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SOME PROPERTIES OF MAXIMAL COMMA-FREE CODES

CHEN-MING FAN AND H. J. SHYR

Abstract. A code A over a finite alphabet X is a comma-free code if A2NXTAXT = 0, where
X is a finite alphabet containing more than one letter. This paper is a study of some algebraic
properties of finite maximal comma-free codes. We give several characterizations on two-element
comma-free codes and maximal comma-free codes. Let X™ = X" U X"+l yu...uX™. We prove
that for n > 3, a maximal comma-free code in X™ is a maximal comma-free code in the region
XM UX™, m < n/2. We also obtain that for X = {a, b}, a maximal comma-free code in X3 is
a maximal comma-free code; a maximal comma-free code in X* is a miaximal comma-free code
in X7, for every n > 4, there is a maximal comma-free code in X™ which is not a maximal
comma-free code.

1. Introduction and Definitions

In this paper we let X be a finite alphabet consisting of at least two letters. Let X* be
the free monoid generated by X. Every element of X* is called a word and every subset of
X* is called a language. The empty word is denoted by 1 and we let X = X*\{1}. The
length of a word w is denoted by ig(w). A word f € X% is a primitive word if f is not
a power of any other word. The set of all primitive words over X will be denoted by Q.
The catenation of two languages A and B is the set AB = {zy|z € A,y € B}. A language
A C Xt is a code if for any z;,y; € A, the condition z123 -2, = Y1Y2 ** * Ym always
implies that m = n and z; = ¥;, ¢ = 1,2,---,n. Prefix codes, infix codes, comma-free
codes and intercodes of index n are known codes. We give their definitions as follows:
Let AC XT.

(1) A is a prefix code if AN AXT = 0.

(2) Ais an infix code if for z,y,u € X*,u € A and zuy € A together imply that zy = 1.
(3) A is a comma-free code if A2N X +AX =,

(4) A is an intercode of index n if AMTI N XTA"XT =0.

An intercode of index 1 is a comma-free code. A comma-free code A is said to be a
mazimal comma-free code if for any u € Q \ A, AU {u} is not a comma-free code. ([2],
[3]) If a prefix code is used, the decoding process has to be done starting from the very
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left end. But for the comma-free code case, we can pick up a code word in the sequence
formed by a comma-free code from anywhere in the sequence. Therefore, for the decoding
preocess, the job can be done not only start by any end of the sequence but also can
be done from anywhere inside the sequence. In this paper we study some properties of
comma-free codes and maximal comma-free codes in a certain region K, where K C X .
For convinence we let Q) = QU {1} and for n > 2, Q™ = {f"| f € Q}. In the sequel
we need the following known results (see [3]):

Lemma 1.1. (1) If z,y € X and zy = yz, then = and y are powers of a common
primitive word. (2) For anyn > 1, z,y € X+, zy € Q™ if and only if yz € Q™.

In order to develop our theory we need to define the following terms: In the last part
of this paper, we need the concept of skeleton of a word and some sets Ly, Ls. Every
w € X can be written in the form

ki _ka |

— & kﬂ
w=a;'as’---a

n ?

where k; > 1 and a; # a;41 € X,1=1,2,---,n — 1. The skeleton of w is the word
sk(w) = a1as - - - an.

Let u,v € X*. We say that

(i) uis a prefiz of v if v = ux for some ¢ € X*;
(ii) w is a suffiz of v if v = zu for some z € X*;
(iii) v is a subword of v if v = zuy for some z,y € X*.

We use the notation u <, v (u <, v) to means that u is a prefix (suffix) of v. We denote
the set of all subwords of v by

E() ={ue Xt | zuy =v,z,y € X*};

The word u is an inter-subword of v if v = zuy for some z,y € X*. We denote the set of
all inter-subwords of v by

Ew)={ue Xt | zuy=v,z,y € X*}.
For a language L C X, let
E(L) ={E(v)lv € L}; E(L)={E(v) | v € L}.
We also define the sets L, and L, as follows,

Ly={z € X% | zy € L for some y € X*};
Lsz{yex"'|a:y€Lforsome:ceX+};
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2. Elementary Properties of Comma-free Codes

In this sequel we will deal with comma-free codes which are maximal in K, that is
A C K, A is a comma-free code such that for any u € K \ A, the set AU {u} is not a
comma-iree code. In particular, we are interested in the case that K = X™ for some
m > n, where X[* = X" U X" U...U X™. In this section, we deal with K = X?. Let
X = {a,b}. We will see that, for K = X2, the comma-free codes {a, b}, {ad}, {ba} are
maximal comma-free codes in K.

