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ON SOME FIXED POINT THEOREMS FOR MAPPINGS

WITH GENERALIZED LIPSCHITZIAN ITERATES

BALWANT SINGH THAKUR, BIRENDRA KUMAR SHARMA AND JONG SOO JUNG

Abstract. In this paper we prove the following theorem: Let p > 1 and let E be a p-uniformly
convex Banach space, K a nonempty bounded closed convex subset of E, and A = [tn,k]n,k~l
a strongly ergodic matrix. Let T: K -+ K be a continuous mapping satisfying: for each x, y in
K and i = 1, 2, ....

IITix -T;YII:::; a;llx 一 YI!+ b,(llx - T'xll + IIY - T'yll) + c,(llx 一 T'yll + IIY 一 T'xll)

where a;, bi, c; are nonnegative, 3柘 十 3c; ~1, and
00

Jim inf inf 芷 tn,k·2P一 l{a~+m + f3f+m} < 1 + Cp
n-+oo ==0,1,2, ...

k=l

where a,=~芸竺寺，氐＝菩茫芸~, and cp > O is some constant. Then T has a fixed point in
K.

1. Introduction and Preliminaries

Let K be a nonempty subset of a Banach space E. A mapping T: K -t K is said to
be Lipschitzian if for each n ?:: 1 there exists a positive real number 梠 such that

IITnx - Tnyll ::; knllx - Y 廿

for all x, y in K. A Lipschitzian mapping is said to be nonexpansive if 梠 = 1 for all
n~I and asymptotically nonexpansive [5] if limn~=梠= 1.

A Lipschitzian mapping is said to be uniformly Lipschitzian if 梠= k for all n~I
or in other words, if the Lipschitz constant of T庄

IITnx 一 rnyll
IIIT恤 = sup { : x :/ y, x, y EK} < k, n 2'.'. 1llx - 1111

holds for some k > 0.
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In [8], Lifshitz proved the following result:

Theorem A. Let K be a nonempty closed convex bounded subset of a Hilbert space.
IJT: K-+ K .zs a mapping such that

limsup IIIT恤 ＜渥，
n---too

then T has a fixed point in K.
Let p > 1 and denote by,\ a number in [0,1] and by wp(..\) the function ,\·(1 一 ,\)P +

,\P·(1 - ..\). The functional II·IIP is said to be uniformly convex (c. f. Zalinescu [16]) on
the Banach space E if there exists a positive constant Cp such that for all ,\ E [O, 1] and
x, y EE the following inequality holds:

11..\x + (1 - ..\)yllP:::; ..\llxllp + (1 - ..\)IIYIIP 一 Cp·wp(..\)·llx - YI尸 (1)

Xu [15] proved that the functional 11·IIP is uniformly convex on the whole Banach space
E if and only if E is p-uniformly convex, i.e., there exists a constant cp > 0 such that
the moduli of convexity, 鈺 (c)~Cp·cP for all 0 三 C孓 2.

G6rnicki and Kruppel [7] extended Theorem A via an inequality in Banach space and
proved the following:

Theorem B. Let E be a uniformly convex Banach space with diam E > 2 for which
no面i satisfies (1) for some p~2 and let K be a nonempty bounded closed convex subset
ofE. lfT:K-+K.is a mapping such that

1
lim -n-+CX) n L IIITilllp < 1 + Cp,

i=l
then T has a fixed point in K.

Recently, G6rnicki [6] generalized Theorem B to the following result via Banach space
inequalities .and more general summation methods involving

CX)
芷戸 ·IIITklW, n = 1, 2, ...
k=l

where A= [tn,k]n,k2:I is strongly ergodic matrix [2]:

(a) A丑:tn,k~0,
(b) Ak limn-+=戸 =0,
(c) A心卫:1戸=1,
(d) limn-+= I:~1 ltn,k+l - tn,k I = 0

Theorem C. Let p > 1 and let E be a p-uniformly convex Banach space, K .a
nonempty bounded closed convex subset of E, and A = [tn,k]n,k2:l a strongly ergodic
matrix. If T : K -+ K is a mapping such that

00

g = I即立辶鷗 立 ，klllTk+mll尸< 1 + Cp
k=l
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then T has a fixed point in K.
We now consider the following class of mappings which we call generalized Lips­

chitzian mapping:
A mapping T : K---+ K is said to be generalized Lipschitzian if

IITnx -Tnyll

~anllx - YII + bn(llx - rnxll + IIY - Tnyll) + Cn(llx - Tnyll + IIY - rnxll) (2)

for each x, y in K and n 2: 1, where an, 加 ，Cn are nonnegative constants such that
3(bn + en) ::; 1 for all n 2: 1.

