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ON L%,-QUASI-DERIVATIVES FOR SOLUTIONS OF
PERTURBED GENERAL QUASI-DIFFERENTIAL EQUATIONS

SOBHY EL-SAYED IBRAHIM

Abstract. This paper is concerned with square integrable quasi-derivatives for any solution
of a general quasi-differential equations of nth order with complex coefficients M[y] — Awy =
wi(t,ylo, ... glv iyt [a, b) provided that all rth quasi-derivatives of solutions of M[y] —
Awy = 0 and all solutions of its formal adjoint M*[z] — Awz = 0 are in L? (¢,b) and under
suitable conditions on the function f.

1. Introduction

In [16] Anton Zett] proved, under suitable conditions on f, that y¥) € L?[0,0),j =
0,1,...,n — 1 for any solution y of M[y] = f(t,y) provided that all jth derivatives of
solutions of M[y] = 0 and all solutions of M*[y] = 0 are in L?[0,c0), when M be a
regular ordinary linear differential operator of order n with coefficients which are locally
integrable on [0,00) and M is the formal adjoint of M. The case j = 0 was considered
in [16] for general nth order M and for n = 2 by Bradley [1]. Also, in [14] Wong proved
that all solutions of a perturbed linear differential equation belong to L?[0, c0) assuming
the fact that all solutions of the unperturbed equation possess the same property, these
results generalized by Ibrahim in [10] for general ordinary quasi-differential equations of
nth order.

Our objective in this paper is to extend the results of Ibrahim, wong and Zettl in
[10], [14], [15] and [16] for general ordinary quasi-differential expression M of order n
with complex coefficients and to prove under suitable conditions on f, that the quasi-
derivatives yll € L2 (a,b), r =0,1,...,n — 1 for any solution y of

My — My = wf(t,y,...,y" 1)\ € C) on [a,b), (1.1)
provided that all rth quasi-derivatives of solutions of the equation

Myl — Awy =0 (1.2)
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and all solutions of
M*y] - dwy =0 (1.3)

are in L2 (a,b). These results are extensions of those proved by Ibrahim in [10]. Our
approach is based on an extension of Gronwall’s inequality used by Bradley and due to
Gollwitzer [6], on a technical lemma from Goldberg’s book [5] and on an appropriate
formulation of the variation of parameters formula.

We deal throughout with a quasi-differential expression M of arbitrary order n defined
by a Shin-Zettl matrix on the interval I = (a,b). The left-hand end-point of I is assumed
to be regular but the right-hand end-point may be either regular or singular.

2. Notation and Preliminaries

The set Z,(I) of Shin-Zettl matrices on the interval I consists of n x n— matrices
A = {ars} whose entries are complex-valued functions on I which satisfy the following
conditions: :

arseL}oc(I) (1S"',3S'nan22)
arr41 70 ae.onl (1<r<n-1) (2.1)
ars =0 aeonl(2<r+1<s<n)

For A € Z,(I), the quasi-derivatives associated with A are defined by

[0 ._

¥ = :

{ yi =ar o (WYY -0 arsyll), (1<r<n-1) (2:2)
yi™ = (1) = 0 ansyle]

where the prime ' denotes differentiation.
The quasi-differential expression M associated with A is given by

M=y, (n>2) (2.3)
this being defined on the set
V(M) :={y:y" Y e AC,(I), r=1,2,...,n}, (2.4)

where ACjoc(1) denotes the set of all functions which are absolutely continuous on every
compact subinterval of I.
The formal adjoint M* of M is defined by the matrix A* € Z,(I) given by,

AY = [~ A*E, (2.5)
where A* is the conjugate transpose of A and L is the non-singular n x n— matrix,

L:= {(—1)r5r,n+1—8a} (1 <rs< n)’ (26)
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d being the kronecker delta. If AT = {a7,}, then it follows that

af, = (-1)"* G, s41, n—ry1r for each r and s. (2.7)

The quasi-derivatives associated with A* are therefore.

ygf] =y .
yk] = (6);1{ n—r+1 {(y[:_ ])'“Z:_—_l (_1)r+s+lan—s+1,n—r+ly!:—1] s LSy Sn~— 1)(2'8)
SRR U D O Vit SPRY .

and
Myl =il (n>2), (2.9)

for all y in
vMt):={y: 7Y € ACi.(I), r = 1,2,...,n}. (2.10)

Note that (AT)* = A and so (M*)* = M. We refere to [3], [9] and [17] for a full
account of the above and subsequent result on quasi-differential expressions.
Let the interval I have end-points a and b, —00 < a < b < 00, and let w be a function
which satisfies,
w > 0 almost everywhere on I, w € Lj, (). (2.11)

The equation
My] = Awy, (Ae€C) (2.12)

on I is said to be regular at the left end-point a if for all z € (a,b),
a €R,a,s € L*a,z], (r,s=1,2,...,n). (2.13)

Otherwise (2.12) is said to be singular at a. Similarly we define the terms regular and
singular at b. If (2.12) is regular at both end-points, then it is said to be regular; in this
case we have

a,beR, a5 € L'(a,b), (r,s=1,2,...,n); (2.14)

see [2], [8] and [9].