A singleton set is not always a comma-free code. The following proposition is a
characterization of one word which is a comma-free code.

Proposition 2.1. Let u € X*. Then the following are equivalent:
(1) v ¢ Q;

(2) u? = zuy for some z,y € X+;
(3) {u} is not a comma-free code.

Proof. (1) = (2) and (2) = (3) are immediate. (3) = (1) follows from Proposition
2.4 ([2]).

From the above result we see that for a word v € X, u is primitive if and only if
u? # zuy for any z,y € X+. Also a language {u} is a comma-free code if and only if u
is primitive.

The following is immediate.

Proposition 2.2. Let X = {a,b} and let A C X+ be a comma-free code.

(1) f XNA#0, then ACX.
(2) If X2N A #0, then A = {ab} or A = {ba}.

We note that the sets X, {ab} and {ba} are in fact maximal comma-free codes over
X = {a,b}. Let A C X*. We call 4 an n-comma-free code (see [3]) if every n elements
from A is a comma-free code. It is known that for n > 3, every n-comma-free code is a
comma-free code (see [2]). A word v € Xt is said to be non-overlapping if u = vz =
yv, v,z,y € X* implies v = 1 (see [3] ). The set of all non-overlapping words over X
will be, as usual, denoted by D(1).

Proposition 2.3. ([2]) Every 2-comma-free code is an infiz code.

Since every infix code is a prefix code which is also a suffix code (see [3]), we see that
every 2-comma-free code is a prefix code and also a suffix code.

Proposition 2.4. ([1]) Let X = {a,b} be an alphabet and u € Q. Then {u} is a
mazimal comma-jree code if and only if lg(u) = 2.

Lemma 2.5. ([3], Proposition 11.2) Let A C Xt+. Then A is a comma-free code if
and only if A is an infix code and AN A A, = 0.
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We note that if a language A C X7 is such that AN A;A, = 0, then A C Q. Since
every uniform code is an infix code, the following lemma is a direct consequence of Lemma
2.5

Lemma 2.6. Let A C Q be a uniform code. Then A is a comma-free code if and
only if AN A, A, = 0.

3. Characterizations of Two-element Comma-free Codes

In this section we give the characterization for two-element comma-free codes. First
we define some terms.

Let u,v € X*. We say that the word v is a conjugate of u if u = zy and v = yz for
some 7,y € X*. The conjugate relation is then an equivalence relation defined on X*.
Thus, for u € X, if we let [u] = {v € X*| v is a conjugate of u}, then [u] forms an
equivalence class. If u € ), then we call [u] a primitive conjugate class. If two words
u # v are such that u is a conjugate of v, then we call the pair {u,v} a conjugate pair.
It is clear that if {u,v} is a conjugate pair, then Ig(u) = lg(v).

We call the pair {u,v} a coconjugate pair if there exist z,y,z € X+ and k > 1 such
that one of u,v is of the form, say v = (zy)*z and the other v = z(zy) or v = (yz)=.
We note that for k = 1 and 2z = z, the coconjugate pair {u,v} is a conjugate pair. There
exists a conjugate pair which is not a coconjugate pair. For example the pair {ab,ba} is
such an example.

Let u,v € X*. We say that {u,v} is a quasi-conjugate pair if there exist z,y,z € X*
such that (1) one of u,v is zyzz and the other is xzy; or (2) one of u,v is yzz and the
other is zy. We note that for the case z = 1 in the above definition, the length of u is
the same as the length of v and the quasi-conjugate pair is then a conjugate pair.

The following is a characterization of a two-element comma-free code.

Proposition 3.1. Let u,v € Q,u ¢ E(v) or v ¢ E(u). Then the set {u,v} is a
comma-free code if and only if the following two conditions hold:

(i) {u,v} is not a quasi-conjugate pair;
(ii) {u,v} is not e coconjugate pair.

Proof. Without loss of generality, we let lg(u) > lg(v) and v ¢ E(u).

(=) Suppose (i) is not true. Then there exist z,y,z € X* such that (say) (1)
u = zyzz, v = zzy. We have that v?> = zzyzzy = zuy holds. If it is the case (say) (2)
u = yzz, v = zy, then u? = yzzyzzr = yzvze. Both cases then lead to that the set {u,v}
is not a comma-free code.

