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HADAMARD PRODUCTS OF CERTAIN MEROMORPHIC

UNIVALENT FUNCTIONS

OH SANG KWON* AND NAK EUN CHO**

Abstract. The object of the present paper is to show convolution properties, order of starlike
ness, integral transforms and the extreme points for certain classes of meromorphic univalent
functions having postive coefficients. All of the results are sharp.

]. . Introduction

Let~denote the class of functions of the form

1 00

距 ）＝－十芷 akzkz
k=l

(1.1)

which are regular and univalent in the punctured disk E = {z: 0 < 囯 < 1}. A function
f belonging to~is said to be meromorphically starlike of order a if it satisfies

-Re{痼}>a
for some a(O~a< 1) and all z E U = {z: lzl < l}. We denote by~*(a) the class of
all meromorphically statlike functions of order a.
The class~*(a) and related classes have been extensively studied by Bajpai[2], Clunie

[4], Pommerenke [7], Morgra, Reddy and Juneja [6] and others ([1], [3]).
The Hadamard product or convolution of two functions f, g in~will be denoted by

f * g. Robertson [8] has shown that if/, g E~'then so is their convolution f * g.
Let E(.X, a, (3司 denote the class of functions f in~satisfying the condition

Re Jz2(D>.f(z))'+ lJ < f3 l(21 - l)z2(D>. /(z))'+ (2a, - l)J

for some a(O~a< 1), (3(0 < (3~1), 汛! ~1~1) and for all z EU, whf!re D>. : E~E
is the operator defined by

1n>-f(z) = * J(z)(.X > -1).z(l - z、、...J...1
(1.2)
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Notice that from the identity

1 1 .\ + 2 2z - 1
z(l - z)>-+2 = z(l - z)>-+1 * ( 偽+ l)z(l - z) + (.\ + l)z(l - z)2)'

we get
z(D>.. f(z))'= (,X + l)D>..+i f(z) - (,X + 2)D>.. f(z)(,X > -1). (1.3)

For,\= n E N0 = {O, 1, 2, ... }, we note [9] that the relation (1.2) may be expressed
as

D叮(z) =~(2n+:尸 ）(n) (1.4)

Let :Ev, :E;伍 ）and :Ep(,\, a, /3, ,) denote the subclasses of :E, :E*(a) and :E(,\, a, /3, 刃 ，
respectively, whose elements can be expressed in the form

1 00

J(z) = - 十芝 釷zk (ak~0, z E U).
z

k=I
(1.5)

In particular, the classes 嵓(O, a, 1, 1) and 斗(0, a, /3, 1) are introduced by Aouf[l]
and Cho, Lee and Owa[3], respectively.

For the classes 斗 (O,a,/3,,) and~;伍 ），Cho, Lee and Owa[3] and Mogra, Reddy and
Juneja [6] proved the following results. -

Theoirem A. Let f be of the form (1.5) and O'.S a < 1, 0 < (3'.S 1, ! :S 1 :S 1. Then
f E~p(O, a, /3, 1) if and only if

00

芝 k(I + 2距 -/3)ak::; 2距 (I - a).
k=l

Theorem B. The extreme points of斗(0, a, {3司(0~a < 1, 0 < {3~1, ! ~, ~1)
are the functions given by f0(z) =~and

fk(z) = - 十
1 2/3,(1 - a)
z l./1 I') fJ-, fJ丶zk (k = 1, 2, ...).

if
Theorem C. Let f be of the form (1.5} and O:::; n < 1. Then f E 咢 (a) if and only

00

芷 (k+a)ak::; 1 -a.
k=l

In this paper, we obtain certain properties of f * g when f E 斗(.X, a, (3可 and
g E I:p(µ, 6, /3, 1) for A,µ2: 0 and O :S a < 1, 0 :S c5 < 1, 0 < {3 :S 1, ! :S 1 :S 1. We also
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determin·e the order of starlikeness and consider integral transforms for the functions in
斗 ( >., Ql /3, 社 Further, we find extreme points of the class 斗 ( >.,a, /3, 社

2. Convolution Properties

We first prove the following result which will be used heavily in the paper.

