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CERTAIN CLASSES OF ANALYTIC AND MULTIVALENT FUNCTIONS

H. M. ROSSEN, H. M. SRIVASTAVA AND M. K. AOUF

Abstract. The main object of the present paper is to investigate the special classes

冗 (p, A, B) and n: (p, A, B)

(O::; a < p; -1 ::; B < A :s; l; p EN:= {1, 2, 3, ... })

of analytic and p-valent functions in the open unit disk U. In particular, various growth and
distortion~heorems, and several coefficient estimates, are obtained for these as .well as related
classes of analytic and p-valent functions in U.

1. Introduction and Definitions

Let S(p) denote the class of functions f(z) of the form:

00

f(z) = zP +L ap+nzp+n (p EN:= {1, 2, 3, ... }),
n=l

(1.1)

which are analytic and p-valent in the open unit disk

U := {z: z EC and lzl < l}.

We denote by n the class of bounded analytic functions w(z) in U satisfying the conditions:

w(O) = 0 and l~(z)I < 1 (z EU).

A function f (z) in S (p) is called p-valent starlike of order a in U if it satisfies the following
conditions:

平四}> a and「n{ zf'(z)}。 J(z)
d(} = 2p1r (z = eiO

f(z)
）

(0 :S a < p; p E N; z EU). (1.2)
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We denote by S* (p, a) the class of all p-valent starlike functions of order a in U. Further,
a function f (z) in S(p) is called p-valent convex of order a in U if it satisfies the following
codnitions:

2n

王誓}> a and 1 卟 十zf,悶}dB= 2p1r (z = e引

(0 :S a <; p; p E N; z EU). (1.3)

We donote by K(p, a) the class of all p-valent convex functions of order a in U. It follows
from (1.2) and (1.3) that

zf'(z)f (z) E IC(p, a) 台 E S*(p,a).
p

The class S* (p, a) was studied by Patil and Thakare [9) and the class IC(p, a) was con
sidered by Owa [8).

Let T(p) denote the subclass of S(p) consisting of functions f(z) of the form:

(1.4)

00

J(z) = zP -L ap+nzp+n (ap+n 2 O; p EN).
n=l

(1.5)

We denote by T*(p, a) and C(p, a) the classes obtained by taking intersections, respec
tively, of the cl邸ses S*(p, a) and K(p, a) with T(p), that is,

T*(p,a) = S*(p,a) n T(p) (1.6)

and
C(p, a) = K,(p, a) n T(p). (1.7)

The classes T*(p, a) and C(p, a) were investigated by Owa [8], w.\10 proved the following
results for these classes:

Lemma 1. Let the function f (z)·be defined by (1.5). Then f(z) is in the class
T*(p, a) if and only if

CX)

芷 (p + n - a)ap+n 勻p-a.
n=l

(1.8)

The result is sharp.

Lemma 2. Let the function J(z) be defined by (1.5). Then J(z) is in the class C(p, a)
if and only if t(〒）(p + n - a)ap+n <; p - a. (1.9)

The result is sharp.
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Lemma 3. Let the function J(z) defined by (1.5) be in the class T*(p, a). Then

p-o: p-a
lzlP - lzlP+l :S lf(z)I :S lzlP + lzlP+l, (1.10)

p+l-o: p+l-a

and

(p + l)(p - o:) (p + l)(p - a)
plzlp-l - lzlP :S lf'(z)I :S Plzlp-l + lzlP. (1.11)

p+l-o: p+l 丑

Each of these results is sharp.

Lemma 4. Let the function J(z) defined by (1.5) be in the class C(p, o:). Then

p(p - a) p(p - a)
lzlP - lzlP+l :S IJ(z)I :S lzlP + lzlP+l (1.12)

(p+l)(p+l-o:) (p+l)(p+l-o:)

and
p(p - a)pjzjP-l - lzlP:::; 1/'(z)I :::; PlzlP一 1 十

p(p-a)
lzlP,

p+l-a p+l-a
(1.13)

Each of these results is sharp.
Let P;(p, A, B) denote the class of functions f (z) of the form (1.1) which satisfy the

condition:
f (z) 1 + Aw(z)
辶一 = (w E O; -1 < B <A< l; z EU) (1.14)
g(z) 1 + Bw(z)

for a function
00

g(z) = zP - 芷 bp+nzp+n (bp+n 2: O; p E N)
n=l

(1.15)

in the class T*(p, o:)(O :s; p < p). Further, let 廌 (p, A, B) denote the class of functions
f(z) of the form (1.1) which satisfy the condition (1.14) for a function g(z), defined by
(1.17), but belonging to the class C(p,o:)(O :s; o: < p).

