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QRDER CONVERGENCE OF ORDER BOUNDED
SEQUENCES IN RIESZ SPACES

BORIS LAVRIC

Abstract. We consider sequences (r,)5%, in a Dedekind o-complete Riesz space, satisfying a

recursive relation

P
Tntp 2 E QujTn4p~-j forn=1,2,---

i=1

where p is a given natural number and «,; are nonnegative real numbers satisfying Z;’:l Qpj =
1. We obtain a suflicient condition on coefficients an; for which order boundedness of such a
sequence (z,)n., implies its order convergence. In a particular case when a,; = «; for all
n and j, it is shown that every order bounded sequence satisfying the above recursive relation
order converges if and only if natural numbers j < p for which «; > 0, are relative prime.

1. Introduction

Throughout this paper we denote by N the set of natural numbers and by R the
set of real numbers. For notation, terminology and basic results on Riesz spaces (vector
lattices) we Tefer the reader to [1] and [2]. We recall here some definitions.. A sequence
(zn)$2; in a Riesz space L is said to be increasing (respectively decreasing) if z, < Tp49
(respectively z,41 < z,) for all n €N; it is order bounded if there exists an element y € L
such that |z,| < y for all n € N, and order convergent if there exists an element z € L
such that |z, — z| < v, for some decreasing sequence (v,)°2, satisfying inf,,en V,, = 0.
A Riesz space L is said to be Dedekind o-complete if for every increasing order bounded
sequence (T,)%%, in L there exists sup,cn Zn. It is easy to see that a Riesz space L is
Dedekind o-complete if and only if every order bounded increasing sequence in L order
converges.

In this note we study order convergence of order bounded sequences (z,)2, satisfying
a recursive relation

P
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where p €N, 0 < an; €R, and Z;’zl an; = 1. We obtain a sufficient condition on
coefficients cv,; for which order boundedness of such a sequence ()82, in a Dedekind
o-complete Riesz space implies its order convergence. In a particular case when a,j = «;
for all n and j, it is shown that every order bounded sequence satisfying the above
recursive relation order converges if and only if natural numbers j < p for which a; >0,
are relative prime.

Results. In order to shorten the formulation of our main result let us introduce
the following set of functions. If p €N and a,; €R, wheren = 1,2... and 1 < j < p,
then for every triple (8,m,n) € R x N x N denote by Sz(m,n) the set of all functions
f:{0,1,---,m} =N such that f(0) = n and ;

1< f(k+1) = f(k) <p,  apsr)set)—fik) = B
for all nonnegative integers k < m.

Theorem. Let L be a Dedekind o-complete Riesz space, and (zn)py, and order
bounded sequence of its elements such that

P
Drgiig 2 Zaﬂjmn.q.p..j for alln € N, (1)

=1

where p is a given natural number and a,; are nonnegative real numbers satisfying
E;-’:l anj = 1 for all n € N. If there ezist a real number f > 0 and natural numbers
M, N such that for every n > N the set

CRg(M,n) = {f(k): [ € Sg(m,n),0<k<m< M} -

contains p conseculive natural numbers, then the sequence (zn)5L, is order convergend.

n=

Proof. Suppose that the numbers a,; and the sequence (tn)52., satisfy all conditions
of the theorem. Since (z,)3%, is order bounded, the Dedekind o-completencss of L
implies that there exist elements

z = sup inf z;, y = inf supz;.
neNJj2n neN j>p

Obviously z < y, and we have to show that z =y[2]. Suppose by contradiction that
z < y and assume without loss of generality that z = 0 (replacing @y by z, — z, if
necessary). Let € > 0 and observe that there exists m € N such that

u = (inf z; + ey)* > 0.
jzm

If there exists k € N such that z; Ay < —u for all j > k, then SUp;j>rZi ANy < y—u

which contradicts the definition of y. Hence, there exists a natural n > max{m, N} such
that

v=(Tnyp Ay+u—-9y)t >0.
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If P is the projection onto the band of L generated by v, then P(zpp Ay +u—y) = v.
Using also the inequality u < ey, it can be seen easily that

Pzyyp 2 v+ (1 ~€)Py. (2)

If i > m, then (z; + ey)t > u and therefore (z; + ey)” Au = 0. Since 0 < v < u,
this implies (z; + ey)” Av = 0. It follows that P(z; + ey)~ = 0 and consequently
P(z; + ey) > Pu > v, hence

Px; > v - ePy for all « > m. (3)

