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GENERALIZATIONS OF COPSON'S INEQUALITITS

INVOLVING SERIES OF POSITIVE TERMS

DAH-YAN HWANG

Abstract. The aim of the present paper is to establish some new inequalities·1nvolv111g aeries of
positive term~.

1. Introduction

In (1) Copson established the following Hardy's inequalities (4, Theorem 326 and
Theorem 331) involving series of positive terms.

Theorem A. If p > l, .,\11 > 0Loo ，邵 > 0, An = 芷：~1.A;, An.一＝ 立 ~1 .A;a; and
n=l Ana~converges, then

立冷Y 丐（凸 )Pf >.11a~
n=l n n=I

(1)

The constant is the best possible.

L00Theorem B. Ld P, An, CLn, An be defined as in Theorem A. ff乩 ＝立:n 入 a·and
n=l Ana~converges, then

才

(X) 00
芷 AuA~i忙芝＼吡 {2)
n=l n=l

The constant is the best possible.

There is a vast literature which deals with alternative proofs, generalizations and
extensions of (1) and (2), see (2,3,5,6,8,12) and the references given therein. In the
present paper we establish some new inequalities involving series of positive terms which
claim their origin to the inequalities given in (1) and (2).
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2. Main results

The following Theorems arc ba.sc on the idea uscc.l Ly Levinson [7] to obtain the
interesting generalizations of Hardy's integral inequality and Pachpattc and Love [11] t.o
obtain inequalities related to Hardy's integral inequalit.y. In this section, we csl.aulish
some discrete analogue of theirs. Here we assume that the left sides of inequalities exist
when right sides do.

Theorem 1. Forn = 1,2,3, .. : andm = 1,2,3, ... ,ft{, lctp > 1, a(n) > 0, ,\111(11.) >
0, /Jm(n) > 0, Am(n) =江~1,\m(i)fJm(i),Jmo.(n):;::: 矼囧立~1 ,\m(i)/J,山）a.(i), A111(n)
= lnJm-1· · ·I1a(n), Ao(n) = a(n), where ft{ is a positive integer, czncl fu.rlhc1·let
亡~1 -'1 (n) 吋 (n) converge. If ther·e exists k111 2 JJ/ (p - 1) such that

p-1+
[/3,;i(n +·1)~/3,~--(n)JA,~(n) p
/Jm(n + 1)/Jm(n),\m(n) - km> -, and -'1 (n) 2:: A2(n) 2· · ·2 AM(n), (3)

then
(X) (X)

芷扭 (n)A店 (n)~(1rt,{=l k111)P芷州n)A[;(n), (4)
n=l

the constant in (4) is the best possible.
n=l

Proof. Let Am (0) = /Jrn(O) = 1 and agree that A.111(0) = 0 for m = 1, 2, 3, ... , 11,f.
For n = 0, 1, 2, ... and m = 1, 2, 3, ... , 1\1,

-p>.m(n + l)Am-1(n + l)A尸 (n + 1)
= -p>.m(n + 1)凡 (n + l)Am-1(n + l)[A~;1(n + 1)//Jm(n + 1)]
= -p(Am(n + l)Am(n + 1) - Am(n)An心 ）](A~;-1 (n + 1)/f3m(n -/- 1)]
= -pA~(n + l)[Am(n + 1)/肛 (n + l)] + p[Am(n)/肛 (n + I)JA111(n)A~尸 (n + 1)
:'.S -pA~1(n + l)[Am(n + 1)/肛 (n + l)] + [A.11、(n) / /Jm (n + 1)]·;l盃 (n)
+(p - l)[A01(n)/肛 (n + l)J]A~, (n + I),

the 區t inequality follows from Young's inequality i.e.
kxy尸 :'.S xk + (k- l)yk,x,y 2: 0, k > 1.

Hence

(p - I)>.m(n + l)A;,1(n + 1) + [/Jm{n + 1) - /3m{n)]Am(n)
'" " "' "' ' 一一" '" ' •

f3m(n + l)/3111(11.);協 (n) ＇協 (n)A 盃 (n)

-p/\m (n + l)Am-1 (n + l)Afn-l (n + 1)

:'.S (p - J)>.m(n + l)A~1(n + 1) + [f3m(n + 1) - /Jm(n)JA.111(11.)
肛 (n + 1)/3m(n) A~~(n)

-pA~1(n + l)(A111(n + 1)/{J171(n + I)]

+[Am(n)/f3m(n + l)]A~1{n) + (p - I)[J\m(n)/f3(n + l)}A;,,(n + I)
_ Am(n)A~园 _ Am(n + l)A~(n + 1)

/Jm(n) /3m(n + 1)
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By adding the inequalities for n = O, 1, 2, ... , N - l, we have

N-1 N-1
L (p - l)>.m(n + l)A~1(n + 1) + L 伊 ，n(n + 1) - 肛(n))Am (n) ,\m伍）A~, (n)
n=O n=D fJm(n + 1)肛 (n),\111(n)
N-1
-p芝 Am(n + l)A,正 1(n + l)A~尸 (n + 1)
n=O

~-(A(N)/肛(N)]Afn(N)~0.