Clearly, we have
(i) P;(1, A, B) = P,。(~,B) and 廌 (l,A,B) =瓦 (A,_B) (Owa [5]", [7]);
(ii) P~(l, /3, -A/3) = S入 (o:, /3) and 冗; (1, /3, -A/3) = C入 (a, /3) (0 :s; a < l; 0 < /3 :s;

1; 0 ::=:; A ::=:; 1) (Owa [4], [6]);
(iii) P;(l, 1, -µ) = Sµ(O, o:)(O :s; µ:s; 1) (Altintas [l]).

2. Growth and Distortion Theorems

Theorem 1. Let the function f(z) defined by (1.1) be in the class內(p, A, B). Then

(1 - Alzl){(p + 1- a) - (p- a)lzl}lzlP
(1 - Blzl)(p + 1 - a) ::; lf(z)I

::; (1 + Alzl){(p + 1- a)+ (p - a)lzl}lzlP
(1 + Blzl)(p + 1 - a)

(z EU). (2.1)
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Each of these estimates is sharp.

Proof. We employ the technique used earlier by Goel and Sohi [2], and by Owa ([4]
to [7]). Since f(z) E P~(p, A, B), we have

J(z) 1 + Aw(z)'.... =
g(z) 1 + Bw(z)

(w E !1; -1::; B <A::; l;z E U;g E T*(p,a)). (2.2)

Thus, by using Schwarz's lemma [3], we have 担 (z)I ::; lzl for z E U. After a simple
computation, we find that

严 －尸ABlzl2'< (A - B)lzl
g(z) 1 - B2lzl2 一 1 - B2lzl2 (z EU).

Consequently, we obtain

{2.3)

1- Alzl < I左) I < 1 + Alzl
1 - Blzl - g(z) - 1 + Blzl

(z EU),

which gives the inequalities in (2.1) with the aid of Lemma 3.
By taking

(2.4)

駟
硐

l +Az
l +Bz

(2.5)

and
g(z) = zP - p-a

zp+l (2.6)
p+l-a

we can see that the estimates in (3.1) are sharp. This completes the proof of Theorem 1.

Theorem 2. Let the function f (z) defined by (1.1) be in the class筮 (p, A, B). Then

(1 - A(z)){ (p + I)(p + 1 - a) - p(p - a)lzl}lzlP
(1 - Blzl)(p + l)(p + 1 - a) ~lf(z)I

~
(1 + A(z)){ (p + l)(p + 1 - a)+ p(p - a)lzl}lzlP

(1 + Blzl)(p + l)(p + 1 - a)
(zEU). (2.7)

Each of these estimates is sharp.for

驅回
1 + Az. . .,.
l +Bz (2.8)

and
g(z)=zP- p(p- a)

zP+l.
(p + l)(p + 1 - a) (2.9)

The proof of Theorem 2 is completed by using the same technique as in the proof of
Theorem 1 with the aid of Lemma 4.
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Theorem 3. Let the function f (z) defined by (1.1) be in the class P~(p, A, B). Then

lf'(r)I :S
(1 + Alzl){p(p + 1 - a)+ (p + l)(p - a)lzl}lzl尸

(1 + Blzl)(p + 1 - a)
(A - B){(p + 1- a)+ (p- a)lzl}lzlP

十
(1 + Blzl)2(1 - lzl2)(p + 1 - a)

(z EU). (2.10)

Proof. Since f(z) E P;(p, A, B), by using (2.2), we obtain

1 + Aw(z)
J'(z) = g'(z) -

(A - B)w'(z)
1 + Bw(z) {1 + Bw(z)}

2 g(z) (w E 0). (2.11)

We also have 1
lw1(z)I~~(z EU),

1- lzl
by means of Caratheodory's theo~em [3]. Hence we obtain Theorem 3 with the aid of
Lemma 3.

