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ELEMENTARY OSCILLATION CRITERIA FOR A

THREE TERM RECURRENCE RELATION WITH

OSCILLATORY COEFFICIENT SEQUENCE

GUANG ZHANG AND SUI SUN CHENG

Abstract. Qualitative properties of recurrence relations with coefficients taking on both positive
and. negative values are difficult to obtain since mathematical tools are scarce. In this note we
start from scratch and obtain a number of oscillation criteria for one such relation: xn+l 一 Xn +
PnXn-r < 0.

1. Introduction

Sequences {xn}窋;,_r that satisfy recurrence relations of the form

Xn+l 一 Xn +p亞n-r ::; 0, n = 0, 1, 2, ... , {l)

where r is a nonnegative integer, have been studied by many authors and their oscillatory
properties are known to some extent when the coefficient sequence {瓦 }00 .n=O 1s nonnegative
(see e. g. [1]). When {Pn} takes on both positive as well as negative values, however, to
the best of our knowledge, there seem to be only a limited number of studies [2, 3) which
are concerned with the corresponding oscillatory properties. In some senses this is not
surpnsmg smce mathematical tools are not available for dealing with such relations.

In this note, we will start from scratch and derive a number of elementary non
existence criteria for eventually positive solutions of (1). To motivate the results that
follow, let us first consider the case where T = 0. Suppose the sequence {Pn} has a
subsequence {Pn(i)}勐 which satisfies Pn(i) 2: 1 for n > 1. If th_ ere 1s an eventually
positive solution {xn} of (1), then there is a positive integer I such that xk > O for
k 2: n(I). In view of (1), we see that

0 < Xn(I)+I'.S Xn(I) - J}_n(I)Xn(I) = Xn(I) (1 - Pn(I)),

which is a contradiction. In other words, if {Pn} has a subsequence
satisfies p卟）2: 1 for i > {Pn(i)}~1 which

一 1, such an eventually positive solution cannot exist. This
conclusion is sharp in the sense that when (1) is replaced by

Xn+I - Xn + p乜 ：n = 0, n = 0, 1, 2, ... , (2)
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then assummg Pn < 1 for n ?:: 0, the sequence 伝} defined by

Xo = 1,Xn = II隘＝間 (1 - Pi), n = l, 2, ... ,
is an eventually positive solution of (2).

When r > 0 I, we may argue a ong similar lines and come up with a number of non-
existence criteria which are also novel. A preparatory result is needed.

Lemma 1. Let 匕 ｝窋~-T be a solution of (1). If p乜k一T ?:: 0 for any nonnegative
integer k, then Xk ?:: Xk+I·IfPm-T, Pm一 T+l,···,Pm+j?:: 0, andxm-2T,···,Xm一T-1 ?:: 0
for some m?:: r and some j E {O, 1, ... , r}, then

Xm+j+I :5 (1 - Pm 一 . . . 一Pm+Jxm.

Proof. First of all, in view of (1), we have xk 乏 Xk+I + p乜k一r 2 Xk+i·Thus if
Pm-r,Pm一r+l, ... ,Pm+j 2 0, and Xm-2r, ...'Xm-T一 1 2 0 for some m > r and some-·j E {O, 1, ... , T}, then

Xm-r 2: Xm一r+I 2· · ·2 Xm
By summing (1) from m to m + j, we see further that

0 2: Xm+j+l - Xm + PmXm一T + Pm+IXm-r+l +···+Pm十jXm-r+j
2: Xm十j+l + (-1 +Pm+···+ Pm+j)Xm

as desired.
Before we derive our first result, let us go through a simple situation first. Suppose

伍}has a subsequence {Pn(i)}篇 which satisfies

Pn(i) 一r,Pn(i) 一r+l, · · ·,Pn(i)-l~0

and
Pn(i)~1

for i~1, then there cannot be any eventually positive solutions of (1).
Indeed, assume to the contrary that {xn} is an eventually positive solution of (1).

Then there exists a positive integer I such that Xk > O for k~n(I) - 2r. By means of
Lemma 1, if we take j = 0, then

0 < Xn(I)+l~Xn(I) (1 - Pn(I))~.?'

which is a contradiction.
We remark that if T = 0, the conditions Pn(i)-l ,Pn(i) 一2, · · ·,Pn(i)一r~0 are vacuously

true. Similar remarks will hold for all later results.
In case the condition that Pn(i)~1 for i~1 is not satisfied, we may check if the

conditions in the following more general result are satisfied.
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Theorem 1. Let j E {O, 1,
satisfies

· · ·, T}. If {Pn} has a subsequence {Pn(i)}~1 which

Pn(i)一nP卟 ）-r+l, · · ·,Pn(i)+j 2'. 0
and

Pn(i) + Pn(i)+I +· · ·+ Pn(i)+i 2': 1 (3)
阮 i~1, then there cannot be any eventually positive solutions of (I).