We shall be concerned with the case when a is a regular end-point for (2.12), but the
end-point b being allowed to be either regular or singular. Note that in view of (2.7), an
end-point of the interval I is regular for (2,12) if and only if it is regular for the equation,

M*y] =dwy (AeC) (2.15)
Let L2 (a,b) denote the usual weighted L2-space with inner-product

b
(hig) = / f(@)a@w(z)dz, (2.16)

and norm ||f|| := (f, f)!/?, this is a Hilbert space on identfying functions which differ
only on null space.
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Denote by S(M) and S(M+) the sets of all solutions of M[y] — Awy = 0 and M*[y] —
Awy = 0, respectively, and S"(M) = {y[’"]IM[y] —Awy =0, r=0,1,...,n — 1} denotes
the set of all quasi-derivatives of solutions of M[y] — Awy = 0, etc. Let @i (¢, A) for
k = 1,2,...,n be the solutions of the homogeneous equation (1.2) determined by the
initial conditions, '

¢\ (b0, A) = 6krqrr for all o € [a,b), (2.17)

(k=1,2,...,n;57=0,1,...,n—1). Then qu:](to,/\) is continuous in (¢,A) fora < t < b,
|A] < co, and for fixed ¢ it is entire in \. Let ¢;c"(t, A) for k =1,2,...,n be the solutions
of the homogeneous equation (1.3) determined by the initial conditions,

(@) (to) = (-1)**"6k,np, for all ty € [a,b), (2.18)

(k=1,2,...,m57r=0,1,...,n—1).

Suppose a < tp < b. According to Gilbert [4, Section 3] and Ibrahim [11, Section
3], a solution of M[¢] — A\wp = wf, f € L. (a,b) satisfying ¢["(to,\) = apy1, r =
0,1,...,n—1, is given by

B(t,A) =D a;(N)e(tdo) + [(A = 20)/(™)] Y €%6;(t, Ao)

Jj=1 Jk=1

- / 6F (5, Ao) f(s)w(s)ds (2.19)

where ¢Z(t, A) stands for the complex conjugate of ok(t,A), and for each j, k, fjk is
a constant which is independent of ¢, A (but does depend in general on t), also see [9,
Corollary 3.10] and [17, Theorem 3].

Theorem 2.1. (Existence and Uniqueness Theorem). Suppose f € Ll (a,b) and
suppose that the conditions (2.1) are satisfied. Then given any complezr numbers aj €
C,j=0,...,n—1 and ty € (a,b) there ezists a unique solution of M[¢p] — Apw = wf in
(a,b) which satisfies

o (to, N) = ari1, Fe=lo.m=L
Proof. See [2, Theorem 3.10.1], [8, Theorem 16.2.2] and [9, Theorem 1.11].

3. Some Technical Lemmas

Our first lemma is a form of the variation of parameters formula. However it is
different from the form of this formula generally found in textbooks and the literature.
For the variation of parameters formula for general quasi-differential equations, see [11,
Section 3] and [17, Theorem 3]. These contain Lemma 3.1 as a special case, see [16].



ON L%V-QUASI-DERIVATI_VES FOR SOLUTIONS 179

Lemma 3.1. Suppose f is locally L} (a,b) function and ¢(t,)\) is the solution of
Mly] — Awy = wf satisfying

o (to,N) = ar41(A), to €[a,b) forallr=0,1,...,n—1.
Then,

Bt 2) = D (Nt 2o) + [(A = 20)/G™)] D (2, 2o)

j=1 J.k=1
¢
/ (b;"(s, Ao) f(s)w(s)ds forr=01,...;.8—1. (3.1)

Crucial in the study of boundedness of solutions of quasi-differential equations is the
fundamental inequality of Gronwall, see [7]. Here, we shall also need the following variant
which may be found in [13].

Lemma 3.2. Let u(t), v(t) be two non-negative functions, locally integrable on [a,b).
Then, the following inequality for 0 < p <1,
t

u(t) < Co +/ v(s)uP(s)ds, Co >0,
implies that,

u(t) < [cg—p +(1-p) / t v(s)ds] s (3.2)

In particular, if v(t) € L!(a,b), then (3.2) implies that u(t) is bounded.
The next lemma is a special case of an extension of the well-known Gronwall inequality
due to Gollwitzer [6] (See also Willett [12] and Willet-Wong [13]).

