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DISCRETE AND PSEUDO ORTHOGONALITY FOR A CLASS OF

GENERALIZ四D HYPERGEOMETRIC FUNCTXONS

MAYA LAHIRI AND BAVANARI SATYANARAYANA

Abstract. In his Ph. D. thesis (11] Satyanarayana defined and studied the generalized hypergeo­
metric functions 玲 (x,w) and H~位 ，w). In the present paper we consider discrete orthogonality
for I~位 ，w) and pseudo orthogonality for n:位 , w). We also obtain some interesting applications
of the results of our investigation.

1. Introduction and Definitions

In the present paper an effort has been made to define and apply a discrete orthogo­
nality for I~(x, w) and pseudo orthogonality for H~(x, w) (see [11] and [7]). For brevity,
the following notations of Milne-Thomson [8) (also see Lahiri and Satyanarayana [2])
have been adopted throughout this paper.
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亡 畠 玉 ，w)=西 -~w)low] 凶 ，w [(x -µw)i(o+n)w]·p+I 瓦（固 ），－；十.\ ; (b,);言
For the definition of p+l片 one can refer to Srivastava and Manocha [13, p.42(3)]. In
Satyanarayanana [11], it is proved that

Jc:tj/Lj 囯）(x,w) = (1 + a)n
固 ）：蓋一µ+ l,-n; - 志十.,\;

n;A; (b,) n! F.扛i [ 固 ）：l+o; ----;w,w] (1.8)

where F,启亞 (x, y) is a double hypergeometric function·given m Srivastava and Karlsson
[12, p.27(28)).
And from Lahiri and Satyanarayana [7), we have

Ho:;µ; 固） l
n;A; (bq} (x, w) = n!(x _µw)[(a+n}w] x,w~n (x _µw)[o:w]

X
·p+1Fq(固 ），－孟十,\;(bq);w)] (1.9)

（－庫 w-2n
n!(t -µ- a+ l)n(弓~+ µ+ a)n

·F:t心［固 ）：一n, 盃一µ+1;弋 +A; w,w

(bq):l+a-n; ----; ]

The function of (1.8) was studied by Lahiri and Satyanarayana ([2], [3) and [4)). In
particular, for ,\ = 0 andµ= 1, we have

(1.10)

1a;I;(ap) X
n;O;(ap) (x, w) = (1 - w)一 •J0(X W

w n ,), (1.11)

where 崆 (x, w) is a modified Jacobi polynomial defined by Parihar and Patel [9] (also
see Lahiri and Satyanarayana (2, p.164(1.5)].);

lim ICl:';µ;(ap)
w-+O n;A;(ap) (x, w) = e-x瑋 (x) (1.12)

where 碎 (x) is the Laguerre polynomial See Rainville((10]). the function of (1.9) was
studied by Lahiri and Satyanarayana (7], and we have

把 。{e元2nH:/計訂 (x, w)} =驃 屯）， (1.13)
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where L~-n(x) is a pseudo Laguerre polynomials.
Definition (Discrete orthogonality). Jordan (1) defined orthogonal polynomials with re­
spect to x = Xo, x1, ... , xN-I·The polynomials U (x) of degree m are called orthogonal
with respect to x = x0, x1, ... 涇N-1, if

N

芝 Um包）Uµ包）= 0, if m f-µ
i=O

(1.14)

If the values of Xi are equidistant, x =a+ he, and e = 0, 1, 2, ... , N - I, then

N

I:F.正 1(x)Um(x) = 0,
~=O

(1.15)

where F.正 1 (x) is an arbitrary polynomial of degree m - 1. Satyanarayana [11) defined
discrete orthogonality and pseduo orthogonality as follows:

Consider a simple set of real polynomials </>n(x). If there exists discrete variables
xi = (x + iw), where i = 0, 1, 2, ... , N - I and a jump function J(xi) for each xi such
that each J(xi) is positive and I: J(xi) is finite and, if

N

LJ(xi)如包）</Jm包）= 0, if m =p n
i=O

(1.16)

we say that the polynomials¢n(x) are orthogonal with respect to the jump function
J(xi) for each Xi, because we have taken J(xi) > 0 and¢n(xi) real, it follows that

NI:J伝 ）｛衖 （引 }2 =I= 0
i=O

(1.17)

Definition (Pseudo-orthogonality). Consider a simple set of real polynomials¢n (x). Sup­
pose that there exists discrete variables xi = (x + iw), with i = 0, 1, 2, ... , N - 1
jump functions J(xi; n)J(xi; m) whose values are positive and the sums~J(xi; m) and

L J(xi; n) are finite.
t If

N

L J(xi; n)</>n(Xi)</>m包）= O; n > m
i=O

(1.18)

and
N

LJ(xi;m)如包）缸 (xi)= O; n < m
i=O

(1.19)

then we say that the polynomials 廊 (x) are pseudo orthogonal with respect to the jump
functions J(xi; m) and J(xi; n) for each xi.
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2. Main Results

'Jle define discrete orthogonality for the functions {稔 (x, w)} and pseudo orthogonal­
ity for the functions {H::位 ，w)} with value p = q = l. 恥rther, we suppose that a1 = a
and 柘= a-r.
Discrete orthogonality for I~(x, w)

f 止if/:_r(x, w). 靡 ＼＇，辶 (x, w) (x - /WJ)[aw] (1 - w) - 一
X

w
x=[µw]

= 0, if m "# n (2.1)
(a几 (1 - w)->.= (,\1, -,\2), (2.2)

(a - r)nn!

