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ELEMENTARY OSCILLATION CRITERIA FOR A
THREE TERM RECURRENCE RELATION WITH
OSCILLATORY COEFFICIENT SEQUENCE

GUANG ZHANG AND SUI SUN CHENG

Abstract. Qualitative properties of recurrence relations with coefficients taking on both positive
and. negative values are difficult to obtain since mathematical tools are scarce. In this note we
start from scratch and obtain a number of oscillation criteria for one such relation: zn41 — 2z, +
PnZn—»r < 0.

1. Introduction

Sequences {z,}952 _ . that satisfy recurrence relations of the form
Tntl —Zn +PrZTn—r <0, n=0,1,2,..., (1)

where 7 is a nonnegative integer, have been studied by many authors and their oscillatory
properties are known to some extent when the coefficient sequence {p, }32 , is nonnegative
(see e. g. [1]). When {p,} takes on both positive as well as negative values, however, to
the best of our knowledge, there seem to be only a limited number of studies (2, 3] which
are concerned with the corresponding oscillatory properties. In some senses, this is not
surprising since mathematical tools are not available for dealing with such relations.

In this note, we will start from scratch and derive a number of elementary non-
existence criteria for eventually positive solutions of (1). To motivate the results that
follow, let us first consider the case where 7 = 0. Suppose the sequence {p,} has a
subsequence {pn(;)}$2; which satisfies Pns) 2 1 for n > 1. If there is an eventually
positive solution {z,} of (1), then there is a positive integer I such that zr > 0 for
k > n(I). In view of (1), we see that

0 < Zpry41 < Ty — Pr(1)Zn(1) = Tnr) (1 = Pr(ry),

which is a contradiction. In other words, if {p,} has a subsequence {Pn(i}$2; which
satisfies pn;y > 1 for ¢ > 1, such an eventually positive solution cannot exist. This
conclusion is sharp in the sense that when (1) is replaced by

xn+1—$n+ann=0, n=0’1:27"-7 (2)
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then assuming p, < 1 for n > 0, the sequence {z,} defined by
fo = 1.4, = H:-;"Ol(l =) =1,2 0.

is an eventually positive solution of (2).
When 7 > 0, we may argue along similar lines and come up with a number of non-
existence criteria which are also novel. A preparatory result is needed.

Lemma 1. Let {z,}X be a solution of (1). If pxzk—r > 0 for any nonnegative

n=-—r
integer k; then T > Lk41- prm—f; Pm—1+1;-- s Pm+j < 01 and Tm—275 -y Tm—7—1 = 0
for some m > 1 and some j € {0,1,...,7}, then

Tmtj+l S (1= pm =+ ~ Pt ) Tm.

Proof. First of all, in view of (1), we have z; > Tk+1 + DrTk—r > Zg41. Thus if
Pm—7:Pm—r41,-+-3Pm+j = 0, and Tp_2+,...,Zm—r—1 > 0 for some m > 7 and some
7 €40,14:. 57}, then

Tm—r 2 Tm-r41 = """ > Tm.

By summing (1) from m to m + j, we see further that

02 Zmijt1 — Tm + PmTm—r + Pms1Zmort1 + - + Pt Tm—rtj
2 Tmijtl + (=1 + Pt -+ Py j)Tm

as desired.
Before we derive our first result, let us go through a simple situation first. Suppose
{pn} has a subsequence {Pn(i)}2, which satisfies

Pn(i)—7sPn(i)—7+1s- - y Pn(i)—1 > 0

and
Pn(i) = 1

for ¢ > 1, then there cannot be any eventually positive solutions of (1).

Indeed, assume to the contrary that {z,} is an eventually positive solution of (1).
Then there exists a positive integer I such that z; > 0 for k > n(I) — 2r. By means of
Lemma 1, if we take j = 0, then

0 < zZny+1 < Ty (1 = o) <0,

which is a contradiction.

We remark that if 7 = 0, the conditions Pn(i)—1,Pn(i)=2; - - - y Pn(i)—r => 0 are vacuously
true. Similar remarks will hold for all later results.

