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ON HUA’S INEQUALITY FOR COMPLEX NUMBERS

C. E. M. PEARCE AND J. PECARIC

Abstract. A generalization is given of Hua’s inequality for complex numbers that involves
convex functions. An improvement is derived for Hua’s inequality and for two recent extensions

of it to the complex domain.

1. Introduction

Suppose 8, a are positive numbers, T; € R(G =1,...,n) and Kn = a(n +a)~!. Hua

[4] has shown that
n 2 n
(6 — Zm,) + afo > K62,
=1 i=1 )
with equality if and only if z; = h,8, where h, = (n +a)~1. This inequality is important
in number theory.

Wang [7] has given the following generalization.
Let o, 8 be as above and p > 1. Then

n

(-2

=1

n
p
x) +ar 1y ok > K5 (1.1)
i=1

holds for all nonnegative T; € B3 = Ly, it) with 30 4% < §. The inequality is
reversed for 0 < p < 1. In either case, equality holds if and only ifz; = had (i =1,... ,T).

Moreover, Pearce and Pecari¢ [6] have proved that if 3 iy @i < 6 and z; > 0 (=
1,...,n), then (1.1) is also valid for p < 0. This follows as a special case of a more
general result.

Let f be a real-valued, convex function on an interval F C R and let ,6,Z1,.--,%Tn be
real numbers such that « >0 and § —x1 — -+~ Tn, ALL, - .,az, € F. Then
= - a+n ad
0 — m) +N o Vlam) = —— ( ) 1.2
Fo-La) + Lol 2 G (1:2)
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If f is strictly convez, equality applies if Ty =+ =Tn = ""° = h,8, where hy is defined
as above.

Hua’s inequality has been transported to the complex domain by Dragomir [2].

Theorem A. Suppose a >0 and ,z1,..-,%n € C. Then

n 2 n
‘5—~Zzi +O<Z|Zi|2 P
i=1

i=1
Equality applies if and only if zi = §/(n+a) i=1,... ,n).

ald|*

n+ (1.3)

Dragomir also supplied an interesting extension.

Theorem B. Suppose o > 0 and §, z;, w; € C (i =1,...yn). Then

‘5 - iz-w- 2+ozi |zi|% > glb)
=4 z i=1 YT e Y el
Equality applies if and only if
dw;
4T ar T il

for alli€ {1,...,n}.
Recently Yang and Han [8] melded Theorem A with Wang’s result.

Theorem C. Suppose a > 0 with §,21,...,2n € C andp > 1. Then

n p B n « p—1
‘5_24 +af lglzilpz <n+a) |61,

i=1
with equality if and only if z; = 6/(n + o) E=1,.00)

In this paper we present a general result which subsumes Theorems A, B and C as
special cases. As particular instances we derive improvements of Theorems A and B.

2. Results

Theorem 2.1. Suppose a > 0 and 6, z;,w; € Cwithw; 70 (i=1,...,n). If fisa
conver nondecreasing function on [0,00), then
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If f is strictly convez, equality holds if and only if
' . 0w;
(a+ iy lwi])wil

(i=1,...,n). (2.2)

Z

Proof. By the triangle inequality, we have

n
6 — E zZiw;
=1

Hence since f is nondecreasing on [0, 00),

. (2.3)
f(5—§:ziwi )2 f(‘l‘sl et

). (2.4)
i=1
Also Jensen’s inequality for convex functions gives

e Y lwil Y lwil f(elzil)
o ; Iwzlf(alzll) - (; ’ EI:TL : Iwz|

T |w; a =
2 Zz_;| l]f(zn | ' lez”zzl)
i=1 '(Uzl =1

Yo |wil ( ey ‘ = )
= = f n Wizi| |- (25)

The last inequality follows from the triangle inequality, since f is nondecreasing on [0, 00).
Note that f(|z]) is also a convex function.

So by (2.4) and (2.5) we have
n n
f( 5— "z )+a—1 S fwilfelz)
i=1 =1
= 3o ] ( a
> f( 2iWj )+ = f n
; ' £ b |wz|
o+ Sl bl )
S
a+ 3o |wil ‘ﬂ(ﬂ

= a (a+2;;1|w|>’ 0

where we have used (1.2) for n = 1 and 23 = | Y, ziw;| with the replacements d — 4],
a—alfY i |lwi] and f(z) = f(|z]).

