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ON REFINEMENTS OF HADAMARD'S 『NEQUALITIES

GOU-SHENG YANG AND CHUNG-SHIN WANG

Abstract. Some refinements of Hadamard's inequalities are established.

1. Introduction

The inequalities

! (字 ）三~1b f(x)dx~f(a); J(b) (1.1)

kwhich holds for all convex functions f : [a, b] -+ R arc nown m the literature as
Hadamard's inequalities. In [2] and 圍，S. S. Dragomir established some refinements
of the first inequality of (1.1). In [4], G. S. Yang and M. C. Hong established a refine­
ment of the second inequality of (1.1).

The main purpose of this note is to establish further generalization of the results in
[2], [3] and [4]

As in [1) and [2], let E be a nonempty set and let L be a linear class of real-valued
functions from E to R having the properties:

£1: f,g EL::::} (af + bg) EL for all a,b ER;
L2 : 1 E L, that is, if f (t) = l(t E E), then f E L.

A linear functional A : L -+ R is isotonic if

A1 : A(af + bg) = aA(f) + bA(g) for f, g EL and a, b ER;
A2 : f E L, f (t) 2:: 0 on E 今 A(f) 2:: 0 (A .rs 1sotomc).

We need the following Jensen's inequality (sec [1) or [2]).

Jensen's inequality. Let L satisfy the above properties on E, and suppose <T> is a
convex function on an interval I 旦 R. If A is any isotonic linear functional with A(l) = 1,
then, for all g E L such that <T> (g) E L, we have A (g) E J and <T> (A(g))~A值 (g)).
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2. Prelirninary Lernmas

In order to establish the main theorems, we start with the following lemmas.

Lemma 1. Let C be a convex subset of a real linear space X, and f : C -+ R, the
real numbers, be a convex function. Let ai > 0 (i = 1, 2, ... , n) with 立~1 ai = 1 and
a= min1<i<n乜}. Given a sequence x = {xi,x2, ... ,xn} in C, let <Px: [0,na)-+ R be
defined by

n

叭 (t) =芝 ad([1
g(t) g(t)

i=l 一一二 Xi 十五 Xi+l),

where g is a linear function on [O, na) such that O :::; g(t) :::; na and Xn+I = X1. Then

(1) <I>x is convex on [O, na),

(2) f (立 漥i)~ 叭 (t)~立f (xi) for all t E (0, na].
i=l i=l

(2.1)

Proof. Let ti, t2 E [O, na] and a, /3~0 with a + /3 = 1. Since f is convex on C and
g is linear in [O, na], we have

n

戶 t1 + /3山＝芷 ad([1-
g(o:t1 + f3t2)] g(at1 + f3t2)Xi 十 Xi+l

naii=l
nai)

＝言 a,{,[ (1-芒 ）：巴 •+>l
+!3[(1-亡:))xi十翌 Xi+l])

~o t,a,几 翌尸 翌 Xi+i)

差 a.J([1-芒尸 芒 勺
=a叭 (t1) + f3<I>x 伍 ）．

This completes the proof of (1).

Next, using the convexity off and note that Xn+l = X1, we have

n g(t) g(t)
<l>,(t) <: 苫 a, [ (1-互）f(x;) +--;;,;;; f(x,+1)]

n n n
=I:矼(xi)+

g(t)
''.

n 辶 [f(xi+1) - f伝 ）］＝芷 ad(xi)
i=l i=l i=l
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and

叭 (t) 乏 1(t,a,[(1 — ~~;)x,十門三 ）

~1(習生叭十『 t,[x,+1 - x,]) = f (t,位,.),
for all t E (0, na]. This proves (2).

Rem尋 1. Lemma 2.1 in (2] is the special case of our lemma 1 when n = 2, g(t) = t
and a1 = a2 = !-

In [4], G. S. Yang and M. C. Hong proved:

Lemma 2. If f : [a, b] --r R is a convex f11,nction and F: (0, l] -> R is defined by

F(t) = 2(b~a) lb {1([1; t]a + [1; t卜）口([千 曰 丁 卜）}dx,

then F is convex, increasing on [O, 1] and

1 「j(x)dx = F(O)~F(t)~F(l) = f(a)十四
b-a a 2

They used the differentiability off on (0, 1) to prove F is increasing on [O, 1]. Here,
we give a proof without using the differentiability off on (0, 1) as follows:

Proof. That Fis convex on (0, 1] is easy to verify. Now, if O~t < l, then

F(t) = 2(b~a) lb {几 [1 + t]a ; [1 - t]x) + f el + t]b~[1 - t]x) }心
= 1 {!字-t(孚 f(x)dx+'f(x)dx辶 十t(~子） ｝