Lemma 3.3. Letu, z, g, h, be continuous non-negative functios on [a,b) and suppose

that
¢

u(t) < z(t) + g(t)[/ uz(s)h(s)ds] : fort > a.

a

Then,

u(t) < z(t) + g(t)[/t 222(s)h(s) e_xp[/s 2g2(w)h(z)d:c]ds)% for & > .

a a

The next two Lemmas has been proved in [9] for general case.

Lemma 3.4. ([9, Proposition 3.23]) If all solutions of M[$] = dw¢ are bounded
on [a,b) for some Ay € C. and qﬁj € L} (a,b) for j = 1,2,...,n, then all solutions of
M[¢] = Mw¢ are also bounded on [a,b) for all A € C.

_ Lemma 3.5. ([9, Proposition 3.24)) If all solutions of M[¢] = Aow¢ and M (4]
Aowé are in L2 (a,b) for some Aq € C, then all solutions of M[¢] = Mw¢ and M+ [¢]
Aw¢ are in L2 (a,b) for all A € C.
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4. The Main Results

Suppese there exist non-negative continuous functions k(t) and h;(t),t=0,...,n—1
such that
7@y, < k() + Z ha(®)ly)7, (4.1)
i=0

fort >a, —oo <yl < 00, foreachi=0,...,n—-1;0< o < 1.

Theorem 4.1. Suppose f satisfies (4.1) witho =1, ST(M)US(M*) C L*(a,b) for
somer =0,1,...,n—1 and some A9 € C and that, '
(i) k(t) € LY (a,b) for all t € [a,b),
(ii) h;(t) € LL(a,b) for allt € [a,b),i=0,1,...,n — 1.
Then ¢l7l(t,\) is bounded on [a,b) for any solution ¢(t,)) of the equation (1.1) for all
A€,

Proof. Note that (4.1) and Theorem 2.1 implies that all solutions exist on the entire
interval [a, b), see [2, Chapter 3], [10], [14] and [15].

Let {¢1(t,X0),---,®n(t,A0)} and {87 (t,Xo),...,85 (t, o)} be two sets of linearly
independent solutions of (1.2) and (1.3) respectively and let ¢(¢,\) be any solution of
(1.1) on [a,b), then by Lemma 3.1, we have,

S0 = 3 (N (5 do) + (A= 20)/(™) S €%k, M)

i=1 4:k=1
t————-—-—— £
/ ¢F (s, 20)f(s,¢%,..., " Nw(s)ds, forr=0,...,n—1. (4.2)

Hence,

|¢[ftA|<Z|aJ M, o)| + |~ AO|Z|@'~H¢’HAO>I

k=1

/ 197 (5,200 (k(s) + Zh ()169(s, ) )w(s)ds, r=0,1,...,n—1.(43)

=0

Since, k(t) € L. (a,b) and ] (t, Xo) bounded on [a,b) for some Ao € C, then ¢Jk €
Ll (a,b),7=1,2,...,n for some Ay € C.
Setting,

— =l 3 6 / ST M) k()w(s)ds, (G=1,2,...,m),  (44)

7.k=1
then,

n

n n—1
817 (¢, N)| < Z ¢j + o (NS (8, 2o) + 1A = dol S 3 €]

k=1 1=0
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t z .
'|¢£-T](ta )\O)I/ W’f(sj/\o)lhi(S)Iqb[‘](s,A)Iw(s)ds, r=0,1,...,n—1. (4.5)

By hypothesis, there exist positive constants Ko and K; such that,
167 (2, 20)| < Ko and |¢7 (¢, Ao)| < K, for all ¢ € [a,b),

j=1,2,...;n and somer=0,1,...,n—1.
Hence, by summing both sides of (4.5) from r = 0,...,n — 1 we get,

(Z 876, )1) < (n — 1)Ko 3(Cs +las(N) + (0 — DEKiIA — Ao

g=3

1M [ g ) (196 Julslds. (49

7,k=1 =0

On a.pphcamon of Gronwall’s inequality to (4.6) and from (ii), we deduce that
Er—o |1 (¢, A)| is finite and hence the result.