This class of mappings are more general than nonexpansive, asymptotically nones­
pansive, Lipschitzian a~d uniformly Lipschitzian mappings and it can be seen by taking
bn = Cn = 0.

In the present paper, we extend the result of G6rnicki [6] and consequently G6rnicki
and Kriippel [7] and Lipschitz [8] for generalized Lipschitzian mappings and in p-uniformly
convex Banach space.Further, we establish for these mappings some fixed point theorems
in Hilbert space, LP spaces, Hardy space HP or Sobolev spaces fik,p for 1 < p < oo and
k 2: 0.

2. Main Results

Before presenting our main result, we need the following:

Lemma 1 [6]. Let p > l and let E be a p-uniformly convex Banach space, K a
nonempty closed convex subset of E, and {xn} C E a bounded·sequence. Then there
exists a unique point z in K such that

00

lim supL tn,k·I因 -zW
n-+oo k=l

00

~limsup芷戸 ·I因－璀) - Cp . llx - zllP
n-+oo k=l

(3)

for every x in K, where cp is the constant given in (1) and A = [t汩心，k2:'.I is a strongly
ergodic matrix.

We are now in position to give our result:

Theorem 1. Let p > 1 and let E be a p-uniformly convex Banach space, K a
nonempty bounded closed convex subset of E, and A = [tn,庫 ，k~l a strongly ergodic

. Ifmatrix. T: K~K is a continuous generalized Lipschitzian mapping such that

00

h = Iim inf inf
n-too m=0,1,2, ...

芷戸 . 2p-l回+m + f3k+m} < 1 + C扣

k=l
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where
ak+m + bk+m 十 Ck+m

O'.k+m = 1- bk+m 一 Ck+m
and

f3k+m =
2bk+m + 2ck+m
1- bk+m 一 Ck+m'

then T has a fixed point in K.

Proof. Let {ni} and {mi} be sequences of natural numbers such that
00

h = lim inf infi~oo m=0,1,2, ...芝 瓦，k·2P一 1 {a~+m; + f3t+m;} < 1 + Cp-
k=l

For any z0 E K, we can inductively define a sequence {Zj} in the following manner: Zj
is the unique asymptotic center in K of the sequence {Tnzi一 1 }n~l, i.e., Zj is the unique
point in K that minimizes the functional

00

庄1(x)=li之 差 瓦，k·llx - Tk+m; Zj-1 IIP

over x in K. Using (2), after a simple calculation, for each x, y EK, k > N 2: 1, we have_

IITNx -Tkyll
aN +紜+ CN 2bN + 2CN:s 1- 娠 -CN

·I丨x -Tk-NYII+·llx -Tkyll (4)
1- 蚡 -CN

= CTN·llx - Tk-NYII + f3N·llx - Tkyll

In view of inequality (1), for any fixed N, k, mi EN and O :S >. :S 1, we have

11.Xzj + (1 - >.) . TN Zj - Tk+m;牙1 IIP
= 11.X(zj - rk+m; Zj-1) + (1 - >.)(TN Zj - rk+m;牙 1)llp
:s >.. llzj - Tk+m; Zj-1 llp + (1 - >.) . IITN Zj - rk+m; Zj一 1 llp

-Cp·W是 ）·I比- TN ZjllP.

Multiplying both sides of this inequality by suitable elements of the matrix A and sum­
ming, we have

00

立 ，k·11>.zj + (l - >.)TN Zj - rk+mi牙 1 llp
k=l

00

:S >. . 芷 瓦，k . llzj - rk+m;牙illp
k=l

+(1- A)·t.瓦，. . IITNz; - rk+=,牙,IIP

-cp·wp(>.)·llzi - T汽 ，I尸 for i = 1,2, ....
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Taking the limit superior on each side as i-+ oo, we obtain
00