Remark 1. We have not been able to obtain a sharp estimate for lf'(z)I for

f(z) E P~(p, A, B).

Theorem 4. Let the function f(z) defined by (1.1) be in the class R~(p, A, B). Then

1/'(z)I :::; p(l + Alzj){ (p + 1 - o:) + (p - o:}lzl}lzlP-l
(1 + Blzl)(p + 1 - o:)

十
(A - B){(p + l)(p + 1 - o:) + p(p - o:)lzl}lzlP

(p + 1)(1 + Blzl)2(1 - lzl2)(p + 1 - o:)
(z E U). (2.12)

The proof of Theorem 4 would make use of Lemma 4 in the same manner as we
applied Lemma 3 in the proof of Theorem 3.

Remark 2. We have not been able to obtain a sharp estimate for lf'(z)I for

f(z) E 冗; (p, A, B).

3. A Set of Coefficient Estimates

Theorem 5. Let the function f(z) defined by (1.1) be in the class P~(p, A, B). Then

lap+ 1 I~A - B +
p- 0:

p+l-o:'

The estimate is sharp. Furthermore, for B 2: 0,

lap+2丨~(A - B)B + (A - B) +
p-o: p-o:

p+l-o: p+2-o:'

(3.1)

(3.2)
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Proof. Let
00

w(z) =芝 c計i E 11.
n=l

(3.3)

Then we obtain (cf. [3])
lc1l::; 1 and lc2I~l- lc112-

Since f(z) E冗 (p, A, B), by using (2.2), we have

J(z)(l + Bw(z)] = g(z)[l + Aw(z)] (w E 0).

(3.4)

(3.5)

Then, on substituting into (3.5) the power series (1.1), (1.15), and (3.3) for the functions
f(z), g(z), and w(z), respectively, we find that

00 00

(zP 十芷 ap+nzp+n) (1 + B芷 CnZn)
n=l n=l

00 00

＝仁 －芝 bp+nzp+n) (1 + AL际zn)
n=l n=l

(3.6)

Equating coefficients of zP+l and zP+2 on both sides of (3.6), we obtain

ap+l = (A - B)c1 - bp+i

and

(3.7)

ap+2 = (A - B)c2 - Abp+1C1 - Bap+1C1 - bp+2
= (A - B)c2 - (A - B)bp+1c1 - B(A - B)d 一 bp+2·(3.8)

Since g(z) E 7* (p, a), by using Lemma 1, we have

p - a::
bp+ 1 ::; and b

p-a::
p+2 -＜p+l-a:: p+2-a::'

which, in conjunction with (3.7) and (3.8), would lead us to the inequalities (3.1} and
(3.2), respectively. The estimate for lap+l 丨in (3.1) is sharp for

(3.9)

J(z) 1 - Az......一＝—
g(z) 1 - Bz

(3.10)

and
g(z) = zP -

p- Ct
zp+l

p+l-a
Similarly, with the aid of Lemma 2, we can prove

(3.11)

Theorem 6. Let the function f(z) defined by (1.1) be in the class啜 (p, A, B). Then

I ap+ 1 I :S A - B + ,
p(p- a) (3.12)
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Furthermore, for B~0,

lap+2I :::; (A - B)B + (A - B), . _丶, - 、+
p(p - a) p(p - a)

The estimate for lap+1I in (3.12) is sharp阮

f(z) 1- Az
·一 ·- =
g(z) 1 - Bz

(3.13)

(3.14)

and
g(z) = zP -

p(p- a) zP+l.
(p + l)(p + 1 - a)

(3.15)

Theorem 7. Let the function f(z) defined by (1.1) be in the class P;(p,A, B). Then,
for B~0,

lap+3 ::; (A - B)(l + B + B2) +{A+ B + (A - B)B}
p-a

p+l-a

+(A+B) +
p-a p-a

p+2-a p+3-a'
(3.16)

Proof. Equating the coefficients of zP+3 on both sides of (3.6), we have

ap+3 = -bp+3 + (A - B)c3 - (Abp+l + Bap+1)c2
-(Abp+2 - Bap+2)c1. (3.17)