Lemma 1. Let f of the form (1.5) be regular in U, ,\ > -I, 0~a< 1, 0 < (3~I
and ! ~'Y~1. Then J E~P(,\, a, (3,'Y) if and only if

00

1:k(l + 2距 - /3)B山 ）ak :S 2距(1- a)
k=l

(2.1)

where
Bk(.X) = (.X + 1)(.X + 2)· · ·(.X + k + 1)

(k + 1)! (2.2)

Proof. Since
I 00

n>-J(z) = - +L Bk(>.)a己 ，z
k=I

in view of (1.3) and the definition of 斗 ( >., a, f3司 ，we have

f E :Ep(>., a, (3, 刃己 D). f E :Ep(O, a, (3, ,),

and so Lemma I follows immediately from Theorem A.

(2.3)

(2.4)

Corol區y 1. Let J be of the form {1.5}, ,\ > -1, 0~a < 1, 0 < (3~I and
! ~, ~1. If J E 斗(,\,a, (3,'Y), then

2距(1 - a)
ak <- k(I + 2(31 - (3)B山 ）

(k 2:: 1),

with equality for the functions of the form

Fk(z) = - +1 2所(1-a) k
^、- ,. 丶z.z

For the next theorem and its corollaries, we assume that f is given by (1.5) and g by

1 00

z
十瓦g(z) = - bkzk (bk 2:: 0, z E U).
k=l

(2.5)

Theorem 1. Let A 2 0, µ 乏 0, v = 0 or 1 and O :S a < 1, 0 :S 6 < 1. If
f E~p(A, a, {3, 1) and g E~p(µ, 6, {3, 1), then f * g E~p(v, p, {3, 1), where

(1 + 2/31 - {3)(A + l)(A + 2)(µ+ 1)(11, + 2) - 4{31(1 - a)(l - 6)(v + l)(v + 2)
p=

(1 + 2/31 - {3)(A + l)(A + 2)(µ+ 1)(µ+ 2)
(2.6)
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Proof. We need to find the largest p = p(a, 8, ,\, Jl, v, (3, 1) for which
00

芷 広 (,\)
k(l + 2(3, - /3)
2距(1- a) ak :'.S 1

k=l
(2.7)

and
00

芷 店 (µ)
k(l + 2距- /3)
2距(1 - c5) bk~I

k=l

imply that
00

芷 趴(v) k(l + 2/3"(- /3)
akbk~1.

k=I
2/3"((1 - p)

Using the Cauchy-Schwarz inequality, (2.7) and (2.8) together yield

(2.8)

(2.9)

f= k(l + 2/3, - /3) B迅 ）Bk(µ) !•-i 2/J,y ({1 - a)(l - J)) ,/;;;瓦 ::; 1.

Thus it is sufficient to show that

(2.10)

B山 ）
1-p
-akbk~( 趴 (,,\)B屯 ））歹

(1 - a)(l - 6) ~

for all p~p(a, 6, A,µ, v, (3可 and each k~1. Equivalently, we need to prove that

~< Bk(-\)Bk(µ) 2 1 - p
一 Ci- a)(l - 8))'戸 (2.11)

for all p::; p(a, ~'A,µ, v, (3, 刃 and each k 2: 1. On the other hand, it follows from (2.10)
that

~5 翊"I cl - a)(l - O))'
k(l + 2(3, - (3) Bk(A)Bk (µ) (2.12)

for each k 乏 1. Therefore, in view of (2.11) and (2.12), it is sufficient to establish that

翊-y (<I - <>)(I - 8))'< ( 趴(.~)Bk(µ)) t I - p
k(l + 2/3,y - /3) Bk(>.)Bk(µ) - (1 - a)(l - 8) Bk(v)'

that is, that
2/3,y(l - a)(l - 6)Bk (v)

k(l + 2/3,y - {3)Bk(>.)Bk(µ) -< 1-p,
which is equivalent to

p::;1- 2/3,(1 - a)(l - 6)Bk(v)
k(l + 2/3勺 一 f3)Bk (,\)Bk(µ). (2.13)
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Note that
Bk (v) = { 1 if v = 0,

k + 2 if V = l.
Also

1 :S 1, 1
Bk(>.) Bk(µ) -< 1.