Suppose the condition (iz) is not true. Then, without loss of generality, there exist
z,y,2 € XT, k > 1 such that (say) u = (zy)*z, and v = z(zy) or v = (yz)z. (a)
If v = z(zy), then vu = z(zy)(zy)*z = z(zy)*zyzr = zuyz. (b) If v = (yz)z, then
w = (zy)*zyzz = (zy)(zy)*zz = (zy)uz. Both cases imply that {u,v} is not a comma-
free code and condition (i) holds.
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(<) Suppose {u,v} is not a comma-free code. Since u and v are primitives, for some
,y € X, one of the following holds:

) u? = zvy; (2) v? = zuy; (3) uv = zuy; (4) uww = zvy; (5) vu = zuy; (6) vu = zvy.
If (1) holds, since v ¢ E(u), then v = vyv,, for some v1,vs € X, such that

= By =y, (3-1)

Since lg(u) > lg(v), we have lg(v,) < lg(y) and lg(vy) < lg(z). Thus, from Equation
(3-1) there exists a word u’ € X* such that z = vau/, y = u'v;, and then

u = vou'vy, V= v10s.

Hence the set {u,v} is a quasi-conjugate pair, a contradiction.
If (2) holds, then u = ujug,u;,us € X+, such that

vV = Tu; = Ugy- (3-2)

Since Ig(u) > lg(v) we have lg(u1) > lg(y), lg(uz) > lg(z). Thus, from Equation (3-2),
there exists a word u' € X* such that u; = u'y, us = zv/, and then

u=u'yzv', v =zu'y.

Hence the set {u,v} is a quasi-conjugate pair, a contradiction.
If (3) holds, then there exist uy, uz,v1,v2 € X, such that u = ujus, v = v,v2 and

UV = U UV1V2 = TUY,

where Ig(u1) = lg(x), lg(v2) = lg(y). Thus we have
U= UjUy = Uali.
By Lemma 1.6 ([3]) there exist w,z € X, such that
up = wz,us = (wz)*w,v; = zw, for some k > 0,
and then
u = (wz) 1w, v = zwus.

This shows that {u,v} is a coconjugate pair, a contradiction.
Similarly if (4) holds, then

k41

v=(wz)""w, u=zwus

for some ug,w,z € X* and {u,v} is a coconjugate pair, a contradiction.

Conditions (5) and (6) are the interchange of u and v of conditions (3) and (4). Thus
if conditions (5) or (6) hold, then {u,v} is not a comma-free code. We then conclude
that if both the conditions (i) and (i7) hold, then {u,v} is a comma-free code.

Corollary 3.2. Let u,v € QN X" n > 1. Then the set {u,v} is a comma-free code
if and only if the following two conditions hold:
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(i) {u,v} is not a conjugate pair;
(ii) {u,v} is not a coconjugate pair.

Proposition 3.3. Let ACQNX",n>2. Then A is a comma-free code if and only
if the following three conditions hold:

(i) ANA;A, =0;
(ii) For every u,v € A, {u,v} is not a conjugate pair;
(iii) For every u,v € A, {u,v} is not a coconjugate pair-

Proof. (=) Suppose A is a comma-free code. Then by Proposition 3.1 [2], (i) holds.
By Corollary 3.2, conditions (i4), (4i7) hold.

(«<) Let u,v,w € A. By Corollary 3.2, each pair {u,v}, {u,w}, {v,w} is a comma-
free code. This fact together with the condition (¢) on the set 4, we see that {u,v,w}
is a comma-free code. It follows that the set A is a 3-comma-free code. Since every
3-comma-free code is a comma-free code (Lemma 4.3, [2]), A4 is then a comma-free code.

4. Maximal Comma-free Codes in a Certain Region K, K C X+

In this section we show that a maximal comma-free code in X? is a maximal comma-
free code over X = {a,b}. We also prove that a maximal comma-free code in X* is a
maximal comma-free code in X{ which then may not be a maximal comma-free code. In
general, a maximal comma-free code in X™,n > 4, may not be a maximal comma-free
code. '

Let X = {a,b} and let € X*+. We call the word y € X+ the dual word of z if y
is the word obtained from z by replacing each letter @ occurs in z by the letter b and
each letter b occurs in z by the letter a. We denote the dual word y of z by Du(z). For
example, if z = a®b, then Du(z) = b%a is the dual word of z. If L is a language, then
the dual language of L is the language

Du(L) = {Du(z)|z € L}.

It is clear that if L is a comma-free code, then Du(L) is also a comma-free code.
Moreover, if L is a maximal comma-free code in a region X™, then Du(L) is also a
maximal comma-free code in the same region.

Proposition 2.2 gave some information on maximal comma-free codes over X , where
X = {a,b}.In fact, it pointed out that the sets X, {ab} and {ba} are maximal comma-free
codes over X = {a, b}. From this fact, we are able to state the following:

Proposition 4.1. Let X = {a,b}. If A C Xt is a mazimal comma-free code in a
region K, K C X, then A is a comma-free code in the region K U X7,

In the following we deal with the maximal comma-free codes in X2 and in X4. In
1989, C. Y. Hsieh has listed all the maximal comma-free codes in X2 and in X4 in her
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M.S. Thesis. We now do a further investgation on the properties of maximal comma-free
codes in this area.