Remark. From [16, Section 3] and [9, Lemma 3.3], ¢ and ¢Ul € L2 (a,b) implies
that ¢l € L2 (a,b) for any solution ¢ of the equation (1.1), for all » = 1,...,5 — 1,
1€ i€n—-L

- e

Theorem 4.2. Suppose f satisfies (4.1) with o = 1, ST(M)U S(M™*) C L% (a,b)
for some Ao € C and some r = 0,1,...,n — 1 and that (i) k(t) € L2 (a,b) (ii) hi(t) €
L>(a,b),i=0,1,...,n—1, for all t € [a,b). Then ¢!")(t,\) € L2 (a,b) for any solution
o(t, ) of the equation (1.1) for all X € C.

Proof. On application of the Cauchy Schwartz inequality to the integral in (4.5) we
get,
n n n-l1 .
#1381 (C5 + lag DI (8, M)l + 1A = Xl 3= D 1e7¥]
j=1 4,k=1 =0

1ol [ 5T o) (s uds) ¥ / Ihu(a) 1695, )Puds) (8.7

=01, 80— 1L
Since ¢ (t,Ao) € L%(a,b), j = 1,2,...,n for some Ao € C and h;(t) € L®(a,b) by
hypothesis, then ¢7 (2, Ao)|hi(t)|'/? € L (a,b), j = 1,2,...,n,i=0,1,...,n — 1. Let,

t 1 i
Dy = / 167 G5, 20) Plhs(s)w(s)ds) *, 2(¢) = ;wj +lasWDIST(E, M),

n n-—1
and G(t) = [A—Xo| D_ > Dji|§jk||¢5-r](t, Ao)-

§.k=1 i=0
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From Lemma 3.3 we have,
1
2

i s
167t )1 < 2(8) + G ( / 227(s)|hi(s)| exp] / 2G2(m)|h,-(m)|wdx]wds)

Since f: Z2%(8)|hi(s)|w(s)ds and fab G?(z)|h;(z)|w(z)dz are both finite, we concelude that
|#lr) (¢, \)| is bounded by a linear combination of the L2 (a,b) functions Z(t) and G(t).
Therefore, by using Lemma 3.5, ¢[")(¢, ) € L2 (a,b) for all A € C.

Remark. If we use the Cauchy Schwartz inequality to the integral in (4.5) as:

t ___ t % t ' %
/ |¢}Fllhill¢|wds < (/ |¢;.“|2|hi|lwd8) (/ |¢[’]|2wds) i=0,...,n—1,
a a a
we get also the result. We refer to [14] and [15] for more details.

Corollary 4.3. Suppose that f(t,y,...,y*= N =77  hi(t)yld, ST(M)US(M™) C
L2 (a,b) for some Ao € C and somer =0,1,...,n—1 and that hi(t) € L (a, b) for some
p>2,t€[a,b);i=0,1,...,n—1. Then #l"l(t, X) € L} (a,b) for any solution ¢(t,\) of
the equation (1.1) for all A € C and all 7 =0,1,...,n — 1.

Proof. The proof is similar to Theorem 4.2 and therefore omitted.
The special case hi(t) =0,i=0,...,n— 1 and k € L2 (a,b) yields:

Corollary 4.4. If all solutions of M [¢] = Aowe and M*[¢] = dowe are in € L2 (a,b)
for some Ao € C and k € L2 (a,b), then all solutions of M[¢] — Awep = wk are in L2,(a,b)
for all X € C.

Next, we consider (4.1) with 0 < ¢ < 1, and have the following:

Theorem 4.5. Suppose f satisfies (4.1) with0 < o < 1, ST(M)US(M*) C L} (a,b)
for some A\g € C and some r =0,1,...,n — 1 and that,
(i) k(t) € L2 (a,b) for allt € [a,b), »
(i) hi(t) € LY (a,b)0<0<1,i=0,1,...,n— 1.
Then ¢lrl(t, \) € L2 (a,b) for any solution ¢(t, ) of the equation (1.1) for all X € C.

Proof. For 0 < ¢ < 1, the proof is the same up to (4.5). In this case (4.5) becomes,

n n n-—1
17 1< S (e + 1 DB (& do) + 1A = dol D Y 167
j=1 3,k=1 i=0

t
|¢5r](t7 Ao)l / |¢j— (37 A0)|hi(3)|¢{i](57 A)lol'w(s)dsa r=0, b2 505 n_1(48)

Applying Cauchy Schwartz inequality to the integral in (4.8), we find

i
| 5 G R ha(s)16s, M w(s)ds

<(/f e o h@)u(e)ds) / e Puds) @)