Here, since
1 w(z)％＝三 心 (0 < r < 1; n EN)

囯=r zn+I
for the coefficients en of an analytic function w(z) in the open unit disk U, we obtain

(3.18)

A- B w(z)
ap+3 = -bp+3 + 2rri lzl=r了dz

一 Abp+1 2:tap+1辶雪dz - Abp+2 2~tap+2 lzl=r苧z. (3.19)

Now, by using Schwarz's lemma [3], lw(z)I ::; lzl for z EU. Therefore, we get

lap+31 ::; lbp+31 + r3 +
(A- B) Ajbp+1I + Blap+il Albp+2I + Blap+2I

r2 十
r

Consequently, we have Theorem 7 with the aid of Lemma 1 and Theorem 5.

Similarly, by applying Lemma 2 and Theorem 6, we have

(3.20)
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Theorem 8. Let the function f (z) defined by (1.1) be in the class廌 (p, A, B). Then,
for B~0,

jap+3 ::S (A - B)(l + B + B2) +{A+ B + (A - B)B}
p(p- a)

'p+ l)(p+ l-a

+(A+ B)
p(p-a) p(p-a)

十
(p + 2)(p + 2 - a) (p + 3)(p + 3 - a)" (3.21)

Remark 3. We have not been able to obtain sharp estimates for

jap+nl (p E N;n E N\{1})

for the function f(z) belonging to the classes P;(p, A, B) and啜 (p, A, B).

Theorem 9. Let the function f(z) defined by (1.1) be in the class P;(p, A, 0). Then

lap+nl~A(2p+ l-2a) + p- a (p E N;n EN).
p+l-a p+n-a

Proof. Since J(z) belongs to the class P~(p, A, 0), from (3.6) we have

(3.22)

00 00 00

芷 (ap+n + bp+n)zP+n = A化 －芝 bp+nzp+n) (L CnZn). (3.23)
n=l n=l n=J

Equating the coefficients 0f zP+n on both sides of (3.23), we have

ap+n + bp+n = A伝－団 bp+mCn-m),
m=l

(3.24)

which, in view of (3.18), yields

A w(z) n一 1

ap+n + bp+n = 21ri lzl=r严 (1-互 bp+mZm)dz. (3.25)

Consequently, by using Schwarz's lemma [3] once again, we find that

A 21r 1 己

lap+n + bp+nl~ 云［ 訃 －芷 bp+m严cim(J Id()
m=l

A 沅 己

s戸/ (1 十芝 bp+mrm)do
。 m=l

A n-1

＝戸 (1 +芷 bp+mTm
m=l

）

＜
A n一 1

＿司 1 + L bp+m .
m=l

）

(3.26)
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Since (3.26) holds true for any r(O < r < 1) and since

n-1

芷 bp+m :S
p-a

(p E N;n EN),
p+l-am=l

(3.27)

by Lemma 1, we have

lap+n + bp+nl~A(
2p + 1 - 2a
p+l-a). (3.28)

Hence we obtain

jap+nl :S lap+n + bp+nl + lbp+nl
2p+ 1-2a p丑

:SA(p+l-a)+p+n-a (3.29)

because p- 0:
bp+n~(p E N;n EN),

p+n-a
(3.30)

again by Lemma 1.

Similarly, with the aid of Lemma 2, we can prove

Theorem 10. Let the function f (z) defined by (1.1) be in the class 廌 (p, A,O).
Then

丨ap+nl~A(
2p2 + 2p + 1 - (2p + l)a) p(p - a)

十
(v+I)(v+I-a) (p+n)(p+n-a)

(p EN; n EN). (3.31)

Theorem 11. Let the function j(z) defined by (I.I) be in the class內(p,A,B) for

-1 :::; B < 0, 0 <A:::; 1, and~(ap+n)~0 (n = 1, ... , k - p - I).

