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SOME REFINEMENTS OF HADAMARD’S INEQUALITIES

GOU-SHENG YANG AND CHUNG-SHIN WANG

Abstract. Some new refinement of Hadamard’s inequalities are given.

1. Introduction

If f:[a,b] = R is a convex function, then

4 a
(OE0) < o [ s@ae < LA T0) (1)

are known in the literature as Hadamard’s inequalities.
In [1], S. S. Dragomir generalized (1) into the following:

Theorem A. Let f : [a,b] = R be a convez function. Then for all t € [0,1] we kave
the following inequalities: :
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In [4], S. S. Dragomir, J. E. Pecaric and J. Sandor established a further refinement
of the first inequality of (1) as following;:

Theorem B. Let f : [a,b] = R be a convez function and let n be a natural number
with n > 2. Then
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Theorem B has been generalized by S. S. Dragomir and C. Buse (see [3]) as follows.

Theorem C. Let f : [a,b] & R be a conver continuous function, and let ¢; > 0
(t=1,2,...,n) with Q, = Yoieiq1 > 0. Then
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We note that if ¢; = ;13 for i = 1,2,...,n— 1 and g, = 0, then (3) reduce to (2). Also,
we note that both
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in (3) and
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in (2) lie between'-(-g—la,? 2 -fbf(m)dxl dzs - --de, and ;1= [° f(z)dz, but

they are not comparable. For instance, let f (z) = z%. Then
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Recently, S. S. Dragomir [2] constructed a convex increasing function which lies between
the first inequality of (1) as follows.

Theorem D. Let f : [a,b] - R be a convex function, and let H : [0, 1] - R be
defined by .

1 4 a+by ,
= - dz.
H(t) = 7— : f(ta:+(1 =5 ):r:
Then (1) H is convez on [0,1],

cy - ] b
() inf;ep0,1) H(t) = H(0) = f(““’) and SUDPyeo,1) H (t) = Hl) = ,,i—a [, f(z)dz
(i) H increases monotonically on [0,1].
The main purpose of this note is to generalize Theorem A, Theorem B and Theorem D.
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2. Main Results
First, we have the following theorem:

Theorem 1. Let f : [a,b] =& R be a convez function, and 0 < o; < 1 (i =
120 s 2 2 with Y, ey = 1. Then
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Proof. By Jensen’s inequality, we have

f(g—;;é) f(m / / o1y + -+ apzy)dridey - d:z:n)
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This proves the first inequality of (4).

Now,
1 n n n 1 - n
— Ly
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Since Z? i ln 4t =1 and 1—_17 Ej:l,j;éi «a; = 1, by repeated using the convexity of f,
we obtain
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Hence, using (5), we have
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This proves the second inequality of (4).
Finally, using (6), we have
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This completes the proof.

Remark 1. Incasen =2 and a; = t,ay = 1 — t, we have

T 2 (—béﬁfab/:f(m(l ~ t)y)dedy < b—_l—;[:f(mdm

for t € [0,1], which is Theorem A.

Remarks 2. Theorem B is the special case of (3) when oy =ap = -+ = a, =

3=

Further, we constract a convex, increasing function between the first 1n9quaI1ty in (4)
as follows.

Theorem 2. Let f : [a,b] = R be a convez function, and 0 < a; < 1 (i=1,2,...,n)
with 37 a; =1. If K : [0,1] = R is a function defined by

K(t) = f / £y oz + 1~t)a+b)da:1d$2---d:rn.
=1

then
(i) K is convez on [0,1],

(i) f(22) = K(0) = minseo K (1) < K(t) < maxseqoy K(2) = (1)

1 b b n
= n’/ / f(z a;x;)dz1dzy - - dz,, for all t € [0,1],
b—a) /, o -
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(iii) K is increasing.on [0,1].

Proof. Fort € [0,1], let h(t) =t 0 cimi + (1 — 1) atb Then h is linear so that the
composition function f o h is convex on [0,1], which 1mphes that K is convex on [0,1].

This proves (i).
Next, using the convexity of f and the first inequality of Theorem 1, we have

(t)_(b / f Zaz d:cldzg - dzn,

. b
+(1—t)mf / #(%2)doadzy - do

b_a /»b /f Za“"r* d:rld:rg dz, + (1_t)f(a—2|—b)
_(b—a)”/ /f ZM )dadas - dan

= K(1).

Now, by Jensen’s inequality, we have
, DY ] Y,

K(t) ?_f(ﬁ;; ]:---f: [ti:ilaimi-i-(l—t)%é]dmdmg---da:n)
n ' b

:f(ti_l b(i"a/a zidz; + (1t)a+b)

“—‘-f(tiai(a—;b (1_t)a+b)

_f(cH—b) — K(0).

This completes the proof of (ii).
Finally, using the convexity of K and K (t) > K(0), we have

I(_@ifg@ 5 {{(_t)_;ﬁ(p) >0, iF 0<t<u<l,
U —

so that K(t) < K(u).
This completes the proof of (iii).

Remark 4. We note that Theorem D is the special case of Theorem 2 when n=1.
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