TAMKANGC JOURNAL OF MATHEMATICS
Volume 29, Number 1, Spring 1998

ANGULAR ESTIMATIONS OF
CERTAIN ANALYTIC FUNCTIONS

NAK EUN CHO AND IN HWA KIM

Abstract. The object of the present paper is to investigate some argument properties of certain
analytic functions in the open unit disk. Our result contain some interesting corollaries as the

special cases.

1. Introduction

Let A denote the class of functions of the form
V (e 0]
f2)=z+) a,e"
n=3

which are analytic in the open unit disk U = {z : |z| < 1}. If f and g are analytic in

U, we say that f is subordinate to g, written f < g or f(z) < g(2), if ¢ is univalent

in U, f(0) = g(0) and f(U) C g(U). Let S(a,a) denote the subclass of A consisting of
functions which satisfy

lZf’(Z)

f(2)

for some @(0 < a < 1) and a(a > £2). The class S(a,a) was intrdouced by Sekine and
Owa[8]. It is clear that, if a function f belongs to the class S(a, a), then

—a|<a-a(zeU)

zf'(2)
|ar f( ] o b (z e ),

where -
a—«

p = %Sin"‘( ) 0 g a <1) :

Furthermore, we note that for o = 0, taking a — oo, the class S(a, «) is wellknown class
of starlike functions with respect to the orign in U.
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The purpose of the present paper is to give some argument properties of analylic
functions belonging to A. Our results have some intersting corollaries and include sev-
eral previous results of Sakaguchi[7], Libera[l], Macgregor[2], Miller and Mocanu(3] and
Nunokawa[6].

2. Main results
To esrablish our main results, we need the following lemmas.

Lemma 1([4])). Let h € C, the class of convex functions in U, and let A(z) be analytic
in U with ReA(z) > 0. If p(z) is analytic in U and p(0) = h(0), then

p(z) + A(2)2p'(2) < W(z) (z € U)

implics
p(z) < h(z) (z € U).

Lemma 2([5]). Let P(z) be analytic in U, p(0) = 1, p(z) # 0 in U and suppose that
there exists a point z9 € U such that ' "

" ™
|argp(z)| < S for 2] < |z

ond
. m
o] =2,
where n > 0. Then we have
!
p(20)
where ! i
T

k2> 5(1) + 5) when arg p(z9) = —2—17

and y , .
k< —= - L.

&« 2(1) + b) when arg p(zo) 3

where

p(z0)7 = %ib (b > 0).

With the lelp of Lemma 1 and Lemma 2, we now derive
Teorem 1: Let f € A and g € S(a,a). If

f(z) | _J'(2)
9(2) +79’(2:)

larg((1 =) —ﬂ)l<f;(~rzo,ogﬂ<1,o<651),
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then
f(z)

9(2)

where n(0 < < 1) is the solution of the equation '

|arg(=55 - )] < 2L,

_ 2 ymsing(1 - ta,q))
e ﬂ_Tan (2a —i@ +geas {1l — t(a,a)))
and 3
t(a,a) = ;Sin"(a 5 o:) (0<a<l).
Proof. Let us put
1@
P =15 P
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(2.1)

(2.2)

(2.3)

Then p(z) is analytic in U with p(0) = 1. Differentiating (2.3) logarithmically, we have

1 f'(2) 9(2)
=5 (g A =P+ P )
Hence we obtajn
"_fu 1@ g .\ )

Applying the assumption and Lemma 1 with A(z) = },%%%, we see that p(z) # 0 in U.

If there exists a point 2o € U such that
g
|argp(2)] < T for |2] < |zo

and

| arg p(z0)| = ? )

then, from Lemma 2, we have
zop'(20)

= 2k
plz)
where Y 1 ,
1)
> — — = —
., 2(b + b) when arg p(zo) 5
and " Y
)
& e s} s i
k< 2(b+ b)when arg p(zo) o
where :

p(z0)7 = +ib (b > 0).
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Since g € S(a,a) for a > 1—J%Q(O <ca<l),

2g'(2) s
oz ' ° &

1

where
Rt e 2a - «

and

).

