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SOME PROPERTIES OF THE FJLAG MANIFOLDS

GR. F. TSAGAS AND A. J. LEDGER

Abstract. The aim of the present paper is to prove that the read, complex and quaternionic
flag manifolds are L-space.

1. Int:roductmn

Let M be a differentiable manifold and L a Lie group which is not required to be
connected. If Mand L have some properties, then Mis called I:-space or I:-manifold.
One of the problems of I:-manifolds is to determine, if a given manifold can carry I:-
structure. ([2]-[7])
The aim of the present paper is to prove that the flag manifolds: SO(ri)/SO(K1) x

... x SO(Kv), SU(n)/SU(K1) x· · ·x SU(Kv) and Sp(n)/Sp(K1) X· · ·X Sp(Kv) can
carry I:-structures.
The whole paper contains five paragraphs.
The second paragraph deals with the general theory of I:-spaces. We also consider

special categories of L-manifolds.
The affine and Riemannian I:-spaces and their different categones are studied in the

third paragraph.
In the fourth paragraph we consider the real flag manifold M = SO(n)/SO(K1) x

... x SO(Kv), where K1 +· · ·+ Kv = n, and prove that Mis a reduced I:-space. This
manifold, with the Riemannian metric, which comes by the restriction on its tangent
space m at the origin of the negative of Killing-Cartan form on the Lie algebra o(n), is
a reduced Riemannian I:-space.
Finally, in the last paragraph we study the complex and the quaternionic flag man-

ifolds M1 = SU(n)/SU(K1) x· · ·x SU(Kv) and 祏 =Sp(n)/Sp(K1) X· · ·X Sp(Kv),
where K1 十 ···+Kv = n, and prove that they are reduced 瓦-spaces. The manifolds M1
and M2 with the Riemannian metrics, which come by the restriction on m the negative of
the Killing-Cartan form on the Lie algebras u(n) and sp(n) respectively become reduced
Riemannian I:-spaces.

Received September 17, 1996.
1991 Mathematics Subject Classification. 53C30.
Key words and phrases. Lie algebral, Lie group, Killing-cartan form, I:-space and flag
monifold.
* This Research is supported by UGC grant No. F:8-13/87(SR-III).

211



212 GR. F. TSAGAS AND A. J. LEDGER

2. Let M be a differentiablt~manifold, E a Lie group and

µ:Mx芝 xM -t M, µ: (x,a,y)-+ ax(Y)

a mooth map. Then the triplet (M, E, µ) is called a E-space or a E-manifold, if the
following conditions are satisfied

11,(x, cr, x) = x
p(x,e,y) = y
µ(x, cr, µ(x, T, y)) = ft位 ，crT, y)
µ(x,cr,µ(y,r,z)) =µ(11,(x,cr,y), crrcr-1, µ(x,a,z))

(2.1)
(2.2)
(2.3)
(2.4)

where x, y, z EM, a, TE E and e is the identity element m }:.
From the above we conclude that for each x E M and a E E a diffeomorplusm ax

on Mis defined.
ax : M--+ M, ax : y--+ ax(Y) =µ(x, a, y).

and another smooth map ax on M is also defined as follow

CJx : M-+ M, CJx : y-+ ax(y) = ay(x).

The map CJx satisfies the following conditions

Clx(x) =X

ex = idM, where e is the identity element of L and V x E M
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CixTx = (aT)x

6訌11a;1 = (aTa-1)尹 (y)
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For each x we write Lx for the image of L under the map: L -+ Lx, : O'-+ O'x,
then from (2.6) and (2.7) we conclude that 芷 x is a subgroup of Diff(M) and this map
is a homomorphism.
For each O'E I: we define a tensor field su of type (1.1) on the I:-space Mas follows

s;(Xx) =但）* (Xx) for all x EM and Xx E TxM

Then we have the following properties

5a is smooth (2.9)

(2.10)

(2.11)

囯 ）＊（夕 X) = S元 -1 ( 信 ）*X), Va,r E昱 X E D1 (M), x E M

S氕s Aut(M)-invariant
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(ax) * Xx = (1 - 侶）*)Xx = (1 - SO')Xx (2.12)

A 严-space M is called a reduced I:-space, if for each X E M'then T塤 is generated
by the set of all (a芍 * (Xx), that is