Thus,

N N-1
芝(p - l),\m(n)A鬪1(n) + L {/Jm(n + 1) - 肛(n))Am(n)

Am(n)A盃 (n)
n=l n=l f3m(n + 1)肛 (n).\m(n)
N

~pL Arn(n)Am一面 ）A~尸 (n).
n=l

Using (3) and the 邸surnption that k111 乏 p/(p - 1), we have

N N

芷 Am(n)A荔 (n) :S I<m芝 Am (n)Am-1 (n)A;,尸 (n) (5)
11=1 n=l

Using Holder inequality with indices p and p/(p - 1), we have
N

严m(n)Am-1 (n)A~;1 (n) =立 招(n)Am-1 (n)虛 一I)fP(n)Afn-1 (n)
n=l . n==l

N N~[I:口n)A~1 一 1 (n)]1IP[L Am (n)Af,1 (n)J(p-l)/p,
n=l n=l

which together with (5), imply

N N

芷 Am(n)A盃 (n)~勺L Am(n}A!;._1 (n)尸氐 Am(n}Ain(n) (p一 1)/p
n=l n=l n=l

］ ．

Dividing the above inequality by the last factor on the right side and raising the result
to the pth power, we obtain

N N

芷回 n)A~1 (n) S k~1芷 Arn(n)A~-l (n).
n;:l n:;;l

Now since 入 1 (n)~A2(n)~.. · ~ 心 (n) for n = 1, 2, 3, ... , we have

N N

芷心 (n)比 (n) s·crr!{=l Km)P芷 ,\1 (n)A~(n). (6)
n=l 11::::l
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The desired inequality (4) then follows from (6) Ly letting N tend to infinity

The case 111 = l, 趴 (n) = 1, n = 1,2,3, ... , 析 == p/(JJ - 1) show constant in (4) is
the best possible.

Remark 1. Theorem 1 redue:s to Theorem 1 in [5] wh<~n M = l a.11u reduces 1,0 l L)
when A/ = l, 1(1 = p/(JJ - I) a.11<1 趴 (n) = I for n = 1,2,3,

Thcorei1i 2:·Let JJ b·ta·1·ca·l-valucd ])OSitive convex fu;iction defined o1t (0, ()())'awl
let]), a(n), Am(n), f3m(n), Am(n), Ima(n), Am(n), A0(n) and k111 be as in'l'hco1·cm 1.
If~~=l A1 (n)JlP(A0(n)) conve1~qcs, then

00 00

芷 AM (n)Jf P(心 (n))::; (1rf:=1km)PL 入心 ）If1'(Ao(n)) (7)
n=l n=l

Proof. Since II is a convex function, by repeated application of .Jensen's incqualit;y, we
obtain

H(AM(n))::; F(n), where F(n) = !Mhi-i· · ·IJ-I(a(n))

Thus
00 00

芷心 (n)IfP(AM (n))~ 严心 (n)FP(n) (8)
n=l 11=1

Replace a(n) by H(a(n)) is (4), we have

00 00

芷心 (n)FP(n)~{rr!;=l km)1' 芷: A1 (n)J-f P(a(n)) . (9)
n=l n=l

The inequality (7) then follows from (8) and (9).

Remark Z. The inequality (1) is the special cti.c;c of the inequality (7) when JI(u) = 11

Theorem 2 reducs to Theorem 2 in [5] when kl = 1 and reduced t.o Theorem 1 i11 [12]
when M = I, 柘 = pf (JJ - 1) and 趴 (n) = 1, for·n = 1, 2, 3, .... We note t.hat I.he I回
ca.5e shows the constant in (7) is the best possible.

Theorem 3. Let p, a(n), ,\111(n), /3m(n), A111(n), I,,;a(可 ，Am(n), Ac心）rmd km be
a.'I in Theo1·en1 1, and let rp > 0 be defined on (0, oo) so that rp" 2: O and

四<p11~(1 - 1梓）(<p') 2.