We claim that :
Pzy4p 2 v+ (B* —€)Py (4)
for all f € Sp(mn,n) and k € {0,---,m — 1}. Indeed, it follows from (2) that (4) holds

for k = 0. We proceed the proof by induction on k. Assume that (4) holds for some
nonnegative k < m — 1. Using (1) and (3) we get

P
Pxyipayip 2 ) ki), i PEs(ka1)1p-j
j=1
« 2 1), SR = SR PTr) 1 + (1= @prpn) piea) - s (0 = €Py)
> v+ (g, f(k41)— s (k) B — €)Py > v+ (BT — €) Py

and the induction step is complete.
By assumption there exist p consecutive numbers

where f; € Sg(mj,n) and 0 < k; <m; < M for j=1,---,p. Note that 0 <38 <1, and
take ¢ = M. The inequality (4) implies that

- Priyjep >0+ (B —e)Py> v

holds for j =1, - ,p. Using (1) we get easily Pz; > v for all i > [ + p. It follows that
SUppen infj>n Pz; > v, which contradicts the equality sup, eninfj>nz; =z =0.
The above theorem can be modified a little if a sequence (z,)%2., satisfies

P
Tngp = E i D=1 for all n € N.
Jj=1

Namely, in this case infi<j<pZj < Tn < supjcj<p zj holds for all n € N, hence the
requirement of order boundedness is superfluous in the theorem.

The next result gives a suflicient condition for coeficients a,; to satisfy the require-
ment of the theorem.
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Proposition. If there ezists a subset J C {1,---,p} which consists of k relalively
prime numbers ji,---,jx and satisfies
,B:inf{a,;j:nEN,jEJ}>0, (5)

then there ezists M € N such that for every n € N the set R3(M,n) contains p + 1
consecutive numbers.

Proof. Letne N. If f : {0,1,--- ,m} = N satisfies f(0) = n and flk+1)—-f(k)eJ
for all nonnegative integers k < m, then by (5) we have f € Sp(m,n). It follows that
the set {f(k): f € Sg(m,n),0< k < m} consists of all numbers of the form

k k
n -+ Zﬂl,‘j,‘, 0<m; €Z, Z'm':' =m.
1 i=1

i=1

Since ji, - -+, jx are relatively prime, there exists integers ly,--,lx such that \Zle L =
1. Put

1<

I = max |l M = 2kpl,
i<k

and note that for each nonnegative integer ¢ < p we have

k
mi(g) = qli +pl 20, Y mig) < M.

i=]
It follows that for each n € N the set R(M,n) contains numbers

k

k
n+q-+pl Zj; =n+ Zm,-(q)j,-,

i=]1 i=1

where ¢ =0,1,---,p.

The proof of the above proposition can be shortened if we use the fact that the
additive subsemigroup S(J) of N generated by a subset J = {jy,---,5x} with relatively
prime numbers j;, - - -, jx, has finite complement in N. Indeed, since S(J) consists of all
sums of the form ZLI miji, 0 < m; €Z, there exists M €N such that for every n €N
the set Rp(M,n) has finite complement in N.

In a special case of the above theorem and proposition we get the following result.

Corollary. Let L be a nontrivial Dedekind o-complete Riesz space, and (x,)2.; a
sequence of its elements such that

4

By > Zafm"'”"j foralln € N, " (6)
=1 -

where the nonnegative real numbers a; satisfy Z:;.’zl a;j = 1. Then the following state-
ments are equivalent.
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(1) The natural numbers j < p satisfying a; > 0 are relatively prime.
(ii) The sequence (z,)3%, is order convergent if and only if it is order bounded.

Proof. Take a;j = «; for each n €N and j € {1,---,p}, and put
J={jeN:1<j<pa; >0}

If (i) holds, then J satisfies the condition of the proposition, hence (ii) follows from
the theorem. -

If (i) does not hold, then the greatest common divisor m of the numbers from J is
greater then 1. For a nonzero a € L, the sequence (z,,)3, defined by

I if m|n
"7 1 0 otherwise

satisfies (6). Since it is order bounded but not order convergent, (ii) does not hold.
An inspection of the proof shows that if the sequence (z,)%, of the above corollary
satisfies

p
T gop, = E O Eipepip=§ for all n € N,
—

then it is order convergent if and only if the numbers of J are relatively prime.

The condition that L is Dedekind o-complete cannot be dropped in the above theorem
and corollary. Moreover, if L is not Dedekind o-complete, there exists an order bounded
increasing sequence in L which is not order convergent but obviously satisfies (1) and

(6), hence the variant of the theorem and its corollary fails for such a space L.
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