Ta:M = gen{ (<J芍 *(Xx): Xx E 兀Mand CJ EL}

= gen{(T - Su)Xx : XE TxM and a EL} (2.13)

If Xx E TxM and ((J芍 * (Xx) = O for all (J E L, then Xx = 0 and thus no non-zero
vector in 1'xM is fixed by all (S叮x \;/(J E 1: ([3], [4]) (2.14)

3. Now, we consider special structures on 严-spaces.
An affine I:-space is a I:-space M together with an affine connection V with the

following property. ([3])
V is LM-invariant, that means, each Cfx is an affine transformation.
V is called canonical, if it also has the property

Vsu = 0 for all Cf E 芷

A reduced affine L-space is a reduced L-space having such connection.
A Riemannian I:-space is a I:-space M together with a LM-mvanant Riemanman

metric g, that means this metric g has the property that each ax is an isometry with
rescret to the metric g.

A reduced Riemannian I:-space is a reduced L-space which admits such metric. We
shall study only Riemannian reduced I:-spaces. ([3], [4])

4. Now, we consider the real flag manifold ([1])
M = SO(n)/SO(K1) X· · ·X SO(Kv), K1 +·· ·+ Kv = n

where v 乏 3. If v = 2, then the real flag menifold becomes

M = S0(n)/SO(K1) x SO(K吐 K1 + K2 = n

which is called real Grassmann manifold. This is a symmetric space which is a special
case of reduced~-space.
This flag manifold can be written

M=G/H

where G = SO(n) = {A E GL(n町/AtA= In} and JI= SO(Ki) x· · ·x SO(Kv) which
consists of matrices of the form

H = {A E SO(n)/A = A, E SO(K,), i = 1, 2, ... , v }·
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Let g and h be the Lie algebras of G and H respectively. Then we have

g = o(n) = {a E gl(n, 代）/cl 十ta= O}

and h consists of matrices of the form.

I a1 。。... 。。a2 。... 。。。ll3 ... 。... ... ．．．... 。。。。... av

＼

h= {a= 勗 E o(K,), i = l, ... ,v}·

＼ l

Let m be the tangent space of the flag manifold at its origin 0. Then we have

g = h+m.

Then m can be represented by matrices as follows

m{~=

。_tX12 _tX13 ... _txlv一 1 tx .一- lv
X12 。_tX23 ... _tx圧 1 _tX2v
X13 Xn 。．．．_tx足 1 _tX3v
... ... ... ... ...

,Xiv X2v X3v ... Xv-Iv 。

IXij E !vf(Kj X Ki, 良）
the set of matrices

Kj X Ki
l~i<j~v

｝

The vector space m can be decomposed as follows

m = EBmij

1::;i<j::;n

i - column j - column

（
... 1, ... J ．．．。

_txij

x勺

。

＼

ffiij =
．1,- row
j-row

＼

(4.1)

l

Each vector (3 E m can be written

/3 = /312 +· · ·+ /31 v + /323 +· · ·+ /32v +· · ·+ f3v一1.v, where /3ij E ffiij (4.2)
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We consider the matrices

Ic1IK1 。 。...

。c2I陷 。...

。 。c:1IKs ...

... ... ... ．．． ...
€v-1IKv 1 。。 cvfKv

＼

入紅豆 . . .c,, =

＼ l

where E·= 士
i = 1,2, ... ,v 一 1, v. When we have ci = 1 we write ci = i and when

， ， ．
Ej = -1 then we write Ej =] and JK, i = 1., 2, ... , v is the Ki umt matrix. For example:

，

（ ＼

入 123 ... v =

\
I

l

入12紅...v ==

＼

\
I

l

-X12:i字 才，v=

＼

\
I

l

入12...ii =

＼

＼ l
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The number of such matrices can be found as follows. We consider th(~following sets

J= {1,2,3, ... ,v}, 1= {I,2,3, ... ,v}

We form the matrices by taking K elements from J and v-K elements from J, where
J(= 0, 1, ... , v. The number of such matrices 1s

(~) + G) + G) +· · ·+ (~--1) + (~) = 2v

From each of these matrices we obtain an automorplusm on g as follows.
We consider the matrix

A--123 ...v
and the 邸sociated automorphism B123 ...v, which is constructed 邸 follows

紐3 ...v = A苴3 ...v·瑁~...v: .9 丑 g

。123 ... v = ,\苴3 ... v 瑁3 ...v : a -+ ()123詞 ＝扉 V. a_\計3 ...v·

Proposition 4.1. For every matrix 入巨 郅 we can correspond another matrix 入約 呤

such that they give the same automorphism on g.