Indeed, assume to the contrary that·
Then th

· 匕} 1s an eventually positive solution of 1 .
ere exists a （）

positive integer I such that xk
Lemma 1,

> 0 fork~n(I) - 2r. By means of

0 < Xn(I)+j+l $ (1 - Pn(I) 一. ' ' - Pn(I)+j)Xn(I) $ 0, (4)
which is a contradiction.

In particular, if we take j = r in the above Theorem, we see that when
subsequence {p卟 ）｝顬 which satisfies

伍}has a

Pn(i) 一r, Pn(i) 一r+l, · · ·,Pn(i)+r~0 and Pn(i) + Pn(i)+l +· · ·+ p卟 ）十T~1

for i~1, then (1) cannot have any eventually positive solutions.
As an example, consider the equation

Xn+I - Xn + QnXn-1 == 0, n = 0, l, 2, ... ,

where Qn == -1 except that Qk2-1 == Qk2 == 1 for k == l, 2, .... Then Theorem 1·
that every solution of th· implies

1s equat10n oscillates. This can also be seen directly since
2

Xk2+1 = Xk - Qk心 -1 == Xk2-I 一 Qk2-尹 -2 一 Qk2Xk2-1
＝左 -1 - 庄-2 - Xk2-1 = - 臣-2

for all k == 1,2,3 .. ..
To motivate our second result, let us assume that 伍}has a subsequence

which satisfies {Pn(i)}錩

Pn(i) 一2r ,Pn(i) 一2r+l, · · ·,Pn(i)一r-1~O,and O <- Pn(i)-nPn(i)一r+l, · · ·, Pn(i)-1 < 1

for i~1. If (1) has an eventually positive solution such that xk > O for k 2:'. n(I) _ 37
for some positive integer I. Th·en m view of Lemma 1, we have

Xn(I) $ (1 - Pn(I)-dXn(I)-1, ... , Xn(I) 一r+l $ (1 - Pn(I) 一r)xn(I) 一r,

so that·

Xn(I) $ Ilk=l (1 - Pn(I)-k)Xn(I)一T"
In view of (1),

0 < Xn(I)+I $ Xn(I) - Pn(I)Xn(I) 一r S [nk=l (1 - Pn(I)一k) - Pn(J)] Xn(I)一Ts 0,
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which is a contradiction, provided that Pn(I)~Ilk=l (1 - Pn(I)-k)-

Theorem 2. If伍} has a subsequence {Pn(i)}顬 which satisfies

Pn(i) 一2r,Pn(卟-2r+l, · · ·,Pn(i) 一r-1~0,
0 :S Pn(i) 一r,Pn(i)一r+I, · · ·,Pn(i)-1 < 1,

and l/r
Pn(i)~Ilk=l IIJ=1 (1 - Pn(i)-i)

for i~1, then (1) cannot have any eventually positive solutions.

Proof. Assume to the contrary that {xn} is an eventually positive solution of (1).
Then there exists a positive integer I such that Xk > 0 for k~n(I) - 阮 By means of
Le~ma 1, we see that

Xn(I) :S (1 - Pn(I)一 1)xn(I)-1, · · ·, Xn(I)一r+l :S (1 - Pn(I) 一T)Xn(I) 一r·

Thus

Xn(I) :S Ilj=l (1 - Pn(I)-j) Xn(I) 一r,

Xn(I) :S Xn(I) 一i'.S II置 (1 - Pn(I)-j)xn(I)-r,

庄I) :5 Xn(I) 一T+l :5 (1 - Pn(I) - T)Xn(l)一T"

It follows that

吐(I) :S Xn(l)Xn(I)一1· · ·Xn(l)-r :5 rrk=lrrj=l (1 - Pn(l)-j)x~(l)-T'

which implies that

Xn(J) ::S 珥=1 Ilj=l (1 - Pn(I)一j) 1/rXn(I)一r·

In view of (1),

0 < Xn(l)+l ::S Xn(J) - Pn(J)Xn(J)一T

::S [Ilk=l ITJ=1 (1 - Pn(J) 一j) l/r - Pn(I)] Xn(I)一T ::S 0,

which is a contradiction.
We can weaken the assumption that Pn(i)-nPn(i)-r+i, ... ,P祏 ）一1 < 1 in the above

Theorem, provided that the other assumptions are strengthened.. Indeed, in view of
Theorem 1, we see that the following result of Yu, et al. [2, Theorem 4) holds.
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Corollary 1. If伍} has a subsequence {Pn(id篇 W加ch satisfies

Pn(i)-2T, Pn(i) 一2T+l, · · ·,Pn(i)一1~0,
Pn(i) 一T + Pn(i)-T+l +· · ·+ Pn(i) 一 1 < 1,

and

Pn(i)~1 - p庫 ）一T - Pn(i)一T+l 一 ···- Pn(i) 一 1
for i~1, then (I) cannot have any eventually positive solutions.