Thus it follows that the right hand side of (2.13) is an increasing function of k 2 1.
Setting k = 1 in (2.13), we have

p'.S 1 - 2阶(1 - a) (1 -'5)B_丛旦
(1 + 2節 ）B1 (-\)B1 (µ)

(1 + 2/3, - /3)(.X + 1)(-X + 2)(µ+ 1)(µ+ 2) - 4/3,(1 - a)(l - <5)(v + l)(v + 2)
(1 + 2/3, - /3)(.X + 1)(-\ + 2)(µ+ 1)(µ+ 2)

This completes the proof of Theorem 1. The result is sharp for the functions

1 4距 (1 - a)
f(z) =~+ /1 I')怎 4\/ 、 , ＂＇、, ，、zE 斗 (-\, a, /3, ,)

and
g(z) = - 十

1 4/3,(1 -'5)
z /1 I')怎 叩 " I 1\/,. I')、zE 斗(µ, <5, 距 ）

Taking.\=µ= v = 0 and a= <5 in Theorem 1, we have

Corollary 2. If J, g E 斗(0, a, /3, ,), then f * g E 斗 (0, 1-封鉭; ,/3, 刃

Putting,\=µ= v = 0 in Theorem 1, we obtain

Corollary 3. If f E 斗 (0, a, /3, ,) and g E 斗 (0, <5, /3, 1) (0~a, <5 < 1), then f * g E
斗(O, 1 - 2距 (1-a-)(1-0)

1+2距-(3 ,/3, 社

For the next theorem (Theorem 2) and its corollary, we assume that f is given by
(1.5), g by (2.5) and h by

1 00

h(z) = - 十芝 (ai + 硅)zk (z E E)
z

k=I
(2.14)

Theorem 2. Let 入 ~0, 0 :Sa < 1, 0 < (3 :S 1 and ! :S, :S 1. Then
1f, g E~p(.\, a, {J, ,) ==} -h E~p(,\, 17, (3, 1),
2

where

11 = I 一

4距 (1 - a)2
(A+ l)(A + 2)(1 + 2/3, - /3).
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The result is sharp.

Proof. Since f E 斗(.X,a,{3,1), Lemma 1 yields

t(s.偽）k(~/3~『: ; ）/3))'a! ~ 岱 趴(.\)k(~/3~『: ；)/3)a•r SI
Similarly,

00

芷 屆 (.\)
k(l + 2距- {3) 2•~• (2距 (1- a)) 硅 s l.

Hence
00 1L- B山 ）

k(l + 2距- (3) 2•~• 2 (2距(1- a)) 园 + 硅) s l.

We now want to find the largest T/ = rJ(a, (3, ,, A) such that
00 1瓦- B山 ）

k(l + 2/3, - {3)
•~• 2(2距 (I - 11)) 园 + 硅) SI

Thus (2.15) implies (2.16) if

Bk(>.)k(l + 2(3, - (3) Bk 扒 ）k(l + 2/3, - (3) 2

2距(1- TJ)~(2距(1 - a))'
or equivalently,

'T]~1-
2距 (1 - a)2

Bk(>.)k(I + 2(3, - (3).
Since the right-hand side of (2.17) is an increasing function of k(k 乏 1), we have

'T]~l-
4距 (1 - a)2

( 入+ 1)(入+ 2) (1 + 2/3, - (3)"

The result is sharp for the functions

J (z) = g(z) = - +1 4距 (1- a)
z ,~- - - 、, , _ , ,_ _,Z.

(2.15)

(2.16)

(2.17)

(2.18)

For a function f of the form (1.1), it is easy to see that the condition (2.1) provides
only a sufficient condition for the function to be the class~(.\, a, (3, 社 More precisely,
the function f E~(.\, a, /3, ,y) if

00

芷 kBk(.X)(l + 2距 - f3)1akl:::; 2距(1 - a).
k=l

As a consequence of (2.19), we have

(2.19)
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Theorem 3. For>.> -1: 0~a< 1, 0 < /3~1, ! ~1~1 and ak 乏 0 (k 乏 1). let

1 00 1 00

f(z) = - 十芷 akzk E 斗 (>.
z , a, /3, 1), g(z) = -

z
十巴 如 k

k=l k=l

for z ED. Then
f * g E I:(>., a, /3, ,) if lb計 ~1 (k 2 1)

and
f *9 E 1':p(>.,a,/3,1) ifO~bk~1 (k 21).