Proof. Each matrix 入紅 . . .eu has the property

入2
c1 ... c,, = In (4.3)

which implies
-1A = ACl··.cu cl ... cu .

(4.4)

There exists another matrix ,\c, c', with the property
1 2 ... I': ti

c; = (-1)£1, 吐 =(-1)£2,···,式= (-l)cv

and simultaneously satisfies the relation

(4.5)

A紅鈺 Ev = -A€~堯..吐· (4.6)

The associated automorphisms Oc:1 鈺 and ()c:; ... e~to A幻 郅 and Ae; ... e~respectively
have the form

() I I = 入， ．入
-1

F; F; ＇1···f;v 1···f;v F:~... E:~

)

、`,'

7

8

4

4

,
\

(

()c1 ... c" =.\ -.\-1
c1---cv Cl···cv

From (4.7) and (4.8) we obtain

,`c,
1
c。＝ve1c。 (4.9)
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For example

。123 ... v = ()這 v, 012L.v = 01n... v (4.10)

We denote by T the set of all these automorphisms, that is

T = {O勺 鈺陌 ＝士1, .'.. ,Ev= 士1} (4.11)

Proposition 4.2. There is an operation on T 硨ich makes it a group

Proof. We denote by·this operation defined by

-:TxT--+T

. : ( ()釕 郅 ，()€~.. .€J -t 。釕 郅 . ()弓 c:~= Be:~'...€',;

、
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where(}尋, .. .€:: defined by
尋 = c]. 且，．．，翡 = c,v·c:1 (4.14)

This operation . turns out the set T onto a finite group with 2v-l elements. The
identity element of this group is the automorphism B12 ...v. Each element (}爭 2 ... 1o,, of this
group has the property

B;1 ... €,, = B1 ... v

which implies

。€1 ...€,, = 0-1€1 ... E:v
which means each element of the group T has its inverse the same element.
This group has the following generators

。123 ...v-I,v, ()豆3 ... v-1, · · ·,()123严T,v'()123 ... v一 l,v

Proposition 4.3. Each element of the group T acts on the Lie algebra g = h +m as
follows. It leaves h as fixed pointwise and reverses some of the vectors on m and leaves
other fixed. This depends on the form of the automorphism.

Proof. We take for example the automorphism ()123 ... v- Therefore we have

。123 ... v =祏3 ... v·品~3 ... v : h --t h

術23 ... v =祏3 ...v·櫺 v:e.t-+鱘 詞 ＝祏3 ... va>.12\ ... v
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where

入
-1

I23 ... va.\123 ... v

\ ( ＼ （ ＼

I \ J \
\ I

l
IK召11I和

I陷a2IK2
JK3a3IK3

IK卫vfKv

=a

J ＼ l

Hence the automorphism (}123 ... v preserves pointwise the subalgebra h of g. The same
is true for every other automorphism of T.
We also have

()I23 v = Af23 v·望3 ...v: m-+ m
()123 v = 祏 3 v·品~-L.v : f3 -+ ()I23 ... v值）＝祏 3 ... v (3). I 23 ... v (4.15)

where

入123 ... v : /3·A123 ... v

（ \(0 l-tX12丨_tX13i· · ·1-1·X1v \ (...
－ 一 I,一 ·一

X12 。_tX23 _tX2v

X13 X23 。 ... _tx3v

... ... ... ...

＼

＼

（ 。 IK1 tX12 1K1 tx13 ．．． 1K1 tXiv

IK2X12 。 -IK2 tX23 ... -JK2 tX2v

JK3X13 JK3X23 。 ... -IKa tx卸
... ... ... ...

fK,,Xlv JK,,X2v fKvX3v ... 。

/\~l X2v I X3v ]···I Q /\

\ I
l

\
I

I叭

＼

J \ l

。 IK1 tX12IK2 IK2 tX13IK3 ．．． lK1 tX1vlK,,

-IK2X12I陷 。 -IK2 tX23IK3 ... -fK2 tX2vlK。

-JK3X13J和 lK3X23I陷 。 ... -1K3 tX3vl瓦

... ... ．．． ...
-fK,,X1vfK1v fKvX2vf陷 fK.,X3vfK3 ... 。

＼

＼ l
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。tx12 tx1s ... txlv
-X12 _tX23 ... _tX2v
-Xis X23 。 _tX2v

... ... ... ...