where

..\1 = lim~;,訌(x + nw, µ,..\,a+ n, w),
X-tCXl

..\2 = lim~;,乜(x + nw, µ,..\,a+ n, w)
x-t[µw]

where

</J(x, µ, A, a+ n, w) = (x -µw)[(a+n)w]·(1 - w)芝- ,\
w

X W
·2迅 (-r,-一 十,\ ; a - r; - )

w l-w
(2.3)

Pseudo orthogonality for Hi(x, w):

f 廌ti~二 (x,w)·H盅鳧辶 (x, w) . o(x, µ, w)
x=-=[µ,w]

= 0, if m -:p n
(a)n(l - w)->.
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where

and

J(x,µ,w) = (x -µw)[(a+m)w]·(x -µw -aw +nw)[2nw](l -w) - 一芝
w

= (-l)nw2n(l - w) - 芝(x _µw)[(a+m)w]
w·

X X
·(- -µ- a+ l)n(-- +µ+ a)n,

w w
'T/1 二墮主＼乜 (x + nw + w,µ,A,a,w)

772 =譚 户＼乜(x + nw + w, µ, ,\,a, w).
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Proof 2.1. To prove (2.1) consider
00

S= L 崆霆-r(x, w)·J盃亞辶 (x, w)(x -µw)[aw](l - w) -~
:z: =[µw] w

=A;土 ｛崆閌辶 (x, w)l盅悶辶 (x, w).(x -µw)[aw](l - w) - 日l:z:=[µw],oo

using (1.7),(1.8) and (1.4), we have

S=
(l+a)n(l-w)->. 00

n!m!
L(-I)PA~,w-F'.琵~r-: 一n,a,;; 一µ+ l;
p=O a - r: 1 + a;

一r,-~+,\;
- - -; w,-三 .t.:;-,尸 {t.:'.w</>(x + pw, µ, A, a+ m, w)} 1,-(µw],oo

(1 + a耘 (1 - w)->. oo n r p m-p-1 l
＝ 霆霆 2 江）(l

p=O k=O j=O ;-o l=O k=O'n)
．（－庫 (a)k回(-l)P記 (-w)J曰
(a - rh+1(1 +庫 (1 - w)ik!j! x,w(~-µ+ i + l)k

.~i (
X

x,w －一 十 ,\)j . ~m-p-l-1
w

亞, (x -µw + pw + lw)l(a+m)w)

醢 益(1 - W); - ,\ + h· ~~.w2呂(-r, -; + ,\; a - r; - 芒 盂斗lx=[µw],oo

In view of (1.2) and (1.5), and by applying x---*µw and x ---* oo, we get (2.1). Hence the
function {1;比辶 (x, w)} is discrete orthogonal.

Moreover, if m = n, then the series will get the following form.

S=
(1 + a)n(l - w)->.

n!n!
竺!i,{F1\~~r- - - : -n,a, 盃一µ+ 1;

a 一 r: 1 +a;
-r. 一 盃十 ,\ ;

- - -; w, -』 凶，,,</>(x + pw, µ, A, a+ n, w)} 丨•=(µw],oo

= {l+ a)~立 ，一 wJ->立-l)Pt.twFN} r- - - : -n, a,;;; -µ+ i;
p=O a - r: 1 + a;

一r, -! + ,\;
- - -; w,-占] .t.:;-,尸{fl;,w </>(X + pw, µ, A, a + n, w) l•=(µw],oo

= (1 + o)n(~~~:(1 -w)一, { t.;,WF翌i r- - 一 ：一n,a, 盃一µ+l;
a - r: 1 + a;

-r, 一亞十 A;三 "] .t.;;-,乜(x + nw, µ, A, a+ n, w)} l•=(µw],oo
－－－；
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Hence, finally we get (2.2).
Applications: In (2.2), by substituting r = 0, µ= l, A= 0 (in view of (1.11)), we get

f{崆 (x,w)}\1-w戶 (x -µw)[o-w]
x=[µw]

=~竺!n(x + nw 一 w)[(o-+n)wl(l _ w) 舌 lx=[µw],= , (2.6)

where J;;位 ，w) is the modified Jacobi polynomial (see Lahiri and Satyanaryana [2,
p.164(1.5)]. The result (2.6) is believed to be a new result.

Now setting r = 0 and letting w --t 0, the relation (2.2) is reduced to a well-known
result for the orthogonality for the Laguerre polynomials.

Proof 2.4. To prove (2.4) consider the series

00
S1 = L 廌启-r位 ，w).H:Jia辶~r(x, w).8(x, µ, w)

年=[µw)

using (1.9) and (1.10), we have

(-a)n(l - w)-兄 l)n 6_1 o:3;2 一一一：-n,a, 盃 - µ+ 1;
S1 = n!m! x,w{Fl:l;O [ a 一 r: 1 + a-n;

-r,- 盃 +A; w,-』竺w<I>(x, µ, A, a, W}} I ,-[µw],oo
- --;

(-a)n(l - w尸(-l)n oo
＝ n!m!

2仁1)P{凶 ，wFf菰 ＿＿＿：一n,a, 盃一µ+ l;
p=O

[ a - r : 1 + a - n;

-r,-t+A;
- --; w,醞] .a;;;;'一埽 (x + pw, µ, A, a, w)} J,~[µwJ,=

From which the result (2.4) can be deduced directly.

Proof 2.5. Similar to that of (2.2)

Application. By taking r = 0 and w -+ 0, we get

100 {L~c:r一n)回}2 e-xxcr-ndx =』100笠e-xdx

=f (1 + a)
n!

(2.7)

(o-n) ,
where Ln 位）1s a pseudo Laguerre polynomial.
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