Proof. We observe that

户 屆(.-\)(1 + 2/3'""(- /3)1a設計 = t kBk(.-\)(1 + 2/3'""(- /3)aklbkl
k=l k=l

CX)

5 芷 kBk(A)(l + 2距- f3)ak ::; 2衍(1 - a),
k=l

and so, in view of (2.19), it follows that f * g E~(,\, a, /3, 社 If O~bk~1, then
the above observation yields the inequality (2.19) which, using Lemma 1, proves that
f *9 E 斗 ( ..\, a, /3, --y). This completes the proof of Theorem 3.

Corollary 4. Let f and g be as defined in Theorem 3. If f E 斗 (..\,a,/3,--y), then

(i) f *9 E~(O,a,/3,--y) if lbkl :S 1 (k 2: 1)
(ii) f * g E~p(O, a, /3, --y) if O :S bk~1 (k 2: 1).

3. Order of Starlikeness

Theorem 4. Let A > 0 0 < a <
"' 一 _ 1, 0 < fJ~l and l~, ~1. If J E 斗 (.A,a,{3,,),

then

f EE*
(1 + 2距 - {J) (.A + 1) (.X + 2) - 4距(1 - a)

P ((1 + 2距 - (3)(.A + 1)(.X + 2) + 4距(1 - a))
The result is shar7J.

Proof. In view of Lemma 1 and Theorem C, it suffices to show that, for a function
J of the form (1.5), the inequality (2.1) implies that

t. (k+ 二 二點霏 霉 （
1 二 閂闆 闆 闆 鬪））三 l,

(3.1)
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which holds if

k+ (1+2缸-/3) (>.+ 1) (>.+2)-4/3'Y(l-a)
(J.+ 2/3-y-/3) (>.+ 1)(>.+2}--l-4/3-y(1-a) 竺 屆 ( >.)

k(l + 2距- /3)
1 - (1+2距-/3~(.X+ l)(>.+2)-4距 (1玉 2距 (1 -- a)

(1+2/3"(一 (J (>.-t--1)(>.+2)+4fJ'Y(l+a)

or equivalently, when

G(k, >., a, /3司 ＝
(k + 1)(1 + 2/3, - /3)(.X + 1)(>. + 2) + 4(k - 1)/3,(1 -·o:)

4kBk(>.)(l + 2距- /3)
::;; l.

We note that G(l, >., a, /3司=1. Therefore, it suffices to show that G(k, >., a, /3, 刃 is a
decreasing function of k(k 2: 1), that is, that

G(k + 1, >., a, /3, ,) [(k + 2)(1 + 2/3, - /3)(>. + 1)(>. + 2) + 4k/3,(1 - o:)]
G(k, ,\, a, /3, 1) = [(k + 1)(1 + 2/3, - /3)(.X + 1)(,\ + 2) + 4(k - 1)/3,(1 - a)]

k(k + 2)
X
(k + l)(>. + k + 2)

::;; l. (3.2)

But the inequality (3.2) holds if and only if, for each fixed >.(). 2: 0) and o:(O ::;; a < 1),
/3(0 < /3 ::;; 1) and 汛! ::;;1 ::;; 1), we have

H(k) = [(k + 1)(1 + 2(3, - /3)(>. + 1)(>. + 2) + 4(k - 1)/3社 1 - a)](k + l)(.X + k + 2)
-[(k + 2)(1 + 2/3, - /3)(>. + 1)(>. + 2) + 4k/3,(1 - o:)]k(k + 2) 2: 0.

We observe that H(l) = (4>. + 3)(>. + 1)(>. + 2)(1 + 2/3, - /3) - 12距(1 - a) 2: 0 and

H(k + 1) - H(k) = [2(1 + 2/3, - /3)(,\ + 1)(>. + 2) + 8/3,(1 - a)],\k
+(3>. + 1)(,\2 + 3.X)(l + 2/3, - /3) + 4/3社 (3>. + o:) + (1 - o:)>.)
+2(1 - /3)(3>. + 1) 2: 0.

for all 入 2: 0, 0 ::;; a < 1, 0 < /3 < 1 and - < , < 1. This completes the proof of Theorem2 -
4. The result is sharp for the functions

f (z) = g(z) = - +1 4/3,(1 - a)
z (l + 2/3, - /3)(>. + 1)(>. + 2)

z.