Since f is convex, we have

F'(t) = ,, ,,;,, 丶｛［于 -t(乎）匝 ）dx + 1:+I("y-) 正 ）dx}
+ ,~.,1,. 、｛几~-t[~])[-丁 ］
-!(~+t『) ;(L])[鬥｝

= 1 {/.于-ti字）f(x)dx + 1:+t('?J f位）dx}
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- 2(1~t) {几了 尸 ])+ 1(三t[丁 ］）｝

~2(/- t) {几[3;t]a+ [~]b) +! ([丁 ]a+ [彗 叩 ）｝

訂 ＼ ｛几[~]a+[~平) +i([~Ja+ [千 ]b)}

= 2(1~t) {几[l~t]a+[3; 围）- !([~]a+『: t] b)}
- 2(/- t) {几［千 ] a+ [于 ]b)-1(言 t]a + [~]b)}

~0.

This shows that Fis increasing on [O, 1]. Hence

1 b

二丨f(x)dx = F(O)~F(t)~F(l) = .f (a)+ f (b)
a 2

This completes the proof.

186

3. Main Results

Now, we give our main rE;sults as the following theorems.

Theorem 1. Under the cond山ons of Lemma 1, let L, A satisfy the cond函on:; L1,
L2, A1 and A2, and let h: E -t [O, na] be a function such that h E L and

for i = 1,2, ... ,n.卟 －亡]Xi +~:: Xi+l) E L

If A(l) = l, then

(3.1)
n

S辶A(h))~A(<I>x(h))~ 芷 ad伝）
i=l

n

1(芝 aixi)
i=l

Proof. Using Jensen's inequality, we have

~x(A(h)):::; A(~x(h))

This is the second inequality in (3.1).
Since f is convex on C and A is an istonic linear functional on L, we have

=!岱勺
叭 (A(h)) =tad([1- g(1i鬥 ］叭十 g(:l:)) Xi+i)

i=l

? f (ta,[ (1- g(:l鬥）X; + g(:i? Xi+I l)
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This is the first inequality of (3.1).
Finally,

n

叭 (h) =芝口( [1 g(h) g(h)

i=l
— nai]叭十盃 ~-x口1)

図j [ (1 一亡 ）f(x,) 十芒 J(x,卜J)l = t, a,/ (Xi)
Using A1, A2 and A(l) = 1, we have A(叱 (h)) :SA (I:7=1 ad(xi)) = L~1 ad(xi)­
This proves the last inequality of (3.1).

Remark 2. We note that Theorem 2.3 in [2] is the special case of Theorem 1 as
n = 2, a1 = a2 = !, g(t) = t and h(t) = t.

Theorem 2. Under the conditions of Lemma 1, ~巨 = {XJ, x2, ... , xn} is a sequence
in C such that Xi # Xi十.1, i = l, 2, ... ,n, and Xn+l = X1, then

n n

!(~虹 i)~ 苫 ad([1. 一辶 ］叭十立 Xi+l)

n

~I:
a; x;+..!!..(主 l 一Xi)

i=l a(xi十 1 - 叩）1i "i 1 (t)dt
n

:S I:ad伝 ）．
i=l

(3.2)

JProof. Let A = 盅j。鬥 E = [O, na], g(t) = t and h(t) = t. Then

] na n

A(叱 (h)) =;;;; I 辶 ad([尸上]xi+~Xi+l)dt. o nai na·i=l

=~
n 礄 x;+孬 (a;;+1一叭 ）

i=I a(xi十 1 一 Xi) ii j (t)dt,

and

<l>. (A(h)) =戶([1 - 克~尸l X; , 一盅 ~f~: tdt Xi+! )
＝户 d([1-~]叭十立 Xi+!)

Using (3.1.), we obtain
n n

!(~aixi)~ 苫矼 ((1-~]叭十立 J'日1)
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亡三
n aJ x,十·計 (x;+1 - 引
,-1 a(x,+1 - x,) 1, f (t)dt
n

5 芝 ad(xi)-
i:-: 1

Remark :{. We note that the Hadamard's inequalities (1.1) is the special case of
Theorem 2 when n = 2, x1 = a, x2 = b, and a1 = a2 = !-

Tehorem 3. Under the cond山ons of Theorem 2, let H : [O, 1] 弓 R be a function
defined by

H(t) =言 a(x,+:;_ x,) [ 十令(x,+<-xd f (tx + (1 - t) t. a;x;) dx
Then (1) H is convex on [O, 1),

(2) f図,x,)~H(O)~ 溫i1l H(t) :S H(t)

n 2ai 五 (x;+1-x;)
5 溫問 H(t) = JI(l) =苫 a(xi+l 一 Xi)1; f(x)dx

n

三芝 ad(xi),
i=l

(3.3)

for all t E [O, 1],
(3) H is increasing on [O, 1].