Proposition 4.2. Let X = {a,b}. If A C X3 is a comma-free code, then |A| =1 or
2. Each comma-free code A C X3 with two elements is a mazimal comma-free code.

Proof. By Lemma 2.1, A = {u} is a comma-free code if and only if u € Q. Thus a
comma-free code with one element in X3 exists. Now consider the case A = {u,v} C X3.
All the primitive words of length three over X = {a,b} are in the set

B = {a®b, aba, ab?, ba?, bab, b*a}.

Let A = {u,v} C B. If the number of the letter a in u is the same as the number of the
letter a in v, then A = {u,v} is a conjugate pair and hence, by Corollary 3.2, {u,v} is
not a comma-free code. It is clear that {aba,bab} is not a comma-free code. The rest of
the pairs are

{a%b,ab?}, {a?b, bab}, {a®b, b%a}, {aba, ab?}, {aba,b%a}, {ab?,ba’}, {ba®, bab}, {baz; b%a}.

Since, in each pair in the above, the number of the letter a in u is not equal the number
of the letter a in v, hence {u,v} is not a conjugate pair. By observation these pairs
are also not coconjugate pairs. Hence by Corollary 3.2, the above pairs are comma-free
codes. It is then clear that the 8 pairs in the above are the only comma-free codes with
two elements of length 3.
It remains to see the case that A C X3 N Q with |4| > 3. In fact if |A] > 3, then at least
two words in A have the property that the number of letter a in both words v and v
are equal. By the previous argument we see that A is not a comma-free code. We then
conclude that the only comma-free codes with two elements in X are those 8 pairs listed
in above. It is also clear that the two elements comma-free codes are maximal in X?3.

The above 8 pairs of maximal comma-free codes in X 3 are in fact maximal comma-
free codes over X. To show this fact, suppose A is a maximal comma-free code in X3.
Then

AN {a®b,aba,ba’} #0 (4-1)

and AN {ab?,bab,b’a} # 0. To show that A is a maximal comma-free code, by Propo-
sitions 2.1 and 2.2, we need only show that for any v € X" NQ,n >4, AU {v} is not a
comma-free code.

We consider for a? € E(v) and a? ¢ E(v).

(1) If ® € E(v), then clearly a?b, ba? are both in E(v?). Thus both a?b € A and ba® € A
imply that AU {v} is not a comma-free code. Hence by Equation (4-1), aba € A and
by observation,

ba € A or ab® € A. (4 —2)

But since aba € A, we have that all of aba € E(v),ab <; v and ba <, v imply AU{v}
is not a comma-free code. Hence b* € E(v). But this implies that b%a,ab® € E(v?).
By Equation (4-2), AU {v} is not a comma-free code.
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(2) If a® ¢ E(v), then b® € E(v) or v = (ab)ka,k > 2. If b2 ¢ E(v), then by similar
argument to (1), we can show that AU {v} is not a comma-free code. If v = (ab)ta,
then aba € E(v) and a®b,ba® € E(v?). And all cases imply AU {v} is not a comma-
free code.

From (1) and (2), it is then clear that A is a maximal comma-free code over X = {a,b}.
Remark. The above result is in fact pointed out by Hsieh in [1] without proof.
The following is a characterization of a maximal comma-free code.

Lemma 4.3. Let A be a comma-free code. Then A is mazimal if and only if for any
u € Q\ A, one of the following conditions holds true:

(i) u € E(4?),

(i) E(Au)N A # 0,
(iii) E(ud)N A #0,
(iv) E(u?) N A #0,
(v) u € E(Au),
(vi) u € E(uA).

Proof. Since A is a comma-free code, by definition, A2 N X+AX+ = . Now if A is
maximal, then, since u € Q\4, by the definition of maximality,

(AUu{u})’nXH (AU {u}) Xt £0.

The word u is primitive, by Proposition 2.1, u? # zuy for any z,y € X*+. Thus one of
the following conditions must hold:

(1) A2 X+uX+ 0,
(2) Aun X+AX+ 0,
(3) AunXtuX™t #£0,
(4) wANX+AX* £,
(5) uAn X+uX* £ 0,
(6) u?NX+AX+ £,

It is clear that one of the conditions (i) — (vi) must hold.

Conversely if one of the conditios (i) — (vi) holds, then A is a maximal comma-free
code.

We present a known lemma which we need in the following proposition.