.-Xiv X2v X3v ...

＼

= B123 ... v(f3)

219

(4.17)

J

From (4.1), (4.2) and (4.17) we obtain

0123 v (扣 ）＝羣 12) 0123 ... v (扣 ）＝葦 13, · · ·, 0123 ...v(f31v) = -f31v, (4.18)
術23 v (/3叫 ＝邸 ，術23 ... lJ(扣 ）= /324, · · ·, (JI23 ...v(f32v) = /3韌＇＇

。I23 v ({:丸-1,v) = f3v-1,v

Each automorphism 0紅巨 c:,, maps the vector fJij, 1~i < J· · ~v as follows. The

automorphism 0坦 2 ... 1::,, can be written

。 －－123 ... ,µ-1,Ji.,µ+l , ... ,v一1,v

where 1 ::; 11, :S v. If i = 1, 2, ... , µ- l and j =µ, µ+ l, · · ·, v - l v or the other way,，
then we have

。紅豆 €u固 ）= -/3ij i < j
If i = 1, 2, , µ- 1 and j = 2, 3, ... , µ- 1. i < J or i
j = 11, + 1, , v - 1, v, then we obtain

µ,µ+ 1. .. v - 1,v and

。洹 2 邸固 ）＝店j i < j

Theorem 4.4. The action of the group T on the tangent space m of the flag manifold
M = SO(n)/S0(K1) x . · ·x SO(Kv) leaves no vector fixed.

Proof. Each vector (3 Em by virtue of (4.2) can be written

(3 == /312 + /313 十 . . . 十 /31 V + /323 + /324 +·... + f32v + /334 十 ．．．十 f3v-lv

The automorphism祏 11 /m on m reverses all the vectors

加, /323, · · ·, fJ2v

The automorphism /31.2, ... ,v一 l,』/m on m on reverses the vectors

恥 ，f32v , · · ·, f3v-1 v

From the above we conclude that the automorphisms

T{ == {8123 ... ,v/m, ()口3 ... ,v/m, f)123 ... ,v-1,v/m}

on m do not leave vector fixed.

(4.19)
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Let T1 be the set which is defined by T1 = T/m· 吶 is a group with 2v-l clements

which have the same properties as the clements of T. ~- 1,.,., is obtained by the restriction

of Ton m. Obviously T{CT1.

Theorem 4.5. Let M = SO(n)/SO(K1) x· · · x SO(Kv) be the real fiag manifold
Then M admit8 a reduced L-strncture, t!wt is, it is a reduced L-space.

Proof. We have proved that there is the group 1T whose each clement is a linear

transformation on the tangent space rn of the homogeneous space M at its origin 0.
These linear transformations leave no vector fixed on m.
It is known that every linear transformation

。勺 釣 ：g ---t g

gives another automorphism on the Lie group G, that is

。紅 ,cv : G ---t G

which leaves the subgroup H fixed pointwisc. This automorphism()紅 郅 gives a diffeo
morphism f釘 釣 on the manifold M = G/H, which is defined by

f釘 郅 ：1\1 = G/H ---t M = G/H
f紅 郅 ：cH ---t fc:1---1':v(cH) = ()E:1---1':v(c). II, CE G

From the contruction of f勺 郅 we obtain that

f釕 郅 ：0 = H ---t fc:1 ... c:v(H) = H = 0

that means it fixes O and has the property

((!紅 c:vh)o=B釕 l':v

The set of automorphisms I:。= {f12, ...v, f12 硏。 。 .. .}, which is obtained by the group
吶 ，forms a finite group of 2v-1 elements which have the same properties as the elements
of T1.
It is known that the Lie group G acts transitively on the manifold M. This ac-

tion determines, to every point x E M, a finite group of diffeomorphism on M, I:x =
{ff2 ... v, Jf2 ... v ... } with 2v-l elements which have the same properties as the clements
of T. Each element of I: is determined as follows. Firstly, we consider the follows

X

mappmg:
ff2 ... v : M-+ M, ffz ... v : 0 -+ 0

It is known that each clement of G can be considered as a diffeornorphism on the
manifold M. There is one element >.. E G with the property

