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CERTAIN CLASSES OF ANALYTIC AND MULTIVALENT FUNCTIONS

H. M. HOSSEN, H. M. SRIVASTAVA AND M. K. AOUF

Abstract. The main object of the present paper is to investigate the special classes
Pi(p, A, B) and R (p, A, B)

0<a<p-1<B<A<peN:={1,23,...})

of analytic and p-valent functions in the open unit disk U. In particular, various growth and
distortion theorems, and several coefficient estimates, are obtained for these as well as related
classes of analytic and p-valent functions in U.

1. Introduction and Definitions

Let S(p) denote the class of functions f(z) of the form:

f(2) =27+ apn2®™ (peN:={1,2,3,...), (1.1)

n=1

which are analytic and p-valent in the open unit disk
U:={z:z€Cand|z| <1}.
We denote by  the class of bounded analytic functions w(z) in U satisfying the conditions:
w(0) =0and [w(z)| <1 (z€lU).

A function f(2) in S(p) is called p-valent starlike of order a in U if it satisfies the following
conditions: '

R{ z)]:(i > a and /27r R{ zf’ dt9 =2pr (z=e")

(0§a<p;p€N;z€u). (1.2)

Received November 19, 1997.

1991 Mathematics Subject Classification. Primary 3OC45

Key words and phrases. Analytic functions, multivalent functions, growth and distortion theo-
rems, coefficient estimates, starlike functions, convex functions.

233



234 H. M. HOSSEN, H. M. SRIVASTAVA AND M. K. AOUF

We denote by S*(p, @) the class of all p-valent starlike functions of order a in &/. Further,
a function f(z) in S(p) is called p-valent convex of order a in U if it satisfies the following
codnitions:

’R,{l ]{’; > a and / f”(z)) }dé’ =0pr (g=2d")
(0<a<p peNzel). (1.3)

We donote by K(p, ) the class of all p-valent convex functions of order a in . It follows
from (1.2) and (1.3) that

f(z) e K(p,a) & zf;# € S*(p, ). (1.4)

The class S*(p, @) was studied by Patil and Thakare [9] and the class K(p, @) was con-
sidered by Owa [8].
Let 7(p) denote the subclass of S(p) consisting of functions f(z) of the form:

=Y ptn?®*™ (pin 20; pEN). (1.5)

n=1

We denote by 7*(p,a) and C(p, @) the classes obtained by taking intersections, respec-
tively, of the classes $*(p,a) and K(p,a) with 7 (p), that is,

T*(p,a) = S*(p,a) N T(p) (1.6)

and
C(p,a) = K(p,@) N T (p). (1.7)

The classes 7*(p, @) and C(p, a) were investigated by Owa [8], who proved the following
results for these classes:

Lemma 1. Let the function f(z) be defined by (1.5). Then f(z) is in the class
T*(p, ) if and only if

o]

Z.(p +n— a)apl.l_n <p-oa. (1.8)

n=1
The result is sharp.

Lemma 2. Let the function f(z) be defined by (1.5). Then f(z) is in the class C(p,a)
if and only if : '

Z(p;n)(p+n—a)ap+n§p—a. (1.9)

n=1

The result is sharp.
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Lemma 3. Let the function f(z) defined by (1.5) be in the class T*(p,c). Then

2P — I-)-i—wﬂ SIS Il + S5l (1.10)
and
- i
plet = D= < ) < plpe + DDy

Each of these results is sharp.

Lemma 4. Let the function f(z) defined by (1.5) be in the class C(p,a). Then

plp— ) p(p—a) 1
ol - P S @I < P + e kP (D)
e (-0 ho=0)
el — RSl < |F () <plel ™ + Tl (113)

Each of these results is sharp.
Let Pz (p, A, B) denote the class of functions f(z) of the form (1.1) which satisfy the

condition:
flz) 1+ Aw(z)

g(z) ~ 1+ Bw(2)

(we;, -1<B<AL]; z€lU) (1.14)

for a function -
g(2) =2 =) bpynZ®™ (bprn 20; pEN) (1.15)
n=1
in the class 7*(p,a)(0 < o < p). Further, let R} (p, A, B) denote the class of functions
f(z) of the form (1.1) which satisfy the condition (1.14) for a function g(z), defined by
(1.17), but belonging to the class C(p,a)(0 < a < p).
Clearly, we have
(i) P:(1,A,B) =P, (4, B) and R;(1,4,B) = R« (A, B) (Owa [5], [7]);
(ii) Px(1,8,-A8) = Sa(a,B) and RL(1,8,—A8) = Ca(,B8) (0 <a<1l;0<8<
1; 0<A<1) (Owa [4], [6]);
(iii) 'P;(l, 1,—u) = S,(0,a)(0 < p < 1) (Altintas [1]).