Lemma 4.4 (see [4]) Let X = {a,b,...} such that a # b. Then for anyu € X, either
ua or ub is primitive.

Proposition 4.5. Let n > 2. If A is a mazimal comma-free code in X™ and v € Q
with Ig(v) < §, then AU {v} is not a comma-free code.
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Proof. Suppose A C X" is a maximal comma-free code in X", Let v € @ with
Ig(v) < &. We want to show that AU {v} is not a comma-free code. If v € E(A), then
clearly AU {v} is not a comma-free code. Thus in this proof we need only to consider
for the case that v € @ and v ¢ E(A).

Consider a word u = vzv € X™ N Q, where z € XT. Since, by Lemma 1.1 (2), the
word vzv is primitive if and only if v?z is primitive, by the above lemma, such a word u
exists. :

If u € A, then v € E(A) and which is not the case. Thus u ¢ A. As A is a maximal
comma-free code in X™, we have that AU {u} is not a comma-free code. It follows that
one of the following conditions must hold. '

(1) wiws = zuy, for some wy, w2 € A,z,y € XT;
(2) u? = zwy, for somé w € A,z,y € XT;
(3) wiu = zwsy, for some wy,wy € A,z,y € X,
(4) vw; = zwsy, for some wy,ws € A,z,y € XT;
(5) uw = zuy, for some w € A,z,y € XT;
(6) wu = zuy, for some w € A,z,y € X,

We will show that some of the conditions can never valid and the others will lead to that
AU {v} is not a comma-free code.

If the condition (1) holds, then wyws = zuy = zvzvy, and either v € E(w;) or
v € E(w2). This is not the case. Hence the condition (1) can never be true.

If the condition (2) holds, then vzvvzv = zwy. Since lg(w) = lg(vzv), we see that
v € E(w) and w € A, not possible.

If the condition (3) holds, then wivzv = zwsy. Since v € E(A), there exist vy, v, w11,
wyp € X1 such that v = v1v; and wy; = wiwyg, and we = wyavy. Thus wiv = wiwavs,
with wy,ws € A.

If condition (4) holds, then vzvw; = zws,y and since v ¢ E(A), there exist viva, w11,
wyy € X1 such that v = vive and w; = wjiwie and wy = wvows;. It follows that
vw; = viwewio With wy,ws € A.

If condition (5) holds, then vzvw = zvzvy. Since v ¢ E(A) we must have lg(vy) >
lg(w) and there exists r € Xt such that rw = vy. If Ig(r) = lg(v), then 7 = v which
then implies that w = y. From the equation vzv = zvzv we see that £ = 1, not possible.
If ig(r) > lg(v), from vzvw = zvzvy = Tvzrw, we have vzv = zvzr and hence lg(vz) >
lg(zvz), not possible. If it is the case that lg(r) < lg(v), then, from the condition that
vzvw = zvzvy along with the fact that lg(vy) > lg(w) and rw = vy, we see that v = v'r,
for some v € XT. It follows that vw = v'rw = v'vy. '

If the condition (6) holds, then wvzv = zvzvy. Since v ¢ E(A), we must have
lg(zv) > lg(w) and there exists r € X% such that wr = zv. If Ig(r) = lg(v), then
v = r and r = w. From the equation vzv = vzvy, we have y = 1, not possible. Now
if Ig(r) > lg(v), then lg(w) < lg(z) and from the equation wvzv = zvzvy, we see that
lg(zv) > lg(zvy), not possible. If it is the case that lg(r) < lg(v), then from the condition
that wvzv = zvzvy along with the fact that lg(zv) > lg(w) and wr = zv, we see that
v = rv’ for some v’ € X*. It follows that wv = wrv' = zvv'.
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Summing up our proof, we have that the conditions (1) and (2) can never hold true.
Thus one of the conditions (3) - (6) must hold. In either case we see that the set AU {v}
is not a comma-free code. This completes the proof of the proposition.

Proposition 4.6. Ifn > 2 and A C X7 is a mazimal comma-free code in X™, then

A is a mazimal comma-free code in X*UX™, where m = 2 —1 if n is even and m = "T‘l
if n is odd.

We remark here that by the duality of the letters a and b, that the number of (max-
imal) comma-free codes in X™, n > 1 is always even.

Lemma 4.7. Let X be an alphabet and let A be a comma-free code in X™,n > 1. Let
v € X' and let AU {v} be a comma-free code. Then for some z € X+, vz € X"NQ,

AU {vz} is not a comma-free code if and only if
(x) vzZANXT(AU{vz}) XT # 0.