,\ : M ---+ M, ,\ : 0 勺 (4.20)
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The element fr2 ... v of the group x
S which is a diffeormorphism on M, is defined by

ff2 ... v = ,\ofr2 ... v0A-l : M三 M

This diffeomorphism ff2 11 has the property

ff2 ... v : X -t X

that means fr2 ... vx leaves x fixed. Therefore the group S~has the form

芷= {ff2 ... v = ,\off2 ... vo,\-I, ff2 ... v = >..ofr2 ...v0尸 ，．．．｝

X

Hence to each point x E M we can associate a finite group of diffeomorphisms Lx.
Each diffeomorphism f E Lx leaves x fixed and (f山 for all f E Lx do not leave vector
fixed on 兀(M). q.e.d.

On the tangent space m of M = G jH at its origin O we consider an mner product

< > defined by

< >: m x m-+ 艮, < >: ((3, fJ') 分< (3, (3'>= -tTr((3'(3')

If K is the Killing-Cartan form on o(n), then we have

K:gxg-+ 良,K: (a, a') -+ K(a, a')= -(n - l)Tr(aa')

(4.21)

(4.22)

Since o(n) is a simple Lie algebra, 1·t is known that K(a, a') is negative definite.
Frmn (4.21) and (4.22) we concluded that

1
< /3,/3 >= -瓦可K(/3, /3) (4.23)

From (4.23) and the above we conclude that the inner product < > on rn is positive
．definite which gives a Riemanman metnc don M.

Theorem 4.6. Let M = S0(n)/SO(K1) x· · ·x SO(Kv) be the real fiag manifold,
where K1 + ... +Kv = n. Then the inner product (4.23) on the tangent space m of M at
its origin, which comes by the restriction on rn of the negative of the Killing-Cartan form
on o(n) induces a Riemannian metric d on M. Then (M, d) is a reduced 和ernannzan
I:-spacc.

Proof. We assume that the vectors /J and f)'have the form

（。 tx , tx ．．．__ tX1,v-··-1 _tX1v- 12 一. 1:\

X12 。_tX23 ... _tX2,v-1 _tX2v

Xu X23 。 ... _tXs,v-1 _tx3u
... ．．． ... ... ... ...

X1,v-1 X2 v一 1 X3 v--1 ... 。 _tXv-lv
， ，

Xiv X2v X3v ... Xv-lv 。

＼

fJ =

＼ l
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( 。_tx, _tx' ．．． tx, _tx'
12 13 lv-1 lv

X伍 。_tX2' 3 ... _tx2' v-1 _tx'2v
X{3 X茲 。... _tx' _tX3' v3v-1
... ... ．．． ... ... ...
Xl' v-1 X2' v-l X3' v-l ... 。 _tX'V--1 V
Xl' v X2' v X3' v ... X11' 一 Jv 。

＼

131 = (4.24)

＼ l

then we obtain

。/3'=
1X12X~2 一 . ··-tX1vX~"

-X12-tX五 _t辶X五 一 一 1X2vX~v

-X~3X~3 - "料X~3 -1X34X虹 － 一 1X3X~

. . . . . . . . . . . .

｀

(4.25)

........... ·•-Xi,,一 iX~,, 一 1 一 ···Xv-2v一 1 _t Xv-lvX~-lv

-X1v-tX~。- ···-X~-lvXv-lv

The relation (4.21) by means of (4.25) implies

< {3, /3'> = tTrWX12X伍 十 . . . 尹 X111X{11) + (X12 tx;2 尹 X23X氬 十 ．．．尹 X211X幻

+(X記X{3+X23 tx五t-tX34X虹十. .尹X3vX~11)+· · ·+(X1v-1 tx{v-1 +· · ·

+Xv-2,v一1 tx~-2,v一1 尹 Xv一1v tX~_111) + (Xiv tX{v 十 ··+Xv-iv tX~-111))
(4.26)

If()釕 ev·is one automorphism of the group T1, then by the properties of 8e1 ...ev we
have

< (}紅 ev 值 ），0釘 名，(/3') >
=~Tr[O紅 ev (tX12)0紅 郅 (X伍）十 . . . + (J勺 ev (tXiv)O釕 ev (Xf v)J

+[(Je1---ev(X12)0紅 ev (tX{z) 十 Oq ev (tX23)fJe1---ev (X伍）十 . . .