limsup芝 瓦，k IIAzj + (1 - ,\}TNZj - yk+m;牙 1 llp
i-+oo k=l

00

:::; ,\·limsup芷 瓦，k·IIZj _ yk+m; z户1 llp
i-+oo k=l

00

+(1 - ,\)·lim sup芷 tn,,k·IITNZj _ yk+m; pz户1 II
t-+00 k=l

-Cp·W氾）·I比 -T四，llp

and

Cp·W氾）·IIZj - TNZjllp
00

:::; .X·lii:nsup芝 瓦，k . llzj - rk+m,牙1 llp
i---too k=l

00

+(1 - .X) lim sup芷 tn, ,k . JITNZj - rk+m; Zj一 1 llp
i---too k=l
00

- lim supL tn;,k·IIAZj + (1 - .X)TNZj - rk+m; Zj一 illp
i---too k=l

00

:::; (1- .X)·limsup芝 瓦，k . IJTNZj - rk+m; Zj一1llp
i---too k=l

00

-(1 - .X)·lii:n sup芷 tn,,k . llzj - rk+m,牙iJIP
i---too k=l

and

Cp·(,\(1 - ,\)P一 1 十 ，）丶P] . llzi - TNZj IIP
00

<r
－ 瓚

1msup芷 瓦，k . IITNZj - Tk+m,牙1 llp
i~oo k=l

00

- li1:11 sup芷 tn,,k·比 -Tk+m,牙1 IIP.
i~oo k=l

Taking .X = 1, we get
00

Cp·I屆- TNz1 IIP :S lim sup I;瓦，k . IITNZj - yk+m; z户1 llp
i-too k=l

- li1:1 sup f= tn; ,k·I比_ yk+m;牙 1 IIP.
i-too k=l

191
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In view of inequality (4), we have

Cp . llzj - yNZj lip
N

:::; limsup囹tni ,k . IITNZj - rk+m;牙1 llp
i-+oo k=l

+f= 瓦,k{ o:N· 比 _ yk-N+m;Zj一111 + f3N 一 llzj -Tk+m;牙 1 ll}P]
k=N+l

00

-li~sup芷 瓦，k . llzi - Tk+m;牙 1 llp
t-+00 k=l

N
:::; li罡巴p [ 芷 tn;,k·II戶 _yk+m;牙 1 llp

k=N+l

+2p-l { a::齿 f 瓦，k' 朊 _ yk-N+m;牙 illp
k=N+l

00

十战 芝 瓦，k·llzj - rk+m;牙1 llp}]
k=N+l

00

-limsup tn;,k··llzi _yk+m;z户1 llp
i-+oo

芷
k=l
N

:::; limsup 圉 瓦，k·IIT四，- yk+m; Zj-1 llp
i-+oo k=l

+2p-l包f瓦，k+N·llzj - yk+m;令-1 llp
k=l

00

十碟 芷 瓦，k·llzj - yk+m; Zj-1 IIP}]
k=N+l

00

-Ii罡譬PL瓦，k" 比 _ yk+m;Zj一 1 llp
k=l
N

= liJ?SUp [芷 瓦，k . IITNZj - Tk+m;牙1 llp
i-+oo k=l

00

+2p-l{呤 ·( 芷 瓦，k'比－严 牙1 llp
k=l

00

－芷 (tn1,k - 互，k+N)·朊- yk+m; Zj-1 llp)
k=l

oo . N

嶋 （芝 瓦，k 比 -Tk+m;約-1llp - 芷 瓦，kl比_ yk+m;牙 1 llp)}]
k=l k=l
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00

-lim~upL瓦 ，k·llzj - Tk+m;牙 1 llp
t--+00 k=l

00

:S [2P一 1(咔+/3卡）- 1] - limsupL瓦 ，k·llzj - Tk+m; Z,;-1 IIP
i--+oo k=l

smce
(i) I:Nk=1 tn, ,k·II户Zj - Tk+m,牙 1IIP -t Oas i -t +oo,
(ii) I:~1(tn,,k - 瓦 ，k+N)·llzj - Tk+m,牙1IIP -t Oas i -t +oo,
(iii) Tj-1切 ）'.S Tj-1 (zj-1).
For any fixed N E N, we have

Cp·llzj - TNZj IIP 三 [2p-l (呤 +/3卡）- 1].庄 1 (zj一 1).