Proof. («) If the condition (*) holds, then either (vz)(w) = zw'y, w,w' € A,z,y €
X+, or (vz)(w) = zvzy, w € A,z,y € Xt. But both cases imply that AU {vz} is not a
comma-free code.

(=) Suppose A U {vz} is not a comma-free code. Since A is a comma-free code and
vz € @, then one of the following conditions holds :

(1) A2NXTvzXT #0,
(2) vzANXTAXT £,
(3) vzAN XtvzXt #£0,
(4) AvzN XTAX* £,
(5) AvznN XtvzXt £ 0,
(6) (vz)’ NXTAXT £0.

If (1) holds, then A2 N X*tvX* # 0. This contradicts that AU {v} is a comma-free
code.

If (4) holds, then there exist z,y € X1, wy,ws € A, such that wyvz = zwsy. Now
if ig(z) = Ig(y), then v is a suffix of wy € A. This is not possible, since AU {v} is a
comma-free code. If ig(z) < lg(y), then wyv = zwyy' for some y' € X*. This is also
not possible since AU {v} is a comma-free code. Finally, if lg(z) > lg(y), we have then
wivz’ = zws,z’ € XT. In here lg(vz') < lg(vz) = lg(w;y) and v is an inter-subword of
wz, not possible, since AU {v} is a comma-free code. This shows that condition (4) can
never be true.

If (5) holds, then there exist z,y € X+, w € A such that wvz = zvzy. Since lg(zy) >
l9(z), there exist 2/ € Xt such that wv = zvz'. The set {w,v} is not a comma-free code,
* contradicting that AU {v} is a comma-free code. Therefore condition (5) can never be
true.

If (6) holds, then there exist z,y € X+ and w € A, such that vzvz = zwy. It is easy

to see that {vz,w} is a conjugate paur Hence w? € X+’UX+ and AU {v} is then not'a
comma-free code.
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By above discussion, we have that condition (2) or (3) must hold. Thus (%) holds.

Remark. In the above result if in addition the word vz is non-overlapping i.e.,
vz € D(1), then AU {vz} is not a comma-free code if and only if vzZAN X+TAXt # (.

To prove this fact, we first

Claim: If vz € X*N D(1), then vzAN XTvzX* = 0.

For this proof, if vzA N XtvzXt+ # 0, then there exists w € A such that vzw =
zvzy, z,y € X1. Now let v = vz. Then there exist uj,uz,wi,wz € X+, such that
U= Ui, W = wywy and :

UW = UL U2W1We = ZUIUY,

where lg(u;) = lg(z), lg(wz) = lg(y). Since u,w € X™, we have
UIU = UWi.
By Lemma 1.6 ([3]) there exist 21,22 € X, such that
U = 2122,Us = (zlzg)’“zl,wl = 29z, for some k > 0.

Thus u = uyus = (2122)* 121, and vz = u ¢ D(1). Hence vzAN XTvzX+ = 0.

Now it is clear that for the case vz € D(1), if AU {vz} is not a comma-free code,
then condition (3) does not hold and hence condition (2) must hold. We note that if
condition (2) holds, then clearly AU {vz} is not a comma-free code.

Corollary 4.8. Let X be an alphabet and A be a comma-free code in X",n > 1,
v € X1, Suppose AU{v} is a comma-free code. Then if for some z € X+, zv € X"NQ,
we have AU {zv} is a not a comma-free code if and only if

(x%) AzvNXT(AU{zv})XT #0.

Moreover, if zv € D(1), then we have A U {zv} is a not a comma-free code if and
only if

(xx) AzvNXTAXT #0.

The mirror image of & word T = aas .. .ay, where a; € X, denoted by Z, is the word
% = anan_y -..a1. It is immediate that for any f € Q,f € Q. Let L C X*. We let L be
the set consist of all mirror image of words in L.

Lemma 4.9. Let X be an alphabet and A be a mazimal comma-free code in X™,n > 1,
veEQRN Xln_l. Let © be the mirror image of v. Then AU {v} is not a comma-free code
if and only if AU {0} is not a comma-free code.

Proof. Since the mirror of AU {v} is AU {#}, by Proposition 11.2 ([4]), The lemma,
is immediate.

Lemma 4.10. Let X = {a,b} and let A be a mazimal comma-free code in X™,n > 3.
Then for v € {a'b, ab?,bat,b'a|l <i <n—2}, AU {v} is not a comma-free code.

Proof. Suppose AU {v} is a comma-free code.
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The case v = a’b.

Let A be a maximal comma-free code in X™. If a®~1b € A, then a’b is a suffix of
a™ 'b and hence AU{v} is not a comma-free code. Now suppose a™ b is not in A. Then
since A is a maximal comma-free code in X", we have AU {a"~'b} is not a comma-free
code. Then by the Corollary 4.8(*x)’, there exist x,y € X such that

w1a™ " 1b = zwyy, where wy, wy € A.

