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ON SOME SUBCLASSES OF CLOSE-TO-CONVEX FUNCTIONS

OF ORDER o TYPE o

KIIALIDA lNAYAT NOOR AND AWATIF A. HENDI

Abstract. Let Q~(a, cS) denote the cl ass of analytic functions/ in the unit clii;c E, with /(0) = o,
J'(O) = I and sati:.fyiug the condition

Ile { (l - 訌卫十謳血：
g(z) g'(z) } > o,

for z E E, g starlike function of order o(O < J <_ _ 1), 0~a~1 an<l >. complex with
Re>. ~0. It is shown that Q~(a:,o) with>.~O arc close-to-convex and t1ence ur11valent in E.
Coctlicicnt results, an integral representation for Q;_ (a, J) and some other propertieH 0

arc discussed. Tl fQ~(a,J)
1c class Qi {a, I) is also investigated in some detail

1. Introduction

Denote by S the class of functions f which are analytic and univalent in the·
di、c E{z: 丨l unit.

z < l} and are given by

00

氏）::::z +芷 a11z11
n=2

(1.1)

The subclasses S* and C of starlike and convex functions respectively are well-known
and have been extensively studied, see [6] 2
f . ) [ ] and [5]. A function

f
/ E Sis called a convex

unction o order J, 0~J~1, if, for z E E,

(zf'(z))'
Re
f'(z) > c5.

We denote this class by C(c5). Also f E S·1s a starlike function of order c5 O < c5 < I if,
for z EE, Re囧 ， ·一.. ..> b, and call this class.S*(c5). These two classes were Introduced b
Robertson [17].

y

In [10], Libera introduced the class K(a, 6) of close-to-convex functions o
type c5. A f

f order a
unction /, analytic in E and given by (1.1), belongs to the class K(a, c5),
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0 < Cl'< 1, 0 < i5.. ~1, if an<l only if, there exists a function g E S*(c)) such that, for
z EE,

Re zf1(z). . '"一＿＿ 一
g(z) > (l'..

It is clear that K(O,O):::::: J(• l, t 1c c ass of dose-to-convex umvalcnt funct.1ons introducc<l
and studied first by Kaplan in [9]. Noor [15] defined a subclass J(* (a, J) of univalent
functions as follows. A function f, analytic in E and given by (1.1), is in t.hc class
K*(a,6), 0 <Cl'< 1, 0 < o一 ~1, if and only if, there exrnts a function g E S* (15) such that.

Re
(zf'(z))'
g'(z)

>o, z EE

For a= 0, c5 = 0, the class {C(O,O) reduces to the cla.5s IC studied in (14].
We now define the following.

Definition 1.1. Let f, given by (I.I), be analytic in E anc.t'for ,\ complex with
Re>. 2 0, let

Re { (I - >.) z:~『+).(z:,'g严} > a z EE,

for some a(O $ a $ 1) and g E s·(o). Then f is said to belong to the class Q; (a, o) for
z EE.

We note that Q0(a, b) = I<(a, b) a.nd Qi (a, c5) = K*(a, c5).

Let f and g be analytic functions in E with f(z) = L~=o an玕 and g(z) = L~=o 加Zn,
then the convolution (Hadamard product) of f and g is defined by

00

(f * g)(z) =芷 an加z".
n=O

(1.2)

2. Preliminary Results

Lemma 2.1. (13] Let u = u1 + fo2 and v =Vi+ i巧 and VJ(U, V) UC a complex-valued
function satisfying the conditions
(i) 心 (u, v) is continuous in a domain D c C2,
(ii) (1,0) ED and 1/;(1,0) > 0
(iii) Reij1(iu2, vi) :S O whenever·(iu2, 叨）E D and v1 :S -t(l + uD. if h(z) = 1 +
I::=2 cmzm is a function, analytic in E, such that (h(z), zh'(z)) E D and
ReljJ(h(z), zh'(z)) > 0 for z E E, then Re h(z) > 0 in E.

The f 11 .o owmg 1s a special c邸e of a result proved in 圍 ．
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Lemma 2.2. Let p be analytic in E, p(O) = I and Re p(z) > a in E. Then, for
z E E, lzl = r, -~Je have

Re逆包 > 2(1 - a)r
p(z) - (1 - (1 - 2a)r)(l + r)' /01·r~r1,

where r1 is the uniq·ue root of lite equation

(2n - l)r4 + 2(1 - 2a)r3 - 6ar2 - 2r + 1 = O

in the internal (0, l].

This result is sharp.