In case the condition that Pn(s) 2 1 for i > 1 is not satisfied, we may check if the
conditions in the following more general result are satisfied.
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Theorem 1. Let j € {0,1,...,7}. If {p.} has a subsequence {Pn(s)}2, which
satisfies
Pr(i)=71Pa(i)—1+1s- - - s Pn(i)+j = 0
and
Pn(i) + Pn(i)+1 + - + Pp(i)+5 > 1 (3)

for i > 1, then there cannot be any eventually positive solutions of (1

Indeed, assume to the contrary that {zn} is an eventually positive solution of L)
Then there exists a positive integer I such that zx > 0 for k > n(I) — 27. By means of
Lemma 1,

0 <Znn+it1 S (1= Pagny =+ = Pagny4§)Ta(y < 0, (4)

which is a contradiction.
In particular, if we take j = 7 in the above Theorem, we see that when {pn} has a
subsequence {p,(;) }32, which satisfies

Pr(i)=m Pr(i)=r+1> -+ > Pa(i)+r 2 0 and pp(i) + pngy4r + - - + Pn(i)4r 21

for i > 1, then (1) cannot have any eventually positive solutions.
As an example, consider the equation

Tn+l — ZTn + qnZTp-1 =0, n=012...,

where g, = —1 except that gk2—1 = gx2 = 1 for k = 1,2,.... Then Theorem 1 implies
that every solution of this equation oscillates. This can also be seen directly since

— 2 - ;
Tk241 = Tp — Qk2Tp2_ ] = Tp2_q — Qr2_1T2_9 — Q2Tp2_;

=Tp2_] — Tp2_9 — Tp2_1] = —ZTp2_o

forall k=1,2,3....
To motivate our second result, let us assume that {pn} has a subsequence {Daen J25
which satisfies

pn(i)—2rapn(i)-2r+17 oy Pn(i)y—r—1 2 0,and 0 uld Pr(i)—7>Pn(i)—1+1s- - - 1y Pn(i)—-1 < 1

fori > 1. If (1) has an eventually positive solution such that z; > 0 for & > n(I) - 3r
for some positive integer I. Then in view of Lemma 1, we have

Zar) £ (1 = Pr(n=1)Zn(t)=1 - -+, Tn(1)—rs1 < (1 = Do l) Y Bl By

so that:
Znr) < i (1 = Pr(ry—£)Tn(r)—r -

In view of (1),

0 <Zay+1 < Za(t) = Pa(nyTn(y—r < [HZ=1(1 = Pridi—k) "Pnu)]xnm-r €0
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which is a contradiction, provided that p,;) > IIf_; (1 — Pn(r)—k)-

Theorem 2. If {p,} has a subsequence {pn(;)}52; which satisfies

Pn(i)—273Pn(i)—27+1s - -y Pn(i)—7-1 > 0,
0< Pn(i)—7>Pn(i)—7+1s+ ++ 1 Pn(i)—1 < 1

and
E 1/r
Pn(i) 2 H;:1Hj=1 (1 - pn(i)—j)
fori > 1, then (1) cannot have any eventually positive solutions.

Proof. Assume to the contrary that {z,} is an eventually positive solution of (1).
Then there exists a positive integer I such that = > 0 for kK > n(I) — 3. By means of
Lemma 1, we see that

Ta(r) < (1= Pn(0)=1)B(D)=1s+ + s @nl)=ra1 € (1 = Pa()=r)Zn(D)=r*
Thus
Tnr) < Moy (1 = Pnu)—j)-’vnu)—n

Zn(l) < Tpy-1 < H,T-;f (1 . Pn(n—-j)wnu)~n

Tn(l) < Ta)—r+1 < (1= pa(I) — T)Tp)—7-
It follows that
Th(r) S Tr(DyTn()—1 " * Ta(y—r < M ITE, (1 . pn(_r)_j):c;(l)_,,

which implies that

1/7
Tn(ry < M, 15, (1 i pn(I)-—j) Tn(1)—r-
In view of (1),
0 < Zp)+1 < Ta() = Pr()Tn(l)—r
T K 1/
< [Hk=1Hj=1 (1 = pn(l)—j) = pn(I)] Tn(l)—r < 0,

which is a contradiction.