Let k = lg(z). Then k < n and wya* = zw,. If k < i, then wya’d = zwya'~*b. The set
AU {a’b} is then not a comma-free code. If k > i, then since a* <, wy and ws € Q,
a'b € E(w?) is true. Hence A U {a*b} is not a comma-free code.
The case v = bla.

This is a dual case and so by a similar argument we can show that A U {v} is not a
comma-free code.
The case v = ba'. _

Since ba® is a mirror image of a'b, if ba™! is in A, then AU {v} is not a comm-free
code. Otherwise AU {ba" '} is not a comma-free code. By the Remark after Lemma
4.7, there exist z,y € X, such that

ba™ lw; = zw,y, where w;,ws € A.

Let k = lg(y). Then k < n and a*w; = wyy. If k < 4, then ba‘w; = ba~*wyy. Hence
AU {ba’} is not a comma-free code. If k > i, then a* <, ws. Since w; € Q, bai € E(w3)
is true. It follows that, the set A U {ba'} is not a comma-free code.

The case v = ab'.

This is a dual case and by a similar argument as the above we can show that AU {v}

is not a comma-free code.

Corollary 4.11. Let X = {a,b} and let A be a mazimal comma-free code in X™, n b
3. Then A is a mazimal comma-free code in X™ U {a’b, ab, ba’, bla|l < i < n — 2}.

Lemma 4.12. Let X = {a,b} and let A be a mazimal comma-free code in X™,n >4,
veEQNX3 Then AU {v} is not a comma-free code.

Proof. First we note that
X' 5 Q = {a®b,ab?,ba?,b%a} U {aba, bab}.

If v € {a®b, ab?, ba?, b%a}, then by Lemma 4.10, AU {v} is not a comma-free code.

If v € {aba, bab}, then by the definition of dual word, we need only consider v = aba.
Suppose A U {v} is a comma-free code. Then we have that ba ¢ Ap, ab ¢ A and
aba ¢ E(A).

(1) n is odd.
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In this case we consider the word (ab)fa = vz € X" N, k > 2. As aba ¢ E(A), we
see that (ab)®*a ¢ A. Since A is a maximal comma-free code in X", AU {vz} is not a
comma-free code. Thus by Lemma 4.7, there exist z;,y; € X1 such that one of the
following conditions holds:

(1-1) w(ab)*a = x, (ab)*ay;, where w € 4;

(1-2) wy (ab)*a = z1woy1, where wy,ws € A.

If (1-1) holds, then {w, (ab)*a} is a coconjugate pair and then ab <; w. Thus wv €
X*tyX™*. The set AU {v} is then not a comma-free code, a contradiction.

If (1-2) holds, then since ab ¢ A, and aba ¢ E(A), then we have that wia = zyws
and then wv = zywsba € X+Tw, XT. It follows that the set A U {v} is not comma-free
code, a contradiction. This show that n odd can never be true.

(2) n is even.

We consider the word a(ab)*a = zv € X" NQ, k > 1. As aba ¢ E(A), we see that
a(ab)®a ¢ A. Since A is a maximal comma-free code in X™, we have that the set A U
{a(ab)*a} is not a comma-free code. By Corollary 4.8, there exist z1,y; € Xt such that
one of the following conditions holds :

(2-1) wa(ab)*a = x1a(ab)*ay;, where w € A;

(2-2) wya(ab)*a = z1wsy1, where wy,ws € A.

If (2-1) holds, then {w,a(ab)*a} is a coconjugate pair and a(ab)® <; w. Thus wv €
XtvXt.

If (2-2) holds, then since ab ¢ A; and aba ¢ E(A), then we have that wia? = z;ws.
Thus a? is suffix of ws.

Now consider vz = (ab)*a® € X" N Q,k > 1. As (ab)*a® ¢ A, the set AU {(ab)*a?}
is not a comma-free code. Again by Lemma, 4.7 there exist z2,72 € X such that one of
the following conditions holds :

(2-2-1) (ab)*a’®w = z3(ab)*a?y,, where w € A;

(2-2-1) (ab)*a’ws = zow4y,, where w3, wy € A.

If (2-2-1) holds, then {w, (ab(ab)*~la)a} is a coconjugate pair and b(ab)*~'a® <,
w. Thus vw € XTuX*. It follows that the set AU {v} is not a comma-free code, a
contradiction.

