Le~ (=t ==/ "E](—1) 3)

for some L > 0 and € € [0,£}]. For any fixed u € R the following equation holds true:
1 i i
U(r, t,e) = ec Alr=1) | - / ez AWT=9)[ 4(s) — A(w)]U(s,t,€)ds
t

Since ||A(t)]| is bounded and Re);(t) < —2v for some L > 0, we have
le? 46 =8| < Le=3F(-1

forall0 <t <7 <00, €€[0,6] and u € R. Now let u = 7, then
-3 (r-t) Lq 37 (5—t)
||U (7, ¢ E)“ = Le s B I NU (s, t,€)||(r — s)ds.

Hence

..'

U (7t E)“€2= =t = T, 4 —/ ez (57D ||U (s, t,€)||(r — s)ds.
Let v(s) = ez =D||U(s, t,¢)]|. It is not hard to check that
vlr) < sglr) = g[e VRt gy L6‘1)“_’:)].

This means that

|U(r,¢,€)|l < _e —HTO[e=(F VRN o= (FV/ B,

Consequently for £} = fﬁ and € € [0,€}] (3) holds true.
Consider now the impulsive differential equation (2). In [3] is shown that

Wir.te) = Ulx titks €))L + Pipr)U bk, tjvr—1,€) (I + Pisi-1)
Xeoo X (I+P)U(tj,t,e) (0<t<t;j <+ <tjpp <T<o00).

Set,
. [Lg

2 I
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Hence

k
IW(r,t,€)ll < Le= " Ne=#r=(TT L|II + Pyyll)
=0

< Lge'_%(-,—_t)eu(r—t)ﬁ-(k—l) In L+Zf=0 In [|[T4P;4 ;]|

There exists €7 such that for € € [0,€1] the estimate

InL < (2—1 = —;:')P

holds true. Hence
(k=1)InL < (k—L)up < u(t —1t)

and consequently

k (o)
W (r,t,)l| < Le™# D [T IIT + Pjyil] < Le= 77— [T+ Pl < Kem2m—),
i=1

=1

Let M(A, D) be the set of all functions f : @ — R™, where ) = {t>0,z€ RFe €
[0,e0]}, f are continuous for ¢t # t;, left-hand continuous in t;(i € N), and satisfy the
following conditions

”f(t,.’II,E) - f(t,IEI,E)” ut A”SC - xI”:
£t z,e)l| <D

Consider the function

p(f,f*) = sup Qllf(t,:tﬂ,s) = 7@zl = If - £

(t,z,e)€
It is not hard to see that (M (A, D), p) is a complete metric space.
Proof of Theorem 1. Let H € M(A,d). Then using H2 we obtain

|F(t,z, H(t, z,€),€) — F(t,z*, H(t,z*,¢€),€)||
< Clllz = 2™l + [|1H (¢, z,€) — H(t, 2% €)[) S C(1+ A)||lz — z*|| (z,2* € R*, ¢ >0)

Similarly
1@n(z, H(t,z,€),6) = Qn(z™, H(t,z",€),¢)l| < C(1+ A)|lz — z*|| (z,2" € R*,n € N)

The equation

% = F(t,z, H(t,z,€),6) (¢20,t#1,) (4)
A%/ i=t, = Qn(2(tn), H(tn, 2(tn),),6) (n € N) (4)

z(0)=¢ (4")
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has an unique solution ¢(t) for any £ € R™. Let fix a number 7 > 0 and denote (1) = z.
Since later on we use the abbreviation ¢(t) = ®(¢,7,z,¢/H). Notice that the function
©(t) is a solution of the equation

@(t) = 'T_/T F(S,Lp(S),H(S,(p(S),E),E)dS— Z Qi(w(ti)’H(tiaW(ti)agie) (0 <t< T)
¢ i<t:<T

If (t) and ¢*(t) are two solutions of (4)-(4") and ¢(7) = =z, ¢*(r) = z*, then the
following inequality is valid

llo(t) = @Ol < llz — =]
+/t 1F'(s,0(s), H(s,0(s),€),€) — F(s,0"(s), H" (5,7 (s),€),€)llds

+ Y 1Qilp(t:), H(t,(t:),€),€) — Qulvarphi® (t:), H* (t:, 0" (t:),€),€)|]

i<l <r

)ds

<lle=a"+C [ (1+Bliple) ~ @l + |17 - B

+C 30 (L + A)llet) - " k)l + |1 - B

t<i; <t

) (0<t<T)

Applying the integral inequality from [3], we obtain the estimate

WH—Hﬂ
EW

WH—Hﬂ

k(t,7) _
J+a) 1+ A

llo() — @O < (le — z™|| +

where k(¢, 7) is the number of the impulse points in [t,7), and a is an arbitrary constant
fulfilling a > C(1 + A).
Consider the equation

W = Alt o)+ Cltp(0),1,6) (20,8 £ 1)