十Be1 ... e,,(tX2v)fJ紅 e,,(X幻 ］十 [fJe1 ev (X12)8釘 e,,(X五）
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+e紅江 X211)0e1 ...ev (X~v)] + [B紅e,, (X12)ee1 郅 (X五）
+8紅 E:,, (X23)()釕 eJtX伍）十 0釕 e., (tX34)eE:1---E:v (X虹）十 ．

+8紅釣（尤 v)Oe1 ... eJX~t,)] +· · ·+ [01;, ...e., (X臣-1We1.,.eJtX{,v-1) +· ·
+e勺 ev (Xv-2,v一 1)BE:] ... ev (tx~-2,v-1) + (}Cl·. -Cv (tXv一 1 V)(}E:1 ...€。(X~_1J]
+[e紅 e,, (X1 vWei ... ev (tX{v) 十···+缸 e., (tXv-lv)B釕 €v (X~-111)] (4.27)

We also have
。紅 c。(tX國 =t Xij and e釕 e.,(X訌= x:j, 1~i < j~V (4.28)

or
eel 郅（因 ）= _txij and eE:1---F:JXIj) = -Xij, 1~i < j~V (4.29)

and
。釕 e:,, (tXlj) =t X~j, (}紅 e;,,(Xij) = Xij, 1~i < j~v (4.30)

or
()£1---€,.,(tXlj) = _t_x;j,ec1---e,.,(Xij) = -Xij, 1~i < j~V (4.31)

From (4.26), (4.27), (4.28), (4.29), (4.30), and (4.31) we obtain

< /3,糾>=< (}£1-··£,,(/3),{)釕 €v (/31) >, \/()£1 ...c,, E T1

This relation (4.32) completes the proof.

(4.32)

5. We consider the complex flag manifold

M1 = SU(n)/SU(K1) X· · ·X SU(Kv),

where K1 十···+瓦 = n, v 2: 3. If v = 2, then the complex flag manifold becomes

M1 = SU(n)/SU(K1) x SU(K矼 ， Ki +K2 = n

which is called complex Grassmaun manifold. This is a symmetric space, which is a

special case of a reduced 瓦-space.
This flag manifold can be writ.ten

M1 = G/H
where G = SU(n) = {A E GL(n,C)/A *A= In} and H = 8U(K1) x· · ·x SU(K~),
which consists of matrices of the form

H = {A E SU(n)/A = , A, E SU(K,), i = 1, ... , v}.
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We consider the Lie algebras g and h of G and H respectively, which are defined by

g = n(n) = { c~E gl(n, C)/a + *c.l: = O}

h={n= 丛 E u(J{,), i = 1, ... , V}
O'.v

Let m be the tangent space of the complex flag manifold 叭 = SU(n)/SU(K1) x
· · ·x SU(Kv), K1 十···+瓦 = n, at its origin 0. Then we have

g = h+m.

Then m can be represented by the matrices as follows

m = {fi = 。
_tX12 t 一 t 一 t 一- X13 - X1 己 - Xiv，

X12 。_tX23 _tX2 v-1 _tX2v
，

X13 X23 。... _tx3,v-1 _tx3v
... ... ... ... ...

Xiv X2v X3v ．．． X1,-1v 。

IXij E M (Kj X Ki, C)
the set of matrices
Kj x Ki/1~i < j~v ｝

We can construct a group I:1 which has the same properties as L, defined in§4.
Now, we can state the theorem.

Theorem 5.1. Let 叭 = SU(n)/SU(K1) x· · ·x SU(Kv), K1 +· · ·+ Kv = n be
the complex flag manifold. Then M1 admits a reduced E-structure, hence it is a reduced
E-space.

On the tangent space m of叭 = SU(n)/SU(K1) x· · ·x SU(Kv) at its origin Owe
define the following inner product

1
<, >: m x m-+ 瓦 <, >: ((3, /3')玉 (3,/3'>= -Tr(/3/3')

2

If K is the Killing-Cartan form on u(n), then we obtain

(5.1)

<,>: g X g~ 良K: (a, a')~K(a, a') = -2nTr({JfJ'), {J = a/m, {31 = a'/m (5.2)

From (5:1) and (5.2) we conclude that

1
< /3,/3'>= --4n

K(/3, /31) (5.3)

It is known that K(/3,/3') = K(a/m,a1/rn). Since K(a,a') is negative definite on
the simple Lie algebra u(n), we conclude from (5.3) that the inner product <, >, de
fined by (5.1), is positive definite. This inner product defines a metric d1 on M1 =
SU(n)/SU(K1) x· · · ·x SU(Kv), where K1 十···+瓦 =n.
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Therefore we can state the theorem.