(2.1)

Lernma-2.3.[16) If p(z) is analytic in E with p(O) = 1. an.d if{\ j~q c;:o:mplex number
satisfying Re>. 2: 0 then Re {p(z) + >.zp'(z)} > a, (0~o: < 1) implies Re p(z) >
a+ (I - a)(2a - 1) where a is given by

a= a(Re>.) = /1 (I+ tRe>,-1)dt,
。 (2.2)

which is an inc,easing function of Re ,\ and l~a < I. This estimate is sharp in the
sense that the bound cannot be improved.

Lemma 2.4.[20] If P(z) is analytic in E, P(O) = 0 and Re P(z) >~, z E E, then,
for any function F, analytic in E, the function P * F lakes values in the convex hull of
the image of E under F.

3. Main Results

Theorem 3.1. Let f E Q~(a,o), >. ~0. The11 f E I<(,,o) wher·e

2a + >.d1
'Y = 2 + >.01 (3.1)

and

61 = Reh(z)
一. - .. " "
lh(z)l2' Ileh(z) > o.

Proof. Let g E s• (J) and set

zf'(z)
g(z)- —=[(I - ,)p(z) + ,].

We see that p(O) = I and p is analyti·c in E. Simple calculations yield

(3.2)

{ (! - A)'{;;尸尸 }-a= { (l -1)p(z) + (, - a) +,\(I - ,\)誓 }, (3.3)
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where Re h(z) =Re所畀 > o, z EE.

Since f E Q~(o,o), H.e{(l - ,·)p(z) + (, 一 o:) + .X(l - 吁棓}> 0 in E. We form
the functional'lj,(u, v) by choosing u = p(z), v = zp'(z).
Thus

心 (u, v) = (1 - ,)u + (, - o:) + .>.(1 - ,)v
h

The first lwo conditions of Lemma 2.1 arc clearly satisfied. We verify the condition (iii)
as follows.

Ile1/;(iu2, v,) = (, - a)+ .X(l -'Y如Reh

• = ("I - o) + ,\(1 -1:;:101, (61 =鬪）
Now, for v1~-t(l + 吋 ），we have

1
Re心 (iu2, vi) S h'- a) - -,\(1 - ,),51 (1 + u.D

2
1 -

= 2[{(2, - 2a) - ,\(1 - 碼}- >.(1 - 谨l碭] -

1
=-(A+ fl吋 ），2

where

A= 2(, - a) - ,\(1 - ..\)01,
B = -.X(l - 1')ti1 :::; 0.

Re l/J(iu2, vi) :::; 0 if A :::; 0 and this gives us value of'Y 邸 defined by (3.1). We now apply
Lemma 2.1 to conclude that Re p(z) > 0 in E and hence f E K('Y,<5). 、

Corollary 3.1. Let J E Q;(,y,J), ,\ 2: 1. Then f E IC(,'1,J), whe1·e

a(2 +Ji)+ <51(.X - 1)
'Yl = 2 + .XJi'

術 is given by (3.2).

Proof. Now

訌血=[(1- ,\)~包 (zf'(z))'
g'(z) g(z) g'(z)+ ,\ ] + (,\ - 1)嶧 ＼

g(z)

for g E s• (o).
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Since f E Q;.(a,6),- we use Theorem 3.1 to have

Ile {竺芷 }>a+(辶 I) [亡 芍］
,\(0:61 + 2cr) + .M心- 1)

＝
2+ 泅

and this gives us the required result.

Corollary 3.2. Let,\ be comp區 with Re>.> 0
Re J'(z) >罟齒 _ , and f E Q;. 伍 ，1). Then, for z EE,

This result is prove<l in [8] with a different method. It can also b
<lently as follows.

e proved indepen-

Theorem 3. 2 Let f E 徵 (a:, 1), 0 < o: < I, Re>.> 0(,\ Complex). Tlwn

Ref'(z) > a1 =a+ (I - o:)(2a - 1),

where a'is given by (2.2). This bound is sharp.

Proof. Let J'(z) = p(z), p(O) = l. This implies that

J'(z) + Azf"(z) = p(z) + ,\zp'(z).

Since f E Q;.{<l', 1), Re {p(z) + Azp'(z)} > o: for z E E. We now apply Lemma 2.3 to
obtain the required result.