For reasons to be provided later we will, give an alternate proof of this result as
follows. Assume to the contrary that {·
th

Xn} 1s an eventually positive solution of (1). Then
ere exists a positive integer I such that xk > O for k >

（）
_ n(I) - 2-r. If we now take

m == n I - T and j == -r - I in Lemma 1, then we see that

Xn(I) :'.S (1 - Pn(I)-T - Pn(I)一T+} -• • • 一 Pn(I)-l)xn(I)子

In view of (1), we see further that

0 :'.S Xn(I)+l :'.S Xn(J) - Pn(I)Xn(I)
1 - Pn(I)一T - Pn(I)一T+l -· · ·- Pn(I)一 1一

== Xn(J) { 1 - Pn(I) } < 0
1 - Pn(J)一T 一 ·•·- Pn(J)一 1 一 ，

which is a contradiction.
The same principles in the above proofs can be used to obtain several variants of the

above Theorems. As an example, let us assume that {Pn} has- a subsequence oo
which satisfies {Pn(i) h=1

Pn(i)一3nPn(i)一3T+I, · · ·,Pn(i}-1~0.
If {xn} is an eventuall·Y positive solution of (1), then there exists a positive integer J
such that xk > 0 for k~n(I) - 4-r. If we assume that

T

芝严 -j-1,立
T

Pn(i) 一j-2, .. .'芝严 -j一 T < 1,
j=l j=l j=l

Pn(正 1 Pn(i)-2
l-LT Pn(i)一T

i=I Pn(i) 一J一i'1-江=I Pn(i)一J一2'...'1 - 严 < 1,
i=l Pn(i)一J一T

as well as

Pn(i) 2: Ilk=l [1 - p祏）-k
1-- Pn(正1-k - Pn(i) 一2-k -· · ·- Pn(i)一T一J

for 讠2: 1, then by means of the same reasonmg used in the alternate proof of Corollary
1, we see that

Xn(l)~Xn(l)-1 (1 - Pn(I)一 1
1 - Pn(I)一2 - Pn(I)一3 一 ···- Pn(J)~r)'...'

Xn(J) 一r+l~Xn(J) 一r (1 - Pn(J) 一T
1 - Pn(I)一 1 一r - Pn(I) 一2一r -· · ·- Pn(I)一2r).
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Multiplying these inequalities together, we obtain

Xn(I) ::; Xn(J) 一TIIk;;;;;l [ 1 -
Pn(I)-k

1 - Pn(J) 一1-k - Pn(I)-2-k 一 ···- Pn(I)一T一J·
In view of (1), we see further that

0 < _xn(/)+l 三 Xn(I) - Pn(l)Xn(I) 一T

::; Xn(I)-1·{ Ilk;;;;;l [ 1 - l _ Pn(I)一 1-:n~)-~~- Pn(/)』-Pn(I)} ::; 0,

which is a contradiction.
Other variants can be derived but no new principles are involved. Therefore, we now

turn to an application of our results. Consider the following functional inequality

y(t + a) - y(t) + q(t)y(t_ - ka)~0, (5)

where q E C[O, oo), and 叭 6 > 0. Such an inequality has been studied by several authors,
see e. g. [4]. By means of our Theorems, we will be able to find several sufficient
conditions so that no eventually positive functions y = y(t) can satisfy such an inequality
for all large t. As an·example, suppose z = z(t) is such a continuous function. Then
letting Zn = z(nu + T) and Qn = q(nu + T) for n = 1, 2, ... , we see that

Zn+l 一 Zn +q乜n-k ::; 0

for all large n. In view of Theorem 1, if q = q(t) ha.5 a subsequence {qn(i)}岂 －
{q(nw + T}~1 such that

q卟 ）一k,Qn(i)一k+l, · · ·, Qn(i)+j~0,

and
Qn(i) + Qn(i)+l +· · ·+ Qn(i)+j~1

for i > 1 then a contradiction will be reached.
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