Theorem 5.2, Let叭 =SU(n)/SU(K1) x· · ·x SU(Kv) be the comp區 flag man
ifold, where K1 +· · ·+ Kv = n. Then the inner product (5.1) on the tangent space rn
of M1 at its origin, which comes by the restriction on m of the negative of the Killing
Cartan form on u(n) induces a Riemannian metric d1 on M1. Then (M1, d1) is a reduced
Riemannian I:-space.

Now, we consider the quaternionic flag manifold

M2 = Sp(n)/Sp(K1) x· · ·x Sp(K』
where K1 十 ···+ Kv = n v :::: 3. If V = 2, th邙 吶缽紅nionic flag m血面u區區 血 和血

M2 = Sp(n)/Sp(K1) x Sp(K斗 K1 +K2 = n

which is called a quaternionic Grassmann manifold. This is also a symmetric space,
which is a special case of a reduced 严-space.
This flag manifold can be written

M2 = G/H
where G = Sp(n) = {A E GL(n, IHI)/A *A= In} and H = Sp(K1) x· · ·x Sp(K卟

It contains matrices of the following form

H = {A E Sp(n)/A =

A1
, ,

A2
,A; E Sp(K,), i = 1, ... v }·

Let g and h be the Lie algebras of G and Jl respectively, which are defined by

g = sp(n) = {a E gl(n, H)/at.J + Ja = O}, where

J = (~1 : : :0) , J; = (~l~
0 ... Jn

） i = 1, ... n

h= {a=

0'.1

a2

O'.v .

/c,, E sp(K,), i = 1, ... ,v}

We consider the tangent space m of the quaternionic flag manifold
祏 =Sp(n)/Sp(K1) X· · ·X Sp(Kv), K1 十" . +瓦 =n, at its origin 0. Then we have

g=h+rn
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The vector space m can be written by form of matrices as follows

＼ /X刀 E M(Kj·x Ki, JHI)
the set of matrices

~dXH~,!~h; ~e:lof V }

quaternionic numbers.
J

We also can construct a group L2 which has the same properties as I:, defined in
§4. Now, we have the theorem.

Theorem 5.3. Let M2 = Sp(n)/Sp(K1) x· · ·x Sp(Kv), K1 十···+瓦 = n, be the
quaternionic flag manifold. Then M2 admits a reduced I:-structure, hence it is a reduced
L-space.

On the tangent space m of M2 = Sp(n)/Sp(Ki) x ... x Sp(Kv) at its origin Owe
define the following inner product

） -*X12 -*X13 _tfcl,v-l _tglv

12 。_tj(23 _tx2,v一 1 _tX211

X23 。 _tx3,v-J t
13 ... -X3v

．． ... ．．． ... ．．．

lv X2v X3v ... Xv一 l V 。，

1
<, >: ni x rr日 艮 ＜，＞：值，/3') 于< f],利>= 2面([3 /3')

Let K be the Killing-Cartan form on Sp(n), then we have

(5.4)

K:gxg-+ 匝 K : (a, a1) -+ K(a, a)= -2(n + l)Tr(/3(31), (3 = a/m, /31 = a1 /m (5.5)

The relations (5.4) and (5.5) imply

1< (3, (3'>= - 4(n + 1)
K((3, (3') (5.6)

')where K(/3, /3') = K(a/m, a'/m). Since K(a, a is negative definite on the simple Lie
algebra Sp(n), we obtain from (5.6) that the inner product < >, defined by (5.4), is
positive definite. This inner product defines a metric d2 on祏=Sp(n)/Sp(K1) x· · ·x
Sp(Kv), where K1 +· · ·+ Kv = n.
From the above we have the theorem.

Theorem 5 .4. Let 祏 = Sp(n)/Sp(K1) x· · ·x Sp(Kv) be the quaternzomc ft吶
manifold, where K1 + ... + Kv = n. Then the inner product (5.4) on the tangent space
m of M2 at its origin, which comes by the restriction on m of the negative of the Killing
Cartan form on Sp(n) induces a Riemannian metric d2 on M2. Then (M2, d2) is a
R'zemannzan L-space.
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