Corollary 3.3. Let E Qr(0,1).·Then Re f'(z) >
Tl

-1 + 2log2 = 0.39 for z E E.
te constant -l + 2 log 2 cannot be replaced bY any larger one as can be seen from the

function Jo E Qt (0, 1) defined by

zft(z) = -z - 2 log(l - z),

111is r·esult is also proved in f20} by using markedly dif]erent techniques.
We now derive the integral representation for the functions in Q;. (a, 6) as follows.

Theorem 3.3 For ,\ > 0, J E Q;. (et, 6) if and only if there exists g E s• (6) and a
closP--to conve1·Junction F of o,-der o awl type J such that

可 I (Z) =±(!J (Z)) l 一 i「(g(z)}t 一 I F'(t)dt,
。

wher-e all pQwers are me<ml as pr·iriciple values.

Proof. Let / E QI (n, 6). Then from definition 1.1, it follows that

(1 >.) zjl(z) (zf'(z))1
- - —+>.- = p(z), Rep(z) > a and g E s•(o).g(z) g'(z)

(3.4)
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Multiplying both sides by 仕 (g(z))f-勺'(z)], we have

1(X - l)zf'(z)[(g(z)) t万'(z)) + [(zf'(z))'g(z))t-1] = ip(z)[(g(z))f-1(g'(z))]. (3.5)

We see that the left-hand side of (3.5) is the exact differential of zf'(z)(g位 ））卜 1. Ilcncc,
integrating both sides with respect to z and putting p(z)g(z) = F'(z), FE K(n, <~). W<'
obtain the required result. The converse follows immediately fro111 (:3.4).

Corollary 3.4. Let /E Q~(n, 1) with O < >.:::; 1. Then J can be cxpfes這 as the
Hadamard J)mduct of the convex function

1 %
k(z) = -z1-±丨社-2 t

,\ -dt,。 1 - t
(3.G)

with

J(z) =「p(t)dt, Rcp(z) > a
。

(3.7)

for z EE.

Remark 3.1. Since, for,\~0, Q;(a,o) C J((,,J) c K, all functions in Qt(a,o),
,\~0 arc univalent in E. We notice that Q0(o:,o) coincides with th<~cla..'>s K(a,,5) and
Qf(a,8) 三 IC (a, c5) C K(a, c5). Thus we may expect that, a.5 ,.\ incrc邸cs from O to oo,
the classes Q; (o, o) decrc邸e and will be nested. We prove this fa.ct as following.

Theorem 3.4. ForO::; ,\1 < ,\, Q;(a,o) C Q;1(0:,c5).

Proof. For .\1 = 0, the proof is immediate. So we let ,\1 > O and Jct. f E Q; (a, J).
From Definition 1.1 and Theorem 3.1, we can write

zf'(z) (zf'(z))'A1 入 l
(1 - 崎詞- + Ai g'(z) =了p(z) + (1 - 訂JJ(z),

where g E s• (6) and

Rcp(z) = Re{ (1 - 狂—- + /\zf'(z) (zf'(z))'
g(z) g'(z) } > a,

lleH (z) = Ile zf'(z)....'
g(z) > , 2:: a.

(3.8)

Since the chlSs P(o:) consisti11g of I.he functions p with Ile p(z) > (.l'. in E, is a convex set.
[5], the right hand side of (3.8) belongs to P(et) and this shows that. f E Q;1 (et, o).

Theorem 3.5. Let f E Q;{n,r5), ,\ > 0 and /,c given by {1.1). Then
(i) I祠 5 杆只1 - o)

(ii) I叫 S 甜繡 [1 + 2(1-'5)(3 - -1.._.)] + !..!..=_血 主 ）．I+,\ 3
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These bounds Q,re sharp as can be seen from the function Ji E Q;. (a, 6) and defined by
(3.4) with g(z) = (l-z)~(I-.!) and F(z) = p(z)g(z), p(z) = 上tif-三钅立：
Proof." Since f E QHa, o), we can write

(1 - A)zj1(z)g'(z) = p(z)g(z)g'(z), g E s·(J), Rep(z) > o:.

Let g(z) = z + I:~=2 加z", P(z) = 1 + L~t Cn玕 Then

00 00 oo

(1 - 入）(z + 芷 na11z吁 [l + L nbnz"一' ] + 入[l + 芷 n2a,、Zn一I J
n=2 n='.l. n=2

00 00 00

== [l + L Cn玕](l + L nbn玕 J[z + 芷 bn~TIJ
n= l n=2 11=:::2

Thus

z + { (I - >.)(2b2 + 2a2) + ,\(b2 + 4a2)}z2 十- { (1 - ,\)(3b3 + 4a2b2 + 3a3)
+>.(柘= 4a2b2 + 9a3) }z3 十 . . .