If L~=l 入 1 (n)<p(Ao(n)) converges, then

(10)

00 co

辶战 (n沖（心 (n)) :S (吋f:1kn『L -\1 (n)v>(Ao(n)) (11)
n=l n=l
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Proof. Let w(u) = cpllP(u), u > 0. Then, by (10). 屮" 2: 0. Hence 屮 is convex on
(0, oo). Thus, by Theorem 2, we have

00 00

辶心 (n)軒 (AM (n))~(心(=1 km)P芝 .\1 (n)軒 (Ao(n)),
n=l n~l

and therefore
00 00

芷屆 <p(A,w (n))~(1r;芷;=l km)P严州n)屮(Ao(n))
n=l n=l.

This is the desired inequality (11).

Remark 3. Theorem 3 reduces to Theorem 2 aud Theorem 1 when <p(u) = JJP(u)
and <p(u) = u积 respectively. Theorem 3 reduces to Theorem 3 in (5] when M = 1, and
reduces to Theorem 1 in [12) when M = I, <p(u) = JfP('lL), 析 = p/(JJ - 1)·arid /31 (n) = 1,
for n = I, 2, .... Also we note that the inequality (1) is the special case of the inequality
(11) when M = I, <p(u) = 1L庄柘 = p/(p - 1) and /31 (n) = 1, for n = 1, 2, ...

Theorem 4. For n = 1, 2, 3, ... and rn = 1, 2, ... , Af let p > I, a(n) > 0, .A,)l(n 一
1) > 0, {f3m(n - 1)) be non-increasing positive sequence, t\111(n) = I:7=1 .A111(i)肛 (i),
Am(O) = 0, lma(n) = I::n >.,,, (翌翦 拉(i), Bm(n) = lmJm 一 1· · ·J,a(n), Bo(n) = a(n)
and futher let 瓦~=l Am (n)B氙 _1 (n) converge for each m. If there exist km~p such that

1- [/3m (n) - /jm (n - l)]Am (n - 1)
＞
p
.....

/3m(n)/3m(n 一 ~)Am (n) 一 km

and further if .X1(n)~.X'..!(n)~ · · · ~AM(n) then

(12)

(X) 00

芷心 (n)Bf1(n)~(n益辶占 ）p芷 >.1 (n)Bb(n). (13)
n=l n=I

Proof. For n = 1, 2, ... and m = l 1 2, ... , f..11 we have, by Holder's inequality,

00

B;,1(n) = (L ,\:仔 ('i)B正 l (i) 入 位：：一 l)/P(i)/3,山）A計 (i))P
i==n~(f >.,山）B~I 一 1(i)] (L>.rn(i)

oo An庫 ） 一p/(p一I) p-·1

i=n i=n (f3m (i)) ]·

Since

f=Ar山 ）(Ar山 ））-p/(p一 I) oo (肛 ('i - 1) - /3,山 ））Arra(i - 1)
/3111 ('i) S 严 [Am(i)+

i:;:;n 1:;:;11
/3m(i - l)/J111(i) ]

．（三 一p/(p一1)
/3m(t))
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<「 x-p/(p-l) dx
． 紐声

= (p _ l) (Am(n - 1) -l/(p一 1).
肛 (n - 1))

Hence, we have

Am伍- 1) -I
鸊 (n)<(p-l)P一 1 Rm(n - 1) (/3m{n _ l)) ,

where Rm(n - 1) = I::n 入，n(i)D盃1一出 ）．
Also

-p入，n (n)Bm-1 (n)B;n-l (n)

= -p>.m(n)/3m (n)Dm-1 (n)
犀 (n)
f3m(n)

= -pJ\m(n)(Bm(n) - Bm(n + 1)) (B!;己 (n)

=-pG:鬪）鸊 (n) + P (Am(n) fJ,: ;n)+ I)B亡 (n)

s: -p ( 仁鬪）鸊 (n) + [~j~/]'.1~.(n +I)+ (p - l)B盂 (n))

＝（囧 ）(D~(n + 1) - B~(n)]
Thus

Am(n)fl~伍）
(f3m (n) - /3m伍- l)A111(n - 1)....

f3m(n)肛 (n - 1).Xm(n)
Am(n)fl盃 (n)

一 JJAm(n)Dm-J (n)JJ;,1-1 (n)

:5 .\m伍）n:~伍）_ (Am伊- 1))鸊 (n) + (Am (n - I)) B:;. (n
肛 (n - 1) /Jm(n) ）

+ ( 註 ）B盃 (n + I) - (~::~鬪 ）問詞
= ( 註 ）鸊 (n + 1) - 鬪：闊二］｝）鸊 (n)

for n = I, 2, 3, ... ,.

