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ANGULAR ESTIMATIONS OF

CERTAIN ANALYTIC FUNCTIONS

NAK EUN CHO AND IN HWA KIM

Abstract. The object of the present paper 1s to invei;tigatc some argument properties of certain
analytic functions in the open unit disk. 0 Iur rcsu t contain some 111tcresl111g corollnries as the
special cases.

1. Introduction

Let A denote the class of functions of the form

00

J位）=z+ 芷 a,1Zn
n=2

which are analytic in the open unit disk U = {z : lzl < l}. If f and g are analytic in
U, we say that J is subordinate to g, written J --< g or f(z) -< g(z), if g is univalent
in U, J(O) = g(O) and / (U)~g(U). Let S(a, a:) denote the subclass of A consisting of
functions which satisfy

I zf'(z)- - al <a - a: (z E U)
J(z)

for some a:(O Sa < l) and a(a > 节叮 The class S(a, a) was intr<louced by Sekine and
Owa[8J. It is clear that, if a function f belongs to the class S(a, a), then

I arg zf'(z) 1r/3
'""'""".

J(z) I< 2 (z E U),

where
2 a - a:/3 = -Sin-1(— )
7r a

(0~a: < 1).

郿thermore, we note that for a = 0, taking a ---t oo, the class S(a, u) is wellknown class
of starlike functions with respect to the orign in U.
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The purpose of the present pnpcr is to give some argument. propcrt.ics of analytic
functions belonging to A. Our results have some int.crsti11g corolln.ries and include sev
eral previous rcsulls of Sakaguchi[7J, Libera[!], Macgregor(21, Miller and Mocanu(3] and
Nunokawa[G].

2. Main results

To esrablish our main results, we need the following lcmm囧

Lemma 1([4]). Leth E C, the class of convex functions in U, and let >.(z) be analytic
in U with Rc>.(z)~0. If p(z} is analytic in U and p(O) = h(O), then

p(z) + >.(z)zp'(z) -< h(z) (z EU)

implies
p(z) -< h(z) (z E U).

Lemma 2((5)). Let P(z) be analytic in U, p(O) == I, p(z) f- 0 in U and .rnpposc that
there exists a-po-iiifz0 E u· ·s1ich that

1TTJ
I argp(z)I <一 for 丨zl < lzol

2

and
I argp(zo)I =

7r1]
"2 ,

where 17 > 0. Then we have
ZoJJ'(zo)
p(zo) = ik17,

where
1 1

k~-(b + -) when arg p(z0) =
rrr,
'"'"'

2 b 2
and

where

1 1
k :S - -(b + -) when ar,g p(z0) = m7. .

2 b 2

.lp(zo)~= 士 ib(b>O).

With the help of Lemma 1 anc..1 Lemma 2, we now c..lcrive

Teorem l; Let J E·A and g E S(a, a). If

/(z) f'(z)
jarg((l - ,)- +, -

g(z) g'(z) fJ) I < 7rJ
""''

2 (1~0, 0~(3 < l, 0 < <l~1) ,
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then
f (z) 1r1J

I arg(—-
g(z) {3)1 < -2'

where r,(O < TJ s; 1) is the solution of the equation

2 . .!!:
o = 17 + -Tan-• ( 1和巧 (1 - t(a, a))

）rr 2a - a +')'T}COS钅(1 - t(a, a)) (2.1)

and
2

t(a, a:) = -Sin-1 (仁~ ) (O~a:<l}.
7f a

(2.2)

Proof. Let us put

p(z)=占醐- f3) (2.3)

Then p(z) is analytic in U with p(O) = 1. Differentiating (2.3) logarithmically, we have

1 f'(z) g(z)
—(—- f3) = p(z) +-zp'(z).
1 - (3 g心） 可 (z)

Hence we obtc\,in

(! -,J罰曰罽 - (J = (! - (J)(p(z) 十二鬪 zp'(z))

Applying the assumption and Lemma 1 with ..\(z) = 差圄，we see that p(z) -f. 0 in U.
If there exists a point z0 E U such that

I argp(z)f <閂 for 回＜回

and
fargp{zo)I= ,1fTJ

'.
2

then, from Lemma 2, we have
三
p(zo)

= ikT],
where

1 1
k~-(b + -) when arg p(z0) = 一－1f'TJ

2 b 2
and

where

1 1
k~--(b-1- 一）when arg p(zo) = 可......

2 b 2'

p(z詛 ＝士ib(b>O).
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Since g E S(a, a) for a> 宇 (0 :S a< 1),

zg'(z) = re浮
g(z) ＇

where
a< r < 2a·- a

and 2
S'in-1( a-a 2 a-a
- - — )<¢< -Sin-1(-) (0~a< 1).