2= z + (c1 + 3b2)z 十- (c2 + 3b2c1 + 4b3 + 2l月）23 十 ···(3.9)

Equating the coe血ients of 戶 and 戶 on both sides of (3.9), we have

(2 - ,\)b2 + 2(1 + ,\)a2 = C1 -1- 3b2,

and
(3 - 2>.)b3 + 4a2奶 十 (3 + 6,\)a3 = c2 + 3c1佖 十 4b3 + 2吋 ．

H·om this it folio、vs that

and

[c1 + (1 + .\)b2]
a2 =

2(1 + A)'

a3 = In . I 嚐1 . ~ 丶丶丶[ C2 + b2c1 (3 一上 －）］＝色1 + .\ 3.

(3.10)

(3.11)

Now, using the known sharp results [4], 伷I~2(1
1 3

- a:) for all n, lb2l~2(1 - J) and
回 5 硏 Dm=2[l - 26(m - l)] = (1 - 6)(3 - 26), we have the required estimates from
(3.10) and (3.11).

Corollary 3.5 (Covermg result). Let f E Q;(a,6), >. > 0. If fl is the boundar·y
of the image of E under f, then every point of fl is at distance at least , . n、(l+A)... -...
from the or·igin.

Proof. Since f is univalent in E, so is 邑勗 = z + (a2 +~)z2 十 ···(cf J(z),c f 0).
This implies la:.i +~I~2 and the result follows on using Theorem 3.5.
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(3.12)

Theorem 3.G. Let f E Q0(et, <5), then f E Qj (a, <5) for lzl < r0 where

ro ={三 ，o,q!,c5=t.
Proof. We can write

zf'(z) = g(z)h(z), g E s·(b), Rch(z) > a.

Simple manipulations give us

(zf'(z))'
Re了~ - o: > Reh(z) - 三鷗皿,(z)丨

Using the w~.!~-k1:_o'."'.ll results, see [5],

虫
1 - (1 - 2o)r'I g(z)— 丨＜g'(z) -

lh (z)I :s, 2[Reh(z) - 司
'')'一 T

and

we have

Re {噴茫}- a~[Rch(z)汎{1- (4- 21>)1·+ (1- 20)1·2
(1 - r)(l - (1 - 2,~)r) }· (3.13)

The righthand side of (3.13) is positive for 回< ro, where r。is given b/ (3.12)
We now consider the converse case of Theorem 3.G as follows.

(3.14)

Then J E Q~(/J, <5) and (3 is given by

f3 = f)(c,) = {尸 ，C, ,q
刃 '

l
0 = ;­l

Theorem 3.7. Let J E Qi(n,c5).

Proof. Sincc·J E·Q;(<.t;o),"wc·cari write

(z/'(z))'
g'(z) = (l - n)h(z) + a, Ileh(z) > 0, g E 5•(1>)

= (I)
zs'(z)

一 Q .
s(z) + a, for some s E S ...

(zf'(z))'(z(苧 1-oJ'N'
＝ ＇＇－一.. ... ' """ "'

g'(z) (止 l
= ""

z) - 。 D'
(say)

Thus we can write
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N zf'(z) z(午）1-a
- = -··'=
D 9位） 昷（苧 )1-adt.

G(z) =「調 )l-adt
O t

Hence

Now let

It is known 丨3] that, if s E s., G E S霏）where /3 is given by (3.14). This completes the
proof.

4. The Class Q; (n, 1)...
In U.us section we shall discuss the class Q~(a, 1) in more detail.

Theorem 4.1. The class Q; (a, 1) is a convex set.

Proof. Let /, g E Q; (n, I) and let, for O~/J1~1,

F(z) == /Jif (z) + (1 - /Ji)g(z).

Then

F'(z) + ,\zF'"(z) = [/3if'(z) + (1 - 趴）g'(z)) + ,\z(/31/"(z) + (1 - 趴）g"(z))

= f3i[J'(z) + ,\zf"(z)] + (1 - 趴）[g'(z) + ,\zg"(z))
= fJ1P1 (z) + (l - fli)p2(z) = p(z)

Since P1, P2 E P(a) and P(n) is a convex set, p E P(o). Hence FE Q;(n, I).

We now-show that the class Q;. (a, 1) is closed under convolution with convex func-
- - . ··- .

Then</>* f E QHo:, 1).

tions.

Theorem 4.2. Let</> EC and f E Qt(a, 1).