2. Growth and Distortion Theorems

Theorem 1. Let the function f(z) defined by (1.1) be in the class P;(p, A, B). Then

(1— Alz){(p +1-a) = (p - Q)lz]} |2
1-BlNp+1-a)

L (LAl {(p+1— ) + (0 - )21} 2P

= (1+Blz)p+1-0)

< [f(2)]

(z e U). (2.1)
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Each of these estimates is sharp.

Proof. We employ the technique used earlier by Goel and Sohi [2], and by Owa ([4]
to [7]). Since f(z) € PX(p, A, B), we have

f(z) 1+ Aw(z)
9(z) 1+ Buw(2)

we; -1<B<A<L1l;zelU;9 € T"(p,)). (2.2)

Thus, by using Schwarz’s lemma [3], we have |w(z)| < |z| for z € U. After a simple
computation, we find that

f(z) _1=ABls| _ (A= B)jz|

- . 2.3
o) " 1=BE| S 1o ¢ €W (2:3)
Consequently, we obtain
1— Alz| f(z)' 1+ Alz|
o < U 2.4
1-Blz| ~lg(z)| =~ 1+ B|z| (& ) )
which gives the inequalities in (2.1) with the aid of Lemma 3.
By taking
f(z) 1+ Az
= 2.5
g(z) 1+ Bz (2.5)
and
— a 5
g(z) = 2P — p_-___..i — asz’ (2.6)

we can see that the estimates in (3.1) are sharp. This completes the proof of Theorem 1.

Theorem 2. Let the function f(z) defined by (1.1) be in the class R% (p, A, B). Then

1-AN{(P+1)(p+1-0) —p(p— a)lz|}|z[*
(1-Blz)(p+1)(p+1-a)

< 0+ AP+ )P+1-0a)+pp— o2}z
- 1+ Blz)p+1)(P+1-a)

<|f(2)l

(z € U). (2.7)

Each of these estimates is sharp.for

f(z) l;i-Az
g(z) 1+ Bz

(2.8)

and .
Pp—a) i
| o+ Lip L—a)
The proof of Theorem 2 is completed by using the same technique as in the proof of
Theorem 1 with the aid of Lemma 4.

g(z) = 2P — (2.9)
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Theorem 3. Let the function f(z) defined by (1.1) be in the class Pjy(p, A, B). Then

(14 Alz){p(p+1—a)+ (p+ 1)(p — a)|z|}|2[*!

EAQIRS I+BNp+1-a)
s e e el L L
Proof. Since f(z) € P%(p, A, B), by using (2.2), we obtain
fia) = T AN gy L IABWE) ) weq), (21)

T 1+ Bw(z)g (2) - {1+ Bw(z)}?

We also have

lw'(2)] < (z elU),

1
1-—|z|?
by means of Carathéodory’s theorem [3]. Hence we obtain Theorem 3 with the aid of
Lemma 3.

Remark 1. We have not been able to obtain a sharp estimate for |f'(z)| for

f(z) € Pa(p, A, B).

Theorem 4. Let the function f(z) defined by (1.1) be in the class R (p, A, B). Then

p(1+ Alz){(p+1—a) + (p — a)|z]}|z[P~}
(1+ Blz])(p+1-a)
(A-B){(p+1)(p+1—a) +p(— a)lz|}|z
(p+1)(1+ Blz))2(1 - |z2)(p+1-a)

The proof of Theorem 4 would make use of Lemma 4 in the same manner as we
applied Lemma. 3 in the proof of Theorem 3.

1f'(2) <

(zel). (212

Remark 2. We have not been able to obtain a sharp estimate for |f'(z)| for

f(z) € Rg(p, A, B).

3. A Set of Coefficient Estimates
Theorem 5. Let the function f(z) defined by (1.1) be in the class P (p, A,.B). Then
p—a

Iogat] B A= B co (3.1)
The estimate is sharp. Furthermore, for B > 0,
laps2] < (A—B)B+ (A- B)—2—2_ 4 P2 (3.2)

p+l—a p+2-a
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Proof. Let -
w(z) = Z cat™ € . (3.3)
n=1
Then we obtain (cf. [3])
lei] <1 and |ea| <1 — || (3.4)
Since f(z) € Pz (p, A, B), by using (2.2), we have
()1 + Bw(z)] = gL + Aw(z)] (w € Q). (3.5)

Then, on substitﬁting into (3.5) the power series (1.1), (1.15), and (3.3) for the functions
f(2), g(2), and w(z), respectively, we find that

(z” + g ap+nzp+") (1 + B g cnz")
=~ (zp - g bp+nzp+") (1 + A ni::l Cn»’«‘") . (3.6)