By adding the above inequalities for n == I, 2, 3, ... , N and using (11), we have

N N

芝 >-m伍 ）B盂 (n)-~ (f3m(n) - /3m(n - l))Am(n - 1)
n=l /3m(n)肛 (n - 1.).\n(n)

Am(n)B盂 (n)
n=l

(14)
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N

-p严 Am (n)Bm-1 (n)B尸 (n)
11= l

~(~,::i闆）B;,1 (N + I)
< (p - I)P-1 Rm (N)

U~ing (12) aud the assumption that k111~p, we obtain

N N

严 Am(n)B盃 (n) < }(711 ( 芷 -'m(n)Dm-1 (n))B尸 (n) + c:111(N)) (15)
n=l n=l

where c:111(N) =扣- l)P一 1 Rm(N) tend to zero when N-, oo.

Applying Holder's inequality to the right hand side of (15) gives

N

（巴回n)B111-1 (n)B尸 回 ）~ ( { 入，tt(n)B辶 (n) I/p t 入，11(n)B盃 (n))(p-1)/p'
n;;:;:l n;;:;:l ） （

n;;:;:l
so that
N

芷 ,\m(n)Bt,(n) < km丨(f, ,\m(»)Brn-心）I/霆 ；入m(n)B~,(n)) (p尹/p +己N)l
l n=l (I6)

Dy (16), we have
..(t 入,,.(n)B盃 (n)) l/p < km [(t 入，n (n)n;._,园 1/p
n=l n=l

）
N

+Em(N)/ ( 芷 入
(p一 1)/p

n=I
,,.(n)B~,(n)) J (17)

By letting N tend to infinity in (17) and raising the result to the pth power, we have
00 00

芷 Am伍）B盃 (n)~kfnL ,\111(n)D辶 (n) (18)
n=l n=l

for m = 1, 2, ... , NJ. Now, since .\1 (n) 2: .\2(n) 2: · · · ~ 扭 (~i) r~·~: ·1·i· ~I, 2, 3, ... , we
have

00 p 00

芷回 (n)B~(n)~(1r!{=1km) 芷 .\1 (n)Bf;(n)
11=1 n=l

This is the desired inequality (13).

Remark 4. We note that Theorem 4 is a discrete analogue of Theorem 4 in (7) when
NJ = 1. Also we note that the inequality (2) is the special case of the inequality (13)
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when Af = 1, k1 = p and 趴 (n) = 1, for n = 1, 2, 3, ... , which shows the constant in (13)
is the best possible·:--

The following Theorems arc discrete analogue results given by Pachpa.tte in [10] which
claim thicr origin in the Copson's inequality givin in (1) and (2).

Theorem 5. Lr;t II be defined as in Thco1·em 2 and for n = I, 2, 3, ... , and j = 1, 2.,
let

Pi > 1., l/p1 + l/p2 = 1, >.(n) > 0, /3j(n) > 0, aj(n) > 0,
n n oo

柘 (n) = 芷 >.(i){J1(i), A面 ）＝芷 >.(i){Jj (i)a山）and 瓦 >.(n)H1';的(n))
i=l i=: l n=l

converges. If there exists Uj,_~汩切- 1) such that

Pi - l + （功 (n + 1) - 功 (n)) - Aj(n) p
/3i(n + I)功 (n)..\(n) - Uj'

> _J_ I.hen

立 (n)H (A1 (n) 品 (n) uf2 00

n=l
訌 ）回 心(n)) ::; 門f ,\(n)HP•佃 (n)) +言 芝 ).(n)J-!P2但 (n))

n=l n=l
(19)

Proof. By the element,ary inequality (see [9, p.30])

1 1戎 ::; -XPI + -yP2
P1 P2

where x, y~0, Pi > 1 and l/p1 + 1加 = 1, we observe that

立 (n)H(丛 翌扭 （旦 翌）5 上f ..\(n)JJP• (Ai (n)) + 竺f ,\(n)HP2 品(n)
n=l 加 (n) 心 (n) Pl n=l 加 (n) JJ2 n=l (A2(n))

Now a suitable application of Theorem 2 when Iv[ = .l 011 the righl; side of I.he above
incqualit,y yields the required ineq11ality in (19) and I.he proof of Theorem 5 is complete.