Then p-aIap+n I :S A - B + (p E N; c E N).p+n-a

Proof. Since f(z) E P;(p, A, B), from (3.6) we have

(3.32)

00

芝 (ap+n + bp+n)zp+n = [(A - B)zP. - f=(Baptn + Abp+n)zP+n w(z). (3.33)
n=l n=l

］

We thus find that

立p+n + bp+n)玕＝－色 (Bap+n + Abp+n)zn]w(z), (3.34)
n=O n=O

where
00

ap = 1, bp = -1, and w(z) =芝 Cm+lzm+l.
m=O
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Equating the coefficients of zm on both sides of (3.34), we obtain

m-1

ap+m + bp+m = - 芝(Bap+n + Abp+n)Cm-n·
n=O

(3.35)

Hence, from (3.34) and (3.35), we find that

m =
芝 (ap+n + bp+n)zn 十 芷 E記L

n=O n=m+l
m-1

= - L [(Bap+n + Abp+n)Z平(z) (m EN)
n=O

(3.36)

for some coefficients En.
Using lw(z)I < 1 for z E U and Parseval's identity (3] on both sides of (3.36), we

obtain

m m 00

芝 lap+n + bp+nl2r2n :S 芷 jap+n + bp+nl2r2n 十 芷 IE詎2n
n=O n=O n=m+l

m-1

5 芷 jBap+n + Abp+nl2r2n.
n=O

(3.37)

Letting r--+ I in (3.37), we obtain

m-1

jap+m + bp+ml2~ 芝 [IBap+n + Abp+nl2 - lap+n + bp+nl2]. (3.38)
n=O

Setting m = k - pin (3.38), we are led finally to the inequality:

k-p一 1 k一P一 1

lak + b訢 :::; (A - B)2 - (1 - B)2 芷 lap+nl2 - (1 - 訒 芷 lbp+nl2
n=l n=l

k一P一 1

-2(1 - AB) 芝 梲(ap+n)bp+n (k = p + 1,p + 2,p + 3, ...). (3.39)
n==l

Since bp+n 2: O(p E N; n E N), making use of the inequalities assumed to hold true in
Theorem 11, we find that

iak + bkl:::; A- B (k = p + l,p+ 2,p+ 3, ... ;p EN), (3.40)

that is, that
I ap+n + bp+n I~A - B (p E N; n E N). (3.41)



CERTAIN CLASSES OF ANALYTIC /:,.ND MULTIVALENT FUNCTIONS 243

Hence, by using (3.30) and (3.41), we obtain

Jap+nl~Jap+n + bp+nl + Jbp+nl
p-a

~A - B + (p E N, n E N).
p+n-a

This completes the proof of Theorem 11.

Finally, the result of Theorem 11 is sharp for

f(z) l - Azn
·一-·=g(z) 1- Bzn

(3.42)

(3.43)

and p-a
g(z) = z 一 Zp+n．p+n-a

(3.44)

Corollary 1. Let the function f (z) defined by (1.1) be in the class P0(p, A, B) for

-1::;B<O, O<A::;1, and 梲(ap+n)~0 . (n = 1, ... , k - p - 1).

Then
lap+n I~A - B +~(p E N; n E N). (3.45)

The .result is sharp.

Remark 4. Since p-a
p+n-a

is decreasing inn, Theorem .11 gives us the inequality:

p-a
jap+n I~A - B + (p E N; n E N)

p+l-a

for f(z) E P;(p,A,B)(-1~B < O;O <A~1) satisfying the condition:

~(ap+n) :2: 0 (n = 1, ... , k - p - 1).

(3.46)

With the aid of Lemma 2, we also have

Theorem 12. Let the function f (z) defined by (LI) be 切 the class 駡 (p,A,B) for

-1~B < 0, 0 <A~1, and 疣 (ap+n) 2: 0 (n = I, ... , k - p - 1).

Then
I ap+n I :S A - B +

p(p- a)
(p E N; n E N). (3.47)1p+n)(p+n-a丶

The result is sharp for
f(z) 1 - Azn
－－一 ＝g(z) l-Bzn

(3.48)
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and

g(z) = zP -
p(p- a)

(p+n)(p+n-a)
zp+n． (3.49)

Corollary 2. Let the function f(z) defined by (1.1) be in the class問(p, A, B), for

-1~B < 0, 0 <A~1, and 悅 (ap+n)~0 (n = 1, ... , k - p - 1).

Then
p2

lap+nl ::; A - B + (p EN; n EN).(p + n)2 (3.50)

The result is sharp.
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