5Ay/t=tn = Pn(‘P(tn))y . Rn(‘P(tn)a y(tn)) (TL € N)

At first we are going to prove that the Cauchy matrix U = U,(,t,¢€) of the equation

W = Aty (E20,t#£t)

EAY/t=t, = Pu(p(tn))y (n € N)
for some K > 0 satisfies the inequality

U - o(,t,€)|| < Ke™#™™8 (0<7<t<0) (5)

Using H, and H; we obtain
|A(t, ()l < C,
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and for ty > t;:
1A(E2, @(t2)) — A(t1, p(t1))|| < Clts — t1 + ||o(t2) — @(t1)ll)
<Cft-ti+ | I (00 Hs (o)) llds+ 3 1Quels (.21
SCla—t1+C(t2—t1)+C Y p)<C1+3C)(ts —t,).
11 <t;<to

From this estimates and from H3 follows that Lemma 1 can be applied and consequently
exist X' > 0 and €; > 0 such that (5) is satisfied in [0,&1].

If (i) and @*(t) are two solution of (4)-(4"), then Uy(T,t,€) — Uy« (7,t,€) satisfies the
equation

€ (U (r,5,€) = Up (1,5,)) = A5, 9(8))(Up (7, ,€) = U (7, 5,6])

ds
+(A(S, 90(3)) - A(S, 90*(3)))[](9* (5)))U4~P* (Ta S’E)'
EA(Up(T,tn,€) = Upr (73 tn,€)) /t=tn = Pal((tn)) Uy (tn)) (U (7, tny ) = Upe (T, £, €))
+(Pr(p(tn)) = Pa(@™(tn)))Ups (1, tn,s €)

Hence

”U‘P(T, t,&) - Ulp" (7-7 t,E)”

= i/t “USP(T7 U,e)(A(U,SO(U)) — A(u,cp*(u)))Uw*(u,t,E)”du
1 *
2 20 WUp(7tn, ) (Pa(@” (t))) Uy (tns 1)
i<t <r
KZC — T fas T N K2CF T .
< e H [Tt~ lldu+ TLE 0 5 ) - )
. = tin<r
L ”IH =B ;- d
< —-z* = la—1) k(u,7) ja(r—u)
< (o= ol + e 200 [ 1 4 attenestr—gy
+ > lle(tn) — " (ta)ll
Ll
< ﬁ(”x —z*| + ”lH il )e(“—i‘)“—t)(/tk(l + q)"ktle—alti=t) gy,
- 1+A A
n—1 . Fie] % " |
+2_(+ a)””/ ety +/ ey + 3 (1 4 g)n—itlemalti—t))
1=k 3 ta o
’ x HIH =5 . 1 = _
£ (“-’L' .7 ” + )e(a-f)(T_t)((l e a)n—k+l_+a2(1 + a)n—le—a(t;—t))
' a

1+A .
_ i=k



IMPULSIVE DIFFERENTIAL EQUATION WITH SMALL PARAMETER 305

< K (llz — z*|| + HIH_H*I Jelo=ENr~t)(1 4 g)n—k(1 4 g)"—*
- € 1+ A
1+a =
1 —1i_—ali
( = —I—am.E (14 a)"te™ )

Notice that (n — k)p < 7 — t and consequently

(1+a)n—k < ea(n—k)<e%(‘r—t)’

hence

0 ”|H =y 1 ¥ 1+a am
P eiind I N (a+2)a=2)(r—t)
e N S

Now we are in position to define a mapping T for every H € M (A, D).

T(H)(r,z,€) = % /0 ' U, (7,t,6)G(t, (), H(t, (0, ), €)dt

P2 Uplrt, ) Ralltn), Hita), 0ltn)s8)e)  (6)

0<tn<T

First we show that 7" maps M (A, D) into M (A, D):

IT(EH) (r,2,6)]| < EE(D2 + ¢2) / etrng 1+ KO pty ety T et
€ 0 3

0Lt <r

KC K
< (D? +52)/ e~ (Tt + -E—C(D4 il T8 =5,
0 1—e" ¢

Now we suppose that

Then

!{T({I)(r,x,e) ~ T(H)(r,3,¢)||
£ /0 Uo(r,t,€) — Ug(r,t,s)”IIG(t,G(t),F(t,'@(t),E),E)IIdt

+-:;/
+Z|

0<tn<

_Rn(‘P(tn)a H(tn: -@-(tn): E)a E)“

U,(7,t,€) = Us(r, t,€ “HG (t,3(8), Ht, 5(t),€), )| dt

(7, €)1 B (), H (t), H (2, 0(tn), ),
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42 Y W0, tn,) = Uplr, ) Bn@(tn), Fltm, 0,0