Equating coefficients of zP*! and 2P*2 on both sides of (3.6), we obtain
ap+1 = (A = B)er — bpya (3.7)
and

Apt+2 = (A = B)62 = Abp+1c1 = Bap+101 — Op4-2 ;
= (A - B)cs — (A = B)bps1c1 — B(A = B)c3 — bpya. (3.8)

Since g(z) € T*(p, ), by using Lemma 1, we have

and bp42 < . i (3.9)

Bog1 £

i l—=a

which, in conjunction with (3.7) and (3.8), would lead us to the inequalities (3.1) and
(3.2), respectively. The estimate for |ap41| in (3.1) is sharp for

flz) 1-Az
g(z)  1-Bz Se
and
g(z) = 2P — pf_;—_o_tazp“. (3.11)

Similarly, with the aid of Lemma 2, we can prove
Theorem 6. Let the function f(z) defined by (1.1) be in the class R% (p, A, B). Then

p(p— a)
p+1pp+1-0a)

@] ©A = B 4 (3.12)
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Furthermore, for B > 0,

p(p—a) p(p—a)
mﬁﬂg(A—Bﬂ%HA—B%p+D@+1_aY+@+%@+2_ay (3.13)

The estimate for |ap+1| in (3.12) is sharp for

flz) 1-A,

o) " 1-B, e
and ( )
= il s P —a

glz) =% PIDGrl=a) 27, (3.15)

Theorem 7. Let the function f(z) defined by (1.1) be in the class P (p, A, B). Then,
for B >0,

D —&

p—a pP—
Hl H Bt e (3.16)

Proof. Equating the coefficients of z*3 on both sides of (3.6), we have

Qp43 = —bp+3 + (A — B)C3 - (Abp_H -+ Bap+1)62
—(Abp+2 — Bapy2)er. (3.17)
Here, since
1 w(z)
c 27”-/|z|=r2"+1d2 (0<r<l;neN) (3.18)

for the coefficients ¢, of an analytic function w(z) in the open unit disk U, we obtain

A—-B w(z)

= — d
Gp+3 bp+3 g 2mi . 24 "
_Abp+1 + Bapy / w(2) - Abpy2 — Bapys / w(2) dz. (3.19)
271 |z|=r 23 21 |z|=r 22 ' '

Now, by using Schwarz’s lemma [3], |w(z)| < |z| for z € U. Therefore, we get

(A-B) " Albp+1| + Blap1]| 4 Albpt2| + Blap+a|

|ap+3] < [bp+sl + =3 . . (3.20)

Consequently, we have Theorem 7 with the aid of Lemma 1 and Theorem 5.

Similarly, by applying Lemma 2 and Theorem 6, we have
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Theorem 8. Let the function f(z) defined by (1.1) be in the class R (p, A, B). Then,
for B >0,

lap+3 < (A—B)(1+ B+ B?) +{A+ B+ (A — B)B} (p+f§1()p——l—a1)—-a)

p(p—a) p(p—a)
+(A+B)(p+2)(p+2_a)+(p+3)(p+3_a). (3.21)

Remark 3. We have not been able to obtain sharp estimates for

lap+n| (p € Nyn € N\{1})
for the function f(z) belonging to the classes P(p, A, B) and R (p, A, B).
Theorem 9. Let the function f(z) defined by (1.1) be in the class Pk(p, A,0). Then

2p+1—2a) pP—a

R s (peN;neN). (3.22)

laptn| < A(

Proof. Since f(z) belongs to the class P%(p, A,0), from (3.6) we have

i(ap+n . - bp+n)2p+n = A(zp e i bp—il-nzp+n) (i cnzn) g (3.23)
n=1 =1

n=1

Equating the coefficients of zP*™ on both sides of (3.23), we have

n-1
Ap+n + bp.|.n = A(Cn = Z bp+mcn—'rn), (324)
=1

which, in view of (3.18), yields

A
ap+n + bp+n = % -~ zn+1 ( Z bp+mz )dz. (325)

Consequently, by using Schwarz’s lemma [3] once again, we find that

2m
1
lap+n + bp+n| < —/ l]. &= Z bp+ Tmc1m9|d0

e [ E )

m=1

SN T bpsmr™ (3.26)
m=1

%(1 + § byt )
m=1

IN
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Since (3.26) holds true for any r(0 < r < 1) and since

n

-1
p—a ]
2 bpm S Sy (eNineN), (3.27)

m=1

by Lemma 1, we have

2p+1-2a
lap+n + bptn| < A(m) (3.28)
Hence we obtain
lap+nl < laptn + bptn| + [bptnl
2p+1-2a p—a
& 2
—A( p+1—a)+p+n—-a 28]
because P
n R s N; N 3 i
bprn S P22 (pENineN) (3.30)

again by Lemma 1.
Similarly, with the aid of Lemma 2, we can prove

Theorem 10. Let the function f(z) defined by (1.1) be in the class R} (p, A,0).
Then