We can weaken the assumption that Pn(i)—7Pn(i)—r+15- - -»Pn(i)-1 < 1 in the above
Theorem, provided that the other assumptions are strengthened. Indeed, in view of
Theorem 1, we see that the following result of Yu, et al. [2, Theorem 4] holds.
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Corollary 1. If {p,} has a subsequence {py,;}2, which satisfies

Pn(i)~273Pn(i)—2r+1) - - + y Pn(i)—1 > 0,
Pr(i)—r + Pn(i)—r4+1 + = + Pp(iy—1 < 1,
and
Pni) 2 1 = Pn(i)—r = P(i)—rt+1 — - — Pn(i)—1
fori > 1, then (1) cannot have any eventually positive solutions.
For reasons to be provided later, we will give an alternate proof of this result as
follows. Assume to the contrary that {zn} is an eventually positive solution of (1). Then

there exists a positive integer I such that zr > 0 for k > n(I) — 27. If we now take
m=n(l)—7and j =7 —1in Lemma 1, then we see that

Tnr) < 1= Pn()—r — Pp(I)—r+1 — - ~Pn(1)—1)1‘n(1)—r-

In view of (1), we see further that

Pr(1)ZTn(1)
0<z < 4 - :
= Ln(I)+1 S Tn(r) Pnl)y—r = Pn(I)—741 — """ — Pn(I)-1
Dn(I) }
=z {1 - =6
T LBy — - —poma

which is a contradiction.

The same principles in the above proofs can be used to obtain several variants of the
above Theorems. As an example, let us assume that {pn} has a subsequence {Pay }24
which satisfies

pn(i)—3'r’pn(i)—31'+11 <+ 3 Pn(i)—1 2> 0.

If {:z:n} is an eventually positive solution of (1), then there exists a positive integer [
such that z; > 0 for k > n(I) — 4r. If we assume that

T s 3 i A
an(i)—j—l ] th(z')-—j—2: e ey an(i)—j—--r <1,
g=1 j=1 =i

pn(i)-l Pn(i)—2 Pn(i)—+
L= 2jm P11 = 2i=1Pn(i)—j—2’ 1= D et Pi(li—j—r

as well as

= 1,

Pn(i)—k ]
1 = Pr(i)y—1—k = Pr(i)—2—k — - = Pn(i)—7—k

Dn(i) 2> i, [1 =

for 4 > 1, then by means of the same reasoning used in the alternate proof of Corollary
1, we see that

pn(I)—l "
Tn(r) < Tn(r)- (1“ )’-
n(I) n(I)—1 1 = Pn(1)-2 — Dn(1)-3 — "= Pa(l)-r

_ Prn(ny—+ )
1 — Pn(l)-1—7 —Dn(r)-2—7 — - — Pn(I)-2r

Zn(l)—r+1 £ Tu(r)—r (1
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Multiplying these inequalities together, we obtain

= Pn(I)—k

T IsmnI-—TH=[]—_ ]

i) o .k ! L, = Pn(I)—1—k — Pn(I)-2—k — "~ Pn(I)-1—k4 ’

In view of (1), we see further that
0 < zpn+1 < TaU) — Pa()Tn() -7
' Pn(I)—k
= I—'{H":= [1— ]_p I}SO:
e 1 = Pothd—t = Pnll)~r~k "

which is a contradiction.
Other variants can be derived but no new principles are involved. Therefore, we now
turn to an application of our results. Consider the following functional inequality

y(t+0) — y(t) + a(B)y(t — ko) <O, (5)

where ¢ € C[0,0), and 0, > 0. Such an inequality has been studied by several authors,
see e. g. [4]. By means of our Theorems, we will be able to find several sufficient
conditions so that no eventually positive functions y = y(t) can satisfy such an inequality
for all large ¢. As an example, suppose z = z(t) is such a continuous function. Then
letting 2z, = z(no + T) and ¢, = q(noc + T) for n = 1,2,..., we see that

Zp+41 — 2n =+ dnZn—k _<_ 0

for all large n. In view of Theorem 1, if ¢ = g(t) has a subsequence {gn(;)}2; =
{g(n;o + T}$2, such that |

On(i)—ks n(i)—k+1s- -+ 1 On(i)+i = 05

and
@n(s) T n@i)+1 + o + a4+ 2 1
for i > 1, then a contradiction will be reached. '
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