If (2-2-2) holds, then, again, since ba ¢ A, and aba ¢ E(A), then we have that
a’ws = ways. But a? <, wa, we have that wows € X*tw,X*. This then implies that
A is not a comma-free code, a contradiction. We then conclude that n even is also not
possible. Therefore under the assumption in the lemma, AU {v} is not a comma-free
code. '

Th following is now clear.

Proposition 4.13. Let X = {a,b} and let A C X™,n > 4 be a mazimal comma-free
code in X™. Then A is a mazimal comma-free code in X™ U X3.

Corollary 4.14. Let X = {a,b} and A C X* be a mazimal comma-free code in X*.
Then A is a mazimal comma-free code in X3.
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If n > 4, then not every maximal comma-free code A C X™ is a maximal comma-free
code. We will prove this fact after we present the following proposition.

Proposition 4.15. Let X = {a,b}. Then for every n > 4, there is a mazimal
comma-free code A C X" with

|A|:{2n;1’ if n is odd;
2% —1, ifniseven.

Proof. For the case n = 4, it is easy to see that the language {a®b,ab%a,ab®} is a
maximal comma-free code in X*. We then assume that n > 5.

Case I: n=2k+ 1,k > 2.

Let A = {a*zb | z € X*}. Then |A| = 2¥ = 2°7". We show that A is a maximal
comma-free code in X™. Since A C X™ is a uniform code, A is an infix code. It is clear
that A C Q. By observation the particular set A has the property that A;A, N A = 0.
By Proposition 2.6, A is a comma-free code.

For the maximality of A, suppose u € X™ N (@ \ A). Then the word u may be one of
the following two forms (1) and (2).

(1) v = a®fza, = € X*. Ia this case, since u € Q, u is not a power of the letter a.
Then z = z'ba™, for some r > 0, 2’ € X*. It is easy to see that, for some v € A, {u,v}
is a conjugate pair. By Corollary 3.2, AU {u} is not a comma-free code.

(2) u = a'bz,0 < i < k, z € X" "l In this case, since n — 1 > k and also
n—1—2>k, we have a®1b,a" " 2baib € A
and from

@ Ye=0® 1 befbe =u"(@® " %ha" b,

we see that AuN XTAX™ # 0 and AU {u} is not a comma-free code. This shows that
the language A is a maximal comma-free code in X™.

Case IL: n = 2k, k > 2. Let A = {a*'zblz € X*\ {ba*~1}}. Then |[4] =2F -1 =
2% — 1. We show that A is a maximal comma-free code in X™.

First, we show that A is a comma-free code. Since A C X™, A is an infix code. It is
clear that A C @ and by observation, the condition AN A;A, = 0 holds true for A. By
Proposition 2.6, A is a comma-free code.

For the maximality of A, suppose u € X™ N (@ \ 4). The word u may be one of the
following two forms (1) and (2).

(1) w = a*~'za, £ € XF*. In this case, again since u € @, u is not a power of the
letter a. Then z = z'ba”™,r > 0,z' € X*. We have then for some v € A, the set {u,v} is
a conjugate pair and hence A U {u} is not a comma-free code.

(2) u =a’z,0<i< k-1, £ € X? "1 In this case, sincen —1 > k — 1 and also
n—1—2>k-1,and a® 'b,a® *"2ba’b € A such that

a™ by = a" lba'br = 't (a™ " 2bat)be.
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Thus AunNXtTAXT # (@ and AU{u} is not a comma-free code. This completes the proof
that A is a maximal comma-free code in X™.

Proposition 4.16. Let X = {a,b} and letn > 4. There exists a mazimal comma-free
code in X™ which is not a mazimal comma-free code.

Proof. Suppose n = 4.
The language A = {a3b,ab%a,ab®} is a maximal comma-free code in X*. Since A U
{aba®b} is a comma-free code and so A is not a maximal comma-free code.

We consider for the case n > 5.

Case : n=2k+ 1,k > 2.

Tn this case, by Proposition 4.15, the language A = {a*zblz € X*} is a maximal
comma-free code in X™. Let u = a*b*ab € X™*! and let L = A U {u}. First, since
AN E(u) = 0, L is an infix code; second, since A is a comma-free code and u € @,
together by obvervation, L N L;L, = 0. By Proposition 2.6, L is a comma-free code.

Case II: n = 2k, k > 3.

In this case, by Proposition 4.15, A = {a* !zblz € X* \ {ba*~'}} is a maximal
comma-free code in X™. Let v = a*~'bFab € X™*! and consider the language L =
AU {u}: First, since AN E(u) = @, L is an infix code; second, again since 4 is a comma-
free code and u € @, together by observation, LN L;L, = §. By Proposition 2.6, we have
L is a comma-free code. This completes the proof that A is not a maximal comma-free
code.
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