(R
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where 4 = 2/(2 — o). Since gbj(s,)\o) € L(a,b) for some \g € C, j = 1,2,...,n and

hi(s) € L.Zu/(l*")(a, b) by hypothesis, then we have d)f(s,/\o)hi(s) € L (a,b) for some
M€C,j=1,2,...,n;4=0,1...,n — 1. Using this fact and (4.9) in (4,8), we obtain

n n n—1
1870, 01 < D (e +lag OIS (& o)l + Kold = do| 3 37 Je¥|
j=1 J,k=1 i=0

t z
.|¢£,r1(t,,\o)|(/ 14(s, N Pw(s)ds)”, r=0,1,...,n=1, (410)

where Ko = I|¢j(t, A0)Ri(8)|lu, Il - |l denotes the norm in L (a,b). From the inequality
(u+v)? < 2(u? 4 v?), (4.11)

it follows that

n n n—1
67 NP <43 2 + las NPT (E M) +4BZIA = dol2 3 3 Jeikp2

j=1 Jik=1 i=0

t T
.|¢g?‘](t,Ao)|2</ ¢G5, DPu(e)ds)”, r=0,1,...,n—1. (412

Setting, K; = fab |¢£-r](t,/\0)|2w(s)ds, for some Ao € C and some r = 0,...,n — 1; 4 =
1,2,...,n and integrate (4.12) to obtain

¢ n n-1 t
/ 1817 (s, 2)[Pw(s)ds < K + 4K2|A — /\olz( > > |£j’°l2/ 167 (5, 20)I?

J,k=1 i=0
[( /a ’ |t (z, ,\)|?w(:c)dx) a]w(s)ds, (4.13)

where

Ko =430 +la(WP)K:

=1

On application of Lemma 3.2 to (4.13) for 0 < ¢ < 1 and of Gronwall’s inequality to
(4.13) for o = 1, yields the result.

Theorem 4.6. Suppose f satisfies (4.1) with0 < o < 1, S"(M)US(M™*) C L2 (a, b)N
L>®(a,b) for some Ao € C and some r = 0,1,...,n—1 and that,
(i) k(t) € L% (a,bd) for all t € [a,b),
(ii) hi(t) € L8 (a,b) for anyp, 1 <p<2/(1-0),i= 05 Les s g — 1
Then ¢lrl(t, \) € L2 (a,b) N L*(a,b) for any solution @(t,A) of the equation (1.1) for all
AeC.
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Proof. Since S"(M)U S(Mt) C L2%(a,b) N L*®(a,b) for some Ao € C and some
¢ =0, 1, vussn= 1, then qJ[T](t o), ¢+(t Xo) € Li(a,b), 5 =1,2,...,n for every g > 2
a.ndforsome/\OEC r-Ol n—l

First, suppose that hi(t) € L{’U(a, b) for some p, 1 < p < 2. Setting,

KO . “d)[r](t,)‘o)”w and Kl = “¢;-(t?)‘0)“00’.7 = 112" L

for some o € C and some r =0,1,...,n — 1, we have from (4.8),

n n-—1
1671 (£, V) <Ko(z<cy +lasND) + KoKild = ol (Y D 167
k=1 i=0
: / h,—(s)|¢[il(s,A)Vw(s)ds). (4.14)

Since h;(t) € L? (a,b), 1 <p <9 then Lemma 3.2 together with Gronwall’s inequality
implies that ¢[r](t,/\) € L*(a,b) for all A € C, i.e., there exist a positive constant K,
such that,

1917)(t,A)| < Kz for all A€ C, t € [a,b), r=0,1,...,n—1. (4.15)

From (4.8) and (4.15), we obtain

@7 M) < 3765+ lag (W] + Ks) [ (2, Do), -

j=1

for some appropriate constant K3. Since ¢£.T] (t,Ao) € L2 (a,b) for some Ap € C and some
r=0,1,...,n — 1, this proves #l"l(t, \) € L2 (a,b) foral A€ C,1<p < 2.
Next, suppose that ki(t) € L?(a,b), 2 < p < 2/(1-0); i =0,1,...,n — 1. Define

qg=>2by
1 2—0

..
q 2 p
(which is possible because of the restriction on p). Thus ¢£-r] (t, Ao)qﬁj-' (t, o) € LY (a,b)
and ¢+(t Xo)hi(t) € LE(a,b), p=2/(2 - 0).
Repeatmg the same argument in the proof of Theorem 4.5, from (4.8) to (4.13), we
obtain the fact that ¢["1(¢,A) € L2 (a,b). Returning to (4.9), we find that the integral on
the left-hand side is bounded which implies, by (4.8) that,

167 (8, M) < S (e + las (V)] + K3)|65 (5 o)),
j=1

for some appropriate constant K3. Since ¢E.r] (t, Ao) € L*(a,b), this completes the proof.
We refer to [10], [14] and [16] for more details.
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