Proof. Let t1, 朽 E (0, 1] and a, /3 2: 0 with a+ /3 = 1. Since f is convex on C, we
have

H(at1 + f3t2)=t a;_ 尸 位，十1-叭）f ((ati + f3t2)x + (1 - o:t1 - f3t2)立jXj) dx
i=l a(xi+l - Xi) Xi j=l I

= t . a;
i=l

x 「 十`年 Xi+l一年）f 仔 ［打x + (l-t1) i=ajxj] + f3[t2x + (1- 玠 ；：aj司）dx
Xi j=l J=l

n

戸芷
n a; 心` 十令 (x,+1 一叩）
i=I a(xi+1·_ Xi) l, 八 打X + (1 - t1)芷 ajXj)dx

j=l
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n 2 X;-\-寺 (x;+i -xi) n

+/3苫 (a, J 邸X + (1 一 t2) I; ajXj)dx
a 冗 i+l - Xi) Xi j=J

= aH(t1) + /3H(t刃 ．

This completes the proof of (1).

Now, observe that H(O) = f ( 立~la涇 i) and H(l) =立弓叩己三
尸 年x;+i-x;) f(x)dx. Using the convexity off and the inequality (3.2), we have
Xi

H(t) =言 a(x;+:I- x,) [ 十令(x;+, -x.) f (tx + (1 - t)户i)dx

n 2 Xi十計 (x;+i一句

:::; t芷 (ai J J(x)d:i;
i=l a Xi+l 一 Xi) Xi

瑱 -t)t a/ 「弋(z;+,勺.) f ( 立 ，司心
a(xi+l 一叭） Xi .f=li==l

n 2 叭十壹 (1丑1-x;)

= t; a(xi+~'- x,) 1, f位）dx+(l-t)J(言 a,司

<:t ( a) 「 十汩主,-x;) f位）dx <:立d包 ）
a :Ci+l - Xi) Xi i=li=l

for all t E [O, 1).
On the other hand, let Yi = txi + (1 - t)江:~1 ajXj, l~i~n, and Yn+I = Y1, then

H(t) = t af 「弋(y,+1-Yi) j(y)dy
i=l a(Yi+l - 叫 扒

n

= i(Laixi)
i=l

n

2'. f ( 芷 aiYi)
j=l

for all t E [O, l].
This completes the proof of (2).
Finally, let O < t < u:; 1. Since His convex on [O, 1] and H. (I.) 2: l-1 (0), we 區ve

旦(t) -- H(O)
t

2 0,H(u) - JI(tl
U 一 t

乏

that is H(t) :S H(u).
This completes the proof of (3).

Remark 4. We note that Theorem 1 in 圍 is the special case of Theorem 3 when
n = 2, a1 = a2 = ! .
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Under the conditions of Theonmi 2, let K : [O, 1)~R be a function

190

Theorem 4.
defined by

K(t) =言 2a(x,:~二］［弋 (x.+, -x;) {几［与 ~]x + [1t]x,)

+t([旱J:r+[!丁] [xi+ t仕 i+l 一．可 ）}dx

Then K is convex, increasing on [O, 1 J and
n n
芷 a; 「 弋 位，十严 ）`距 ）dx = K(O) ::; K(t) ::; K(l) ::; 芷 ad(xi)
i=I a(xi+I - 式•Xi i=l

for all t E [O, 1).

Proof. Using Lemma 2, it is easy to see that K is convex and increasing on [0,1).
Now,
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This completes the proof.

Remark 5. Let ai =卐= 1, 2, ... , n) and Xn+l = X1 < 幻 ＜．．．＜叻i·Then, fromn
Theorem 3 and Theorem 4, we have

H(t) = t 1 「+if (tx十尸 n
i=l n(xi+l 一 Xi) Xi n

芷司 dx,
j=l

and
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n

K(t) =严
i=·1 2n(xi+1 一 Xi) 尘

1 「+1 {1([YJx + [千 ］司

叫鬥X + [千 ]Xi+l) }dx

such that H and K are convex increasing on [O, 1] and

n

1(拉三 =H(O)'.S H(t)
i::= 1

n l .主 1

:S H(l) = L j J(x)dx = K(O)
i=l n(xi+l -- 幻 叭

1 n

< K(t) < K(l) = —．． n瓦 f伝 ）．
i=l
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