We multiply this inequality for N = k + mi by suitable elements tn.,k for k = l, 2, ....
Summing up these inequalities and taking the limit superior on each side as i -t +oo,
we obtain

00

Cp·lim sup tn, ,k·Zj - Tk+m, Zj I IP
i--+oo

芷 II
k=l
00

:S .lim 芷 tn,,k·{2p-l(af+m, + /3:+mJ - 1}·庄 1 (Zj-1)
, --+oo k=l

and
乃切 ）::; B·ri-1 (zj一1),

where
1 00

B = -[ ,lirn 芝 瓦 ，k. {2p-l(at+m; 十 /3::+mJ - 1}] < 1.Cp t-+oo k=l
In a similar way, we obtain

巧切 ）三伊 ·ro(zo), j = 1, 2, ....
Next, we show the convergence of the sequence {zj}. For a fixed NE N, we have

llzi+I 一 ZjllP:S2P一 1 (llzi+l - TNZj IIP + IITNZj - zillP)

We multiply this inequality for N = k +. m。by suitable elements tn;,k for k = 1, 2, ....
Summing up these inequalities and taking the limit superior on each side as i --+ +oo,
we obtain

00

llzi+1 一 Zjllp :::; 2P一1[limsupL瓦 ，k·II于 1 -TNZjllp
i~oo k=l

00

+ li1:11 supL瓦 ，k·IITNZj - Zjll門
i~oo k=l

= 2p-l. 的(z3+1) +r3 包 ））

:::; 2P·r3(z3)
S 恢 ·B3·ro(zo)
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and

llzi+I - zill~2[Bi·r0(z0)]! -+ 0 as j -+ +oo,

which show that {Zj} is a Cauchy sequence. Let z = limj-too Zj. For fixed N E N, we
have

胆 -TNzll

S 丨lz 一 zill + llzi -TN Zjll + IITNZj - TNzll
1 + aN + 2CN l + bN 一 CN:S 1- 娠 -CN . llz 一 Zjll+·IIZj -TNZjll

1- 娠 -CN
or

llz -TNzllP

<2尸 . [(1 + aN + 2cN P l + bN + CN P- 1- 娠 -cN)·llz-zillP+ (1- 娠 - Cn)·I历 -TNZjllp]

~2p-1 . [ (\~a~~~了）P·llz 一 Zjllp + 2P 比 -TNZjllp]

We multiply this inequality for N = k + mi by suitable elements tn,,k for k = l, 2, ....
Summing up these inequalities, we obtain

00

芷 瓦，k·llz - Tk.+m; zJIP
k=I

00

:::; 2P-l [iiz 一 ZjjjP. 芷 瓦，k. (1 + ak+m; + 2ck+m; P
k=l 1 - bk+m; 一 Ck+m;)

00

+2P. 芝 瓦，k比- Tk+m; Zj lip].
k=l

Taking the limit superior on each side as i -+ +oo, we get

00

li~sup芷 瓦，k" 佢 -Tk+m;zllP
i-+oo k=l

00

::; 2尸 . [llz - ZjllP. lim sup Lt l + ak+m; + 2ck+m; P
日oo k=l n; ,k . (1 - bk+m; - Ck+m;)

+2P·lim supf tn; ,k ll~j - Tk+m; Zj IIP
i-+oo k=l

］

'., 2P一1· [llz - 尹Ii罡翌令 n;,k (\~::十二 ，十一~: ·十十二 'r + 2P·Biro(Zo)]

-+ 0 as j -+ +oo
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Therefore,
00

lim sup tn; ,k·II;、-Tk+m;平 =0.
i-+oo

芝
k=l

This implies that Tz = z. Indeed, for any c > 0 there exists natural numbers n, n + I
such that

llz - rnzll <€ and llz - rn+izll <€.
Otherwise, we have for any n and m.

00

芷 tn,k II
I. z -Tk+mzllp > -€P- 2

k=l

and hence
00 00

limsup芝 瓦，k·llz - rk+m; zllp~lim sup l芷 瓦，k . llz - rk+m;平 ＞－包
2一~00 k=l i-+oo 一 2

k=l

Thus for every natural number l there exists a natural number n1 such that

1 1
llz 一 rn1 zil < - and llz - rn1+l zll < -.

l l

It follows that
rn, Z --t Z and rn,+l --t Z as [ --t 00.

Since T is continuous, we have

Tz = T(lim Tn1 z) = lim Tn1+1 z = z.
l-+oo l--too

This completes the proof.

