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QUOTIENTS OF GROUPS

J. D. PHILLIPS

Abstract. Right loop right multiplication groups are identified as groups generated by a right
transversal to a corefrcc subgroup.

1. Introduction

A quotient, or homomorphic image, of a group is the set of all cosets of some normal

subgroup, together with the natural binary operation. Would it surprise you to learn that

sets of cosets of arbitrary, i.e., not necessarily normal, subgroups are also endowed with
a natural groupoid structure? This paper introduces such quotients and describes the

central role they play in a hard problem from the theory of groupoids : the classification
of multiplication semigroups of groupoids.

2. Basic Definitions

A groupoid is a set with a single binary operation, hereafter denoted by juxtaposi

tion. Asemigroup is a groupoid whose binary operation is associative. A quasigroup is
a groupoid with inverses, that is, a groupoid such that in xy = z, knowledge of any
two of x, y and z specifies the third uniquely (y is the right inverse of x with respect to

z, x is the left inverse of y with respect to z; when z is a two sided identity element,

the language here meshes with the common usage of "inverse"). A group is a nonempty
groupoid whose binary operation makes it both a semigroup and a quasigroup. These
four binary systems can viewed schematically as:
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groupoids

semigroups
(associative)

quasigroups
(inverses)

groups
(associative & inverses)

Thus, quasigroups are dual to semigroups in a natural way: quasigroups are "nonasso
ciative groups" while semigroups are "groups without inverses." (For a through overview
of groupoids, see [l].)

Given a groupoid Q, for every qc:Q, there corresponds two set maps, right and left
translation by q:

R(q): Q-+ Q;x-+ xq
L(q): Q-+ Q;x-+ qx.

The right translations generate a subsemigroup of the semigroup of all self maps on Q,
called the right multiplication semigroup, RMltQ, of Q:

RMltQ :=< R(q) : qEQ > .

Similarly, the left translations generate the left multiplication semigroup, LMltQ, of Q:

LMltQ :=< L(q) : qEQ > .

Together, these two semigroups generate the (two-sided) multiplication semzgroup,
MltQ, of Q:

MltQ :=< RMltQ, LMltQ >=< R(q), L(q) : qcQ > .
A groupoid Q is called right Cf!,ncellative if for each q in Q, R(q) is an injective map. If
each R(q) is also surjective, we shall say Q is a right quasigroup. A right loop is a right
quasigroup with a left identity element. The analogous left binary systems are defined
in the obvious manner.
The determination of which semigroups are MltQ for different classes of groupoids

Q is a difficult problem. MltQ has been characterized for certain groupoids, though [8].