202 +2p+1— (2p+ 1) p(p — @) .
Ia”+n|SA( (p+1)(p+1-a0a) )+(p+n)(p+n—a) (e N EN). (S8

Theorem 11. Let the function f(z) defined by (1.1) be in the class P (p, A, B) for

—1<B<0,0<A<L], and R(ap4n) 20 (n=1,...,k=p—1).
Then
p—a
n| <A-— —— : ; A
l@gan] £ B+p+n—a(p€NCEN) (3.32)

Proof. Since f(z) € PX(p, A, B), from (3.6) we have

> (@pin + bpsn)2”*™ = [(A = B)2® = Y (Bagen + Abpin)27t|w(z).  (333)

n=1 n=1

We thus find that

> (@ptn +bprn)2™ = = D _[(Bapin + Abpyn)z"w(2), (3.34)
n=0 n=0

where

o0
ay =1, by = =1, and w(z) = Z Emi g™ .

m=0
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Equating the coefficients of 2™ on both sides of (3.34), we obtain

m—1

Apt+m + bptm = — Z (Bap+n + Abpyn)em—n- (3.35)

n=0 -

Hence, from (3.34) and (3.35), we find that

Z(ap+n + bp4n)2™ + Z Enz"
n=0 n=m++1
m—1
= = Y [(Baptn + Abpin)z"w(z) (m€N) (3.36)
n=0

for some coefficients E,,.

Using |w(z)} < 1 for z € U and Parseval’s identity [3] on both sides of (3.36), we
obtain

m m o0

n=0 n=0 n=m++1
m—1
< Y |Bapin + Abpyn|*r?m. (3.37)
n=0

Letting » —+ 1 in (3.37), we obtain

m—1

|ap+m + bpeml® < D [1Bapin + Abpyn|® = [apsn + bpinl?]- (3.38)

n=0

Setting m = k — p in (3.38), we are led finally to the inequality:

k—p—1 k—p-1
lar +b[* < (A= B)* = (1-B)® Y lapsnl> = (1= 4%) > |bpinl?
n=1 n=1
k—p—1
_2(1 - AB) Z §R(a‘IJ+n)bP+ﬂ- (k =p+1l,p+2,p+3,.. ) (339)
n=1

Since by, > 0(p € N;n € N), making use of the inequalities assumed to hold true in
Theorem 11, we find that

lak +bx|<A-B (k=p+1,p+2,p+3,...;p€eN), (3.40)

that is, that
lapn +bpyn| <A—B (peN;neN). (3.41)
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Hence, by using (3.30) and (3.41), we obtain

Ia':D+n| S |ap+n T bp+n| - = Ibp+n|

p—a
<A-B+ ——r— N N). .
< +p+n—a (preN,n€eN) (3.42)

This completes the proof of Theorem 11.
Finally, the result of Theorem 11 is sharp for
flz) 1—-A0"

g(z) 1-Bzn ey
and e
g(z) =2 — ETI:B——EZPM’ (3.44)

Corollary 1. Let the function f(z) defined by (1.1) be in the class P§(p, A, B) for

-1<B<0,0<AL]1, and R(ap4n) 20 - (n=1,...,k—p-1).

Then 3
nl <A-—B4+ —— N; ; 4
lasinl < +p+n (peN;n eN) (3.45)
The result is sharp.
Remark 4. Since
P
D W—se¥

is decreasing in n, Theorem 11 gives us the inequality:

|ap+n|§A—B+;€_;—(_1a- (peN;n eN) (3.46)

for f(z) € Pi(p,A,B)(—1 < B <0;0 < A <1) satisfying the condition:
Rlagpan) 20 (n=1,...,k—p—1).
With the aid of Lemma 2, we also have
Theorem 12. Let the function f(z) defined by (1:1) be in the class R (p, A, B) for
-1<B<0,0<AL1, and R(ap+n) 20 (n=1,...,k—p—1).
Then

lapsnl < A= B+ z;l(’p—frz —5 PeNneN. (3.47)

The result is sharp for
f(z)  1-—A2"

g(z)  1—Bzn A
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and
. p(p— o) i
g == (p+n)(p+n—a)zp+ ’

(3.49)

Corollary 2. Let the function f(z) defined by (1.1) be in the class Ry(p, A, B), for

—1<B<0,0<AK<L1, and R(ap4n) >0 (n=1,...,k—p-1).

Then )
i ;
[T SA—B+W (peN;neN). (3.50)
The result is sharp.
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