Cr)<¢< -Z-Sin
™

——Sin
p
Suppose that p(zo)% =1b (b > 0). Then we have

[(z0) ,  f'(z0)
9(20) g'(20)
25 g - 79(20) 2op'(20)
_ag((l ﬂ)p(zO)(1+ zOg’(z()) I)(ZO) ))
79(20) 200 (20)
209'(20) p(20)

_[3)

arg((1 - )

= arg p(zo) + arg (1 +

= ’Wzﬂ + arg (1 + y(re*F)~Link)
. -1 7nksing(7r1'— ?) )
) T+ nkcosZ (1 — @)
1, ot THin5(0 = o)
> ——
E g + Tan (Qa_a+ry17cos2(1’-t(aya)))
_
=y

where i(e,«) and § are given by (2.2) and (2.1), respectively. This is a contradiction to
the assumption of our theorem.
Next, suppose p(zo)a? = —ib (b > 0). Applying the same methad as the above, we
have
f(z0) , 1'(20)
arg ((1-7) i
(=) + V)~
sing (1 - i(e, @) )
2a — a +yncos§ (1 — t(a, a))

< —322 - Tan""(

where {(a,) and § are given by (2.2) and (2. 1), respectively, which contradlcts the
assumption. Therefore we complete the proof of our theorem.

Taking v =1 in Theorem 1, we have
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Corrllary 1. Let f € Aand g € S(a,a), if

f'(2) md
'arg(m—ﬁ)l<“2_ (£ 8<1,0<8< 1,
then £(2)
i . Lk

where (0 < n < 1) is the solution of the ,equation

nsing (1 — t(e,a))
20 — a +ncosk (1 — t(a,a))

)

2
6 =n+ =Tan™'(
|

and t(a,a) is given by (2.2).
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(2.4)

Remark 1. Taking a = 0, a — oo, Y =1 and § =1 is.Corollary 1, we obtain the
corresponding results of Sakaguchi[5), Libera][1), MacGregor(2] and Miller and Mocanu(3].

Puttinga=1,a— 1,8 =0 and 9(2) = z in Theorem 1, we get
Corollary 2. Let f € A. If

g (1= L2 1o p@) < 2 (20,0 <8<,

then
| arg —-——f(zz)l < 1;2,

where (0 < n < 1) is the solution of the equation
2 -1
d=n+ =Tan 1y,
™

Similarly, we have

Theorem 2. Let f € A and g € S(a,q). If

f(z) | f'(2) md
larg (B - ((1 —7)'@ +’Y;7(—Z)“))| < *2—(7 20,0>1,0<dx 1),

then £(2)
z )
|arg (8 — .9(7))' sk

where (0 < n < 1) is the solution of the equaiton (2.1).

Remark 2. Putting @ =0, a = 0o and 7 =1 in Theorem 1 and Teorem 2, we have

the corresponding results of Nunokawal6).

Next, we prove
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Theorem 3. Let f € A. If

: 5
Iargﬁ%g)lz;l < 12- 0<§<1,meN),

then
f(z))ml < ﬂ

|arg(—z— 5

where n(0 < 17 < 1) is the solution of the equation

2
d=n+ ZTan" 1L
s m

Proof. Let us put
p(2) = (_Jf%))m,

Then p(2) is analytic in U with p(0) = 1 and we have

21'(2)
g

By the assumption and Lemma 1, we can see that p(z) # 0 in U. The remaining part of
the proof is similar to that of Theorem 1 and so we omit it.

= p(2) + 7/ (2)

Finally, we have

Theorem 4. Let f € A. If

zJ'(z) o

et NS A <

|arg fl—u(z)zul <5 (u>0,0<4<1),
zF'(2) ™)

largmi <55

where I is given by
w4e

P = L2 [Tt 0> 0 e

with F(z) #0 in U ~ {0} and n(0 < n < 1) is the solution of the equation

(2.6)

2
6§ =0+ —Tan™!
e u-+c

Proof. From the definition of (2.5), we have

2F'(z)

UFimu(y T cF*(z) = (u+c)["(2).
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Putting
p(z) = 0
where T'(z) = F'(z)z"*¢/(F(z)/z)!™™ and S(z) = z“*¢, we have
T'(2) _ 1 s 2f(2)
S p(z) + . (z) = Fi=u(z)z4

Applying Lemma 1 and the proof of Theorem 1, we obtain

9 )

|arg Fl=u(z)zu

where 7(0 < n < 1) is the solution of the equation (2.6).
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