0<ta<<T
< £(D2 +e2)(1+ A)(||lz - Z|| + ”IH ~Fl”)/T(l + @)kt ela=2)(r=1) gy
T € 1+A 0
ita - -1 4
D? ., i
+Z( e a +1—(1+a)e‘“‘)(”x [l + 1+A )fy—?—ﬂae
1\20 P
+2(D% + (1 + A)(lo -3l + ”'H—m“) > (1 +a)itn gl Dir—t)
€ 1+A 0
<tn<T
R am ”IH— ” ((+3)a=T)(r=tn)
+g D+ e le-al+ ) 3 e
o<t <1
< Z2 (D 1)1+ A)(Jlz - 7|+ H i(1+a)n+i-le<a-%>(f-t=‘>
~ y—ae 1+A i
K2 2 l+a am _ ”|H H|H
T la—--— T—tn
K D2y en14A i “lH_HI” L S
+?( +e7)1+ )(||$-“+““i+T) Z
0<tn<T
K2 i 1+a am HlH—Elu m
B+ N+ T gea) (e -+ 533 PR cryr oy
tit] m
o " , P
—_ (”27 1"” + 1+A ){')’—G,E(D +E )(1+A)1 __e((1+%)a~%)l
2)(1-|~a am ) 1
- al _ apEl
o L= (LPa)is " e 8
B oorn 2 2
+ . (D* +€e)(1 +A) DT
K2C 1+a am m
(D* +€&*)( —7) S TRgTE
g2 1-(1+a)eot 1 — {FF)az)
Now set D = eDy and A = eAy. Hence
KC' , . m
|IT(H)(r,z,¢)|| < 6(T(D5 +1) +eKC(Dj + 1)———). (7)
l—e"¢
If £ =% then
m

IT(H)(r,2,€) = T2, 6)| < S (D + 1)1+ €A)

1 — el(A+4)a—7e)l



IMPULSIVE DIFFERENTIAL EQUATION WITH SMALL PARAMETER

l1+a am 1
E*CelDE + 1 -
- CE( 0+ )( p +1—(1+a)e"‘”) ’y—e”i%la
m

2
+Ke(Dg + 1)(1 + €Ay) PR T s
1+a am m I'H"HIH

2 4 |
fakaa o — (1 +a)e~d ) . e““f%)“-i‘)’} 1+¢elo

If H = H then

Kae? m

IT(H)(r,2,€) = T(H)(1,T,¢e)l| < { (Do +1)(1+¢€4o) .

L 8 g
, _
+K Ce(Do + 1) 1 -1+ a)e—al) o g%la
2 m
+Ke(Dg + 1)(1 + €Ao) 1 _ o((F15)a= D)
1+a sl m

2 2 4 =
+K CE (DO)( a T 1— (1 +0,)6—a’1)1 _ e((l+%)a_%)l}“l‘ 1’.“

Set a = 2E(p F+y- There exists €3 such that for every € € (0, &3] the inequation
Yp
C(l+elg) < ———
(1+eko) < o+ D)
holds. Next we find Dy such that inequation
KC
e2(—(D? + 1) + eKC(D% + ”“lf) < eDg
l—e""

_ e((1+%)a—'ys)l
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(8)

(9)

holds true for every € € (0,e3]. Then from (7) follows that |T'(H)(r,z,¢)|| < D in .

Finally we find Ag such that inequation

5 = 2 2 2e2(p + 1) + ype
SV (Dg +1)(1 +e8o) g7 + K*Ce(Dg + 1) D
ymp 2 .
M —5—= + Ke(D} + (1 +e80) —
2p+1)(1 - B E e ) 7 ’ =
2¢2(p+1) +ype
+K2Ce(D§ + 1)(
Ak (p+1)
i = )}
2p+1)(1 - %ﬁe‘ﬁm‘) 1—e2H <A,

holds true for every € € (0,e3]. Then from (9) follows that

IT(H)(7,2,€) - T(H)(7,7,¢)|| < Allz — Z|
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in (¥ and consequently T'(H) € M(A, D). Now let show that T(H) is a contraction on
M (A, D) providing a unique fixed point H*. In fact, from (8) we receive the estimate

T Kp o ke
IT(H)(r,z,€) = T(H)(r,z,€)|| < {€p+ 5(Do +1)(1 8 )T—
2e2(p+ 1) + ype ymp 2
+K>Ce(D? + 1)( y—
° v(p+1) 2(p + 1)(1 — %e—#—2e(p+l)1) ¥
m 2¢2(p+ 1) + ype
+Ke(D§ + 1)(1 + eAg) ————— + K2Ce(D4 + 1
( 0 )( 0)1 —6_2?! ( 0 )( ,y(p+ 1)
. ymp m -
B 7 e Y '
2(p+1)(1—%’%ﬂe =) 1 —e 2’ 14l
e (| Py o [
=8l Tl & 2220\ gl
~ 14¢ely | Hijj = 1+e34y ,IH =

This completes the proof.
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