We now address the condition for equality in the event that f is strictly conves. Since
it is nondecreasing it must be strictly increasing on [0,00). The first inequality in (2.5)
holds with equality if and only if

>

6] =

n
E Wiz
=1

n
5 Wizi
1=1

9] -

ald|

|z1] = -+ = |2nl, (2.7)
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while in the second inequality in (2.6), equality applies if

18] 2y [l ¢
S S il (2.8)

n

E 2 W4
=1

The second inequality in (2.5) becomes an equality if

n
E W;iZ4
i=1

n

=3 fwillal, (2.9)

=1

that is, by (2.7),
n
5w
i=1

Conditions (2.8) and (2.10) yield

= || 3wl (2.10)

e ] 5 e
==l = T el

If § = 0, then z; = 0 for each ¢, and so (2.2) must hold. So suppose d # 0. Now (2.9)
holds with equality if and only if

(2.11)

ZiW; = /\z-'r' (Z = 1, = vt ,'I’L) (212)
for some complex number 7 with
/\i_>_0 (i:1,...,n).

In fact (2.11) and the assumption that w; # 0 requires that each A; be strictly positive.
Equality obtains in (2.3) and so also (2.4) and the first part of (2.6) if and only if
Yoi g ziw; is a nonnegative multiple of J, so that without loss of generality we may take
r =6 in (2.12) to give

ziwi-_—)\ié (i:l,...,n).

By (2.11)
)

w;

|6]
a + 2?:1 Iw'LI

i

and so
|wi|

A= 3= L. 5),
' a—i—Z?:liw,-] ( )

Thus it is necessary that

Wiz — |w; |6
- a+Z?,-.1 |ws|

that is, that (2.2) holds.
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It is trivial that this condition is also sufficient.

Remark. For f(z) = 2% and w; and 2z replaced by w; and z; Jw; respectively, we
get Theorem B from Theorem 2.1.

Corollary 2.1. Suppose a > 0 and §,z,w; € C (1 = Y. .. g > 1 and
1/p+1/q =1, then

\6 - Z Z;W;

n p
f==1

—11511’. (2.13)

D n
a
+Gﬂp_] E Zi P> >

8w |wi |22

; —_— g |wi]
Equality obtains if and only if z; N Th

Proof. Set f(z) = z? in Theorem 2.1 and replace w; by w{ and z; by zw; 9/P  Then
(2.1) becomes (2.13) and the condition for equality becomes

Ziw.—‘fI/P - 5mgn ,
’ lwil (e + Y= [wkl?)
that is,
=g G
2 swiw]’?

w9 (e + oy [wrl?)
8|w;|24w;

T wil (e + Yoy [l
1

o Swi|"wi
a+ 22:1 lwkl‘l ’

Remark. For w; =1 (i =1,...,n), Corollary 2.1 gives Theorem C.

Theorem B possesses an improvement, Theorem 2.2 below. To establish this, we shall
make use of an improvement of Cauchy’s inequality is due to de Bruijn [1] (see also [5,
pp. 89-90]).

Proposition 2.1. If a1, ...,an are real and z1, . . ., Zn complex numbers, then

Equality holds if and only if ay = Re(Azg) fork=1,...,m, where \ is a complex number
and Y p_ N2z} is real and nonnegative.

2 T

N2
e

k=1

Theorem 2.2. Suppose o >0 and a; ER with §,z,€ C (i=1,...,n). Then

\5_ En Q:Zi 2+_Of<§n:|z,‘2+bn:z2 )> al5l2
141 2 ] i n 9 -
=1 B\ i=1 1 at+Yim &
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Equality holds if and only if ax = Re(Az) fork=1,...,m where \ is a complex number,
Sr_, X2z} is real and nonnegative and

n 2
i=1 330 -

n
Zaizi - E%_Z"_ Piz
=1 o

Proof. If 3.7, a7 = 0, then a; = 0 for all i € {1,...,n} and the incyuality is
obvious, so suppose that Z’Ll a? > 0. By Proposition 2.1 we have

n 2 n n
6—Zakzk +%(§:|zk|2+ sz)
k=1 k=1

=1
n 2 n 2
a
2‘5—2 akZk +—~—7r—gz* E akZk
k=1 k=1 "k lg=1
alélz
n 2
o+ Y g1 0k

In the last step we have used (1.3) for n = 1 and with z;, a replaced respectively by
Y k=1 @nZn and o/ > r_q a?. The condition for equality is inherited from the correspond-
ing conditions in Proposition 2.1 and Theorem A.

Remark. Fora; =---=a, =1, we have
n 2 n n 9
a 2 2 ald|
= E b E E >
\5 e Zk| F o (k—l l2el” + — “k ) =~ a+n’

which is an improvement of (1.3).

Remark. Drnoviek [3] has given an operator generalization of the Lo-Keng Hua
inequality.
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