3. Some Applications

In a Hilbert space H, the following identity holds:

ll-\x + (1 - -\)yl12 = -\llxll2 + (1 - -\)IIYll2 - -\(1 - -\)!Ix - Yll2

for all x, y in H and ,\ E [O, l].
By (5), we immediately obtain from Theorem 1 the following:

(5)

Corollary 1. Let K be a nonempty bounded closed convex subset of a Hilbert space H
and A = [tn,k]n,k2'.I a strongly ergodic matrix. If T : K -+ K is a continuous generalized
Lipschitzian mapping such that

00

匣已謳 2, 芝 tn,k·(a~+m + f3辶 ）< 1,
k=l
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then T has a fixed point in K.
If 1 < p~2, then we have for all x, y in 立 and ,,\ E [O, 1)

11.-\x + (1 - .-\)yll2~.-\llxll2 + (1 - .-\)IIYll2 - .-\(1 - .-\)·(p - l)llx - Yll2 (6)

(The inequality (6) is contained in Lim, Xu and Xu [10) and Smarzewski [14].)
Assume that 2 < p < +oo and hp is the unique zero of the function g(x) = -:-xp-I +

(p - l)x + p- 2 in the interval (1, oo). Let

l+h尸
Cp = (p - 1)·(1 + hp尸= p(1 + hp)p-l.

Th~n we have the following inequality:

!l.-\x + (1 - .-\)yjlP~.-\jlxllP + (1 - .-\)IIYIIP = wp(.-\)·Cp·llx - 叩 (7)

for all x, y in LP and ,,\ E [O, 1] (The inequality (7) is essentially due to Lim [9]).

Corollary 2. Let K be a nonempty bounded closed convex subset of LP(l < p < +oo)
and A = [tn,k]n,k~I a strongly ergodic mat屯 If T : K~K is a continuous generalized
Lipschitzian mapping such that

00

lim inf infn~oo m=0,1,2, ...芷戸 ·2(a辶 丑辶）<p, 阮 1 <p:S 2
k=l

and
00

liminf infn~oo m=0,1,2, ...芷 tn,k·2P一i(a辶 ／十m) < 1 + Cp, for p > 2,
k=l

Then T has a fixed point in K.

Let壓 l<p< 十oo, denote the Hardy space [4] of all functions x analytic in unit
disc lzl < 1 of the complex plane and such that

llxll = r~酐＿（直 fo21r lx(rei8)1Pd()) ! < oo

Now, let O be an open subset of町 Denote by H囝0), k 2: 0, 1 < p < +oo,
the Sobolev space [1, p. 149] of distributions x such that D笠 E LP(O) for all ial =
a1 +· · ·+ an :::; k equipped with the norm.

!曰＝（芝 丨ID°'x(w)jP心）
回 ::;k n

Let (Oa, L。, µa), a E A, be a sequence of positive measure spaces, where index set
A is finite or countable. Given a sequence of linear subspaces X。in 止（四 2。,µa), we
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denote by Lq,p, 1 < P < +oo and q = max{2,p} [11], the linear space of all sequence
x{x。EX。: a EA} equipped with the norm

llxll = (L(llx。lip,訂 ）尸
aEA

where II·I丨p,。denotes the norm in L吖Oa,L。西 ）．

Finally, let 与 ＝叭 S心1,µ1) and 伝 = Lq(S2怎2, µ2), where 1 < p < +oo,
q = max{2,p} and (Si,L)諶i are pos1t1ve measure spaces. Denote by L (L) theq p
Banach spaces (3, III. 2.10] of all measureble Lp-value function x on 函 such that

（／llxll = 82 (llx(s)伽）qµ2(ds))•

These spaces are q-uniformly convex with q = max{2,p} (12, 13] and the norm in these
spaces satisfies

IIAx + (1 - A)YW~Allxllq + (1 - A)IIYllq - d·wq(A)·llx - Yllq

with a constant
d=呤＝｛早 for 1 < p~2

~for 2 < p < +oo

Here, from Theorem 1, we have the following result:

Corollary 3. Let K be a nonempty bounded closed convex subset of the space E,
where E = H庄 or E = Hk,P(O), or E = Lq,p, or E = 犀 与），and 1 < p < +oo,
q = max{2,p}, k 2:: 0 and A= [t Jn,k n,k~l zs a strongly ergodic matrix. If T : K --+ K is
a continuous generalized Lipschitzian mapping such that

CX)

墮悶辶鷗 ~tn,k 尸 {a!+m + /3辶}<l+d和
k=l

then T has a fixed point in K.
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