Theorem 0. For n = 1,2,3,· ··,and j = 1,2, let Pj,ctj(n),/\j(n) be defined as in
theo1·em 5 and let ..\(n - 1), Aj(O) = 0, < 功(n - 1) >, be non-incr·casing JJOsitivc sequence
and Bj(n) = I::n 入 (i)l~;SJt(i), and further let L:-=l ,,\(n)沖 (n) convc1yc. ~f ther·c
exists 玲 ~Pj such that

1 - (/3j(n) - /3j(n -1)).Aj(n - 1) P> _J_
叭n)功 (71 - 1)..\(n) - 10 I

then

立 (n)D兩）B2伍）三芷 f).(n)af1 (n) 十罡 OO

Pr
I:).(n)崆 (n).

n=l n=l P2 n=l
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Proof. By the same steps as in the proof of Theorem 5 with suitable modifications
and replacing Theorem 2 by Theorem 4.

Remark 5. If we take H(u) = u, p1 = P2 =.=. 2, Pi.(1i) F~(71:), 布 (n) = A(n)
and Aj(n) = A(n); B迤）~B(n) in Theorem 5 and Theorem 6, then Theorem 5 and
Theorem 6 reduce respectively to

立 (n) (笠 ）2~严尸）立 (n)a2(n)
n=l ri=l

(20)

and
00

芷 A(n)B2(n)'~ V/ + Vi 00
(2)芷 A(n)a2 (n)

11=1 n=l
(21)

We note that the inequalities obtained in (20) and (21} are the variants of Copson's
inequality givin in (1) and (2).

Theorem 7. Let H, .\(n)北 (n), aj(n), Aj(n), Aj(n) be defined as in Theorem 5 for
j = 1,2 and let P1,P2 2'.: 1, E~1 .\(n)HP1+P2(aj(n)) converge. If there exists S·>

J -
(Pi + P2)/(P1 + Pi - 1), such that

(P1 + P2) - 1 + （功 (n + 1) - f3i(n))J\J (n) > Pt + P2。) (n + I)f3J(n).\(n) - SJ' for j = 1,2,

then

二 入(n)曰 崮 )HP2 ( 鬪鬪）
< (Pl)s!P1+P2)f ,.\(n)JJ(P1+P2)(ai(n))

Pi+ P2 n=l
00

+(Pl:P2)s~P1+P2) L ,.\(n)I-J(P1+P2)(a2(n))
n=l

(22)

Proof. Ily the elementary inequality (see[4])

Pi xPi +P2 + p2yP1 +Pi _ (pi + p2) xPi yP2~0,

where x, y~0 and P1 ,P2 > 0 are real , we observe that

户 伍）ll" (計鬪）曰 崮 ）s (式 )t >.(n)H<"鬥 繻 ）
P2 00

+(—一）
Pi+ P2

L ,\(n)H(P1+P一2) (回
n=l 心 (n))
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Now a suitable application of Theorem 2 when M = 1 on the right side of the above
inequality yields the required inequality in (22) and the proof of Theorem 7 is complete.

Theorem 8. Let >.(n),店 (n), (lj(n), Aj(n), Bj(n) be de.fined as in Theorem 6 and let
1>1, P2~1, I:~==l ,\(n)a? +P2 (n) converge. If there exists Tj~Pi + ]>2 such I.hat

1- 鴴 (n) - /3池- l))Aj(n - 1) P1 + J>2
/3j(n)/3j(n - 1)入 (n) - Tj

> f OT j = ], 2,

then

f >.(n)JJi1 (n)B~2(n)~(P1)r1(r1+P2) f >.(n)af.+1>2(n)
n=l JJt + ])2 n=l

+(1>2)吋PI +P2)f A (n)吋 1 +r2 (n)
JJ1 + P2 n=l

Proof. Dy the same steps 邸 in the proof of Theorem 7 with suitable modifications
and replacing Theorem 2 by Theorem 4.

Remark 6. Theorem 2 in {12] is the special case of the Theorem 7 when /3池 ）= 1,
Sj == (pi + JJ2)/(JJ1 + P2 - 1), for j == I, 2, and if we take Il(u) = u, p1 = p2 = JJ,
aj(n) = a(n), Aj(n) = A(n), Aj(n) = A(n); Bj(n) == B(n) in Theorem 7 and Theorem
8, then Theorem 7 and Theorem 8 reduce respectively to

00

芷 A(n)(
A(n) 2v
齶）5

(守 +s;v 00

2
）严 A(n)a211(n)

n=l n==l
(23)

and

芷
= T2p + T2p =
,\(n)B硏n) :,; (1

2
2 芝 ,\(n)評 (n)

, t=l
）
n=l

(21)

We note that the inequalities obtain in {23) and (24) are variants of copson's inequality
given in (1) and (2).
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