By a similar proof of Theorem 4, we can obtain the following theorem.

Theorem 5. Let f and g be as defined in (1.5) and {2.5), respectively. Then, 阮

). 2: 0, 0 ::;; o: < 1, 0 < /3 ::;; 1 and ! ::;; 1::;; 1,

f,g E 斗 (>.,o:,/3, 分 ===}!h E~* ((>. + 1)2(>. + 2)2(1 + 2/3, - /3)2 - 16(距(1 - o:))2)
2 P (>. + 1)2(). + 2)2(1 + 2/3, - /3)2 + 16(/3,(1 - a))2'

where h is given by (2.14). The result is sharp for the function given by (2.18)
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4. Integral Transforms

Theorem 6. Let f be of the form (1.5) and .A 乏 0. If f E 斗(.A,a,(3,,), then the
integral transforms

1

凡 (z) =Cf U寸 (uz)du (0 < c < oo)
。

are in the class 沅 ( >., 玷笠, /3, 1·). the result is sharp.

Proof. From the definition of Fe, we have

尻 = C /1 U寸(uz)du = ! +f cak 註

。 z k+c+l
k=l

In view of Lemma 1, it is sufficient to show that

00

2屆 (.\)
k(l + 2/31 - /3) cak
2距(1 - 祜門）k+c+l

~1.
k=l

(4.1)

Since f E 斗(A,a,{3司 ，(4.1) will be satisfied if,

C 1-< .
(1- 耳町 (k + C + 1) - 1 - a2+c

or equivalently, when

I(k, A, a, c) = (1 - a)c
(1- 轡 ）(k + C + 1)

:s; 1.

Since I(k, .\, a, c) is a decreasing function of k(k 2:: 1), our proof is completed. The result
is sharp for the function

1
f(z) = - + 2距(1- a)

- 、z.
z

5. Extreme Points and Its Application

In view of Lemma 1, we observe that 斗(.\, o:, (3, 分 is a dosed convex family. Using
Theorem B (or Lemma 1), we may obtain the extreme points of 斗(.\,o:,(3, 社

Theorem 7. The extreme points of 斗(.\, o:, 正 ），where A > -1, 0~o: < 1
1 .

O < (3 ::; 1 and 2 ::; 1 ::; 1, are the functions given by

1 1 2f31(l - o:)
Fo(z) = -, Fk(z) = - + 1 n 1 、、/ 1''、(J. (J丶zk (k = 1, 2, ...), (5.1)

z z
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where Bk(>.) is defined in (2.2)

Proof. Since the operator DA : 斗 (>.,a,(3,,) -+ 斗 (O,a,(3 ,)·, 1s an 1Somorphism
from 嵓(>.,a,(3,1) onto 斗 (0, a, 户 ），it preserves extreme points. In view of 2.3 and
Theorem B, it follows that th

. ()
, e extreme pomts of 斗 (>.,a,(3, 刃 are given by (5.1).

1-
r

Corollary 5. Let f be of the form (1.5), and >i 2:: 0. If f E 斗 (>i, a, f), 分 then

4/J,(l - a) 1
- - 丶.. . .. _,r 竺 丨f(z)I :S - + 4距 (1 - a)

r (1~'JA"'- f-l'\f \ _1_ 1 \ / 、, ，、r(回 ＝ 司，

with equality for the Junction F1 (z) defined in (5.1).

Proof. As a consequence of Theorem 7, we have

1 1
; - m:x M(A, a, {3 冴 ，k)rk'.S lf(z)I :S -+maxM(A,o:,{3,"'f,k)rk,

r k

where

M(A,o:,{3,1,k) =. _ ,. 丶 ， －

2距 (1 - o:)

It suffices to verify that M(A,o:,{3 k) is adecreasmg funct10n of k(k 2: 1), that is, that
M(A, a, (3, ,, k + l)
M(A, a, (3, ,, k)

which proves the result.

k(k + 2)
(k + 1)(,\ + k + 2) ~1,

Remark. For A= 0, /3 = l,, = 1 and,\= 0, Theorem 7 and Corollary 5 above give
the corresponding results for 斗 (0, a:, 1, 1) and r:p(O, a:, (3, ,), respectively.
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