Proof. Let II =¢* f. Then

Il'(z) + >.z!l11(z) = 倬 * JY(z) + /\z(<p * J)1'(z)

＝［挈 寸'(z)J + [巴 ）* zf1'(z)]
z

r/>(z)= ...一.. *
z [J'(z) + >.zj1'(z)].

Since cp in convex, we have Re 竺:.l > l for z EE, [21]. Thus, using Lernrna 2.4 and the
given fact that f E Q;.(a 1), we obtain tl, ie required result.

In fact, we have the following more general result.
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Theorem 4.3. Let g analytic in E, g(O) = 0, g'(O) = 1 and satisfy the condition
Re序 > ! , z E E. Let f E Q~(a, 1). Then f * g E Q 店 (a, 1).

Corollary 4.1. Let f E Q;(a,, 1). Then Q;(a, 1) is inv(.lr·irml under·lhc following
integral operators.
(i) /1 (z) =瓦苧 dt
(ii) fz(z) =~ 昷 f (t)dt (Libera's opetator [11])
(iii) h(z) = f0z~dt, 囯 ~1,x:fl
(iv) /4(z) = 旦臣J; (c-l J(t)dt, Rec> 0.

Proof. we may write, sec [I],

h (z) = (J * <Pi)(z), i = 1, 2, 3, 4

where <Pi are convex for all i and

00 1
術 (z) = -log(l-z) =芷-Zn

n'
n=l

和 (z) = -2{z + log(l - z)] 00 2 ,
z ＝芷 －— Zn

n+l ，
n=l

1 1 一 xz OO
西 (z) =— log[了—]=瓦

(1 - xn)
＂-z1 - X 一 z (I - x)n

n=l
00 l+c

如 (z) =芷— z11,R邸 ：：：0, sec[l8]
n+c

n=l

lxl~ 臣: f- 1,

Now the result follows by applying Theorem 4.2.

Let u1 and 112 be linear opera.tors defined as follows.

U1 (J(z)) = z/'(z),
u2(J(z)) = [/(z) + zf'{z)]/2. (Livingston's opcrator[12])

Both these operators can be written 邸 a convolut.ion operator [1] given by

1l;(/) =hi* 尻 i = l, 2

where

cc

伍 (z) =芷 z
= '""" 一 ' '

n:;l (1 一 z)2'

加 (z)=立千 Zn= z - z2 /2
n=l

(1 一 z)2 .



27

It can easily be verified that the radius of convexity re(加）= 2 - v3 and 這 加）= 1/2.
These facts together with Theorem 4.2 yield the following.
Corollary 4.2. Let f E Q;.(o:, 1). Then ui(f) = f * 加 E Q;_(a, l} /01· 因 <2- 溈

and u2(f) = J * 加 E Q; (a, 1) /or lzl < 1/2.

Next we find the radius of convexity for f E Q;.(o:, 1) under certain conditions.

Theorem 4.4. Let J E Q;(o:, 1), 0 < >. ~l, 0 < a < 1/3. Then f maps 回 <R
onto a convex domain where R = min(r1, r2), r1 is the unique root of the equation (2.1}
in the internal (0, 1j and r2 is given by

r2 = 1/[(l - 2a) + ,/2(1 - a)(l - 2a))
This result is sharp.

Proof. f E Qt (a, 1), 0 < .X~I implies that

J(i) = (k * J)(;),

(4.1)

where k is defined by (3.6) and J -is given by (3.7). If we show that J E C for 回 < R,
then / = k * J is in C for lzl < R, see [19].

Now, from (3.7) and Lemma 2.2, we have

ne(1 + z.:訂 ）= 1 + Re已 ~1 _ 2(1 - a)r
p(z) [l - (1 - 2a)r](l 十 r)'

一 1 - 2(1 -- 2a)r - (1 - 2n)芒
(1 - (1 - 2a)r](l + r)

(r < rt)

for r < T1,

where r1 is the unique root of (2.1) in (0,1]. Let T(r) = I - 2(1 - 2.a)r - {l - 2a)戶 ．
Then T(O) = I > 0 and T(l) = -2 + 6a < 0 for a < 1/3. Therefore T(r) has at least
one root in (0,1]. Let r2 < I be the positive smaller root of T(r) = 0. Then r2 is given
by (4.1). Hence J EC for 回< R.

Sharpne~s follows from the function

f(z) = k(z) *「瓦(t)dt,
。

where

Pe(z) = 1 + (1 - 2a)z.
1 - z

We note that R =矗- 1 for o = 0.
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