11 a 1r a
l.Suppose that p(z0)'1 = ib (b > 0). The~we have

f (zo) !'()arg((I -1)-+'Y二 －
g(zo) g'(zo) /3)

= arg ((1 -·(3)p(z0)(l + -yg(zo) z。p'(zo)
zog'區）p(zo) ））

= argp(z0) + arg (1 + 'Y9區）zop'(zo)
Z成 (zo) p(zo) ））

= T + arg (1 + ,(re1子丫潯 k)

可 百ksinHl'- <fi)=.
2

+ Tan-1(
r + ,11kcosi(l - </i) ）

＞
可- + Tan-1 ( 回sini (1 - t(a, a))

一 2 2a 一 0 十可 cos钅{I 一 t(a, o)))
冠= ...2 ,

where t(a, a) and c5 are given by {2.2) and (2.1), respectively. This is a contradiction to
the assumption of our theorem.

l.
Next, suppose p(zo)" = -ib (b > 0). Applying the same methad as the above we

have

arg ((1 - 嘉囯 十1且主 ＿
9區） g'(zo) /3)

~
1T1]

" "' . 一 ' '
_ 1 (117sin芳 (1 - t(a, a))Tan)

2 2a - a 十祠 cos 差 (1 - t(a, a))
1rc5= -·..2 I

where t(a,a) and b are given by (2.2) and (2.1), respectively, which contradicts the
assumption. Therefore we complete the proof of our theorem.

Taking , = 1 in Theorem 1, we have
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Corrllary 1. Let f E A and 9 E S(a, a), if

I arg (罽 - /J)丨＜羣 (0~{J < 1, 0 < J~1),

then

I arg (罰 - /3)丨＜孚
where 17(0 < 17~1)

，

is the solution of th e equation

6 = 17 +~Tan_1 (17sini(l 一 t(a, a))
）

7r 2a - 0: + TJCO吁 (1 - t(a, a))

and t(a, a) is given by {2.2).

(2.4)

Remark 1. Taking a = 0, a --+ oo, , = 1 and o = 1 is.Corollary 1, we obtain the
corresponding results of Sakaguchi[5}, Libera[!], MacGregor(2J and Miller and Mocanu[3J.

Putting a= 1, a--+ I, (3 = 0 and g(z) = z in Theorem I, we get

C:orollary 2. Let J E A. If

I arg ((1 - ,苧曰'(z))I <羣 (, 2: 0, 0 < c5 S 1),

then
J(z) 可

I arg—I<-z 2'
where TJ(O < 1] S 1) is the solution of the equation

2
c5 = 1} + -Tan - 1可

7r

Similarly, we have

Theorem 2. Let f EA and g E S(a, o). ff

丨arg (/3 - ((1五）鬪 臼 ~))I <言 2: 0,/3 > 1,0 < c5 SI),

then

I arg (/3 f (z) 7r1]
- —)I<-g(z) 2'

where TJ(O < 1]~I) is the solution of the equaiton (2.1).

Remark 2. Putting o: = O , a -r oo and , = 1 in Theorem I and Teorem 2, we have
the corresponding results of Nunokawa[6].

Next, we prove
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Theorem 3. Let f E A. If

I arg zf, (z) 1ro
Jl-m(z)zm 2I< 一 (0 < o~1,m E N),

then
I arg ( f(z) m 可-) I<-,z 2

where r,(O < 17~1) is the solution of the equation

2
<5 = 17 + -Tan-遺

7r 771

Proof. Let us put

p(z) = (四尸
Then p(z) is analytic in U with p(O) = 1 an<l we have

zj1(z) 1
Jl-m(z)zm = p(z) + -zp1(z).

m

By the assumption and Lemma 1, we can see that'p(z) .f- 0 in U. The remaining part of
the proof is similar to that of Theorem 1 and so we omit it.

Finally, we have

Theorem 4. Let f EA. If

I arg zf'(z) 11"0
J1 一 tt(z)zu 2I < - (u > o, o < o s 1),

I arg zF,(z) I< 竺
Fl-u(z)zu 2 ,

where F is given by
Fu(z) =7户 一1 Ju(t)dt (c > O) (2.5)

with F(z) f:. 0 in U - {O} _an_d r7(0 < 17::; 1) is the solution of the equation

2 -1 11b = 1J + -Tan 一
7r U + C

(2.6)

Proof. I汁om the definition of (2.5), we have

zF'(z)u "Fl-u(z) + cFu(z) = (u + c)J1'(z).
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Putting

p(z)
• T(z)= "'""'
S(z)'

where T(z) = F'(z)z1d·c/(F(z)/z)1-u and S(z) = zu+c, we have

T'(z) 1= p(z), zp'(z) = zf'(z)＿ 一,. - . .. , .
S'(z) 1l + c p-u(z)zu

Applying Lemma 1 and the proof of Theorem 1, we obtain

zF'(z) 可
larg , I< -pl-u(z)zu 2 ,

where rJ(O < rJ~1) is the solution of the equation (2.6).
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