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EXISTENCE AND UNIQUENESS OF MILD AND STRONG

SOLUTIONS OF A VOLTERRA INTERGRODIFFERENTIAL

EQUATION WITH NONLOCAL CONDITIONS

K. BALACHANDRAN* AND S. ILAMARAN**

Abstract. We prove the existence and uniqueness of mild and strong solutions of a Volterra
integrodifferential equation with nonlocal initial conditions using the met.hod of semigroups and
the Banach fixed point theorem.

1. Introduction

Using the method of semigroups and the Banach fixed point theorem, Byszewski [2]
studied about the existence and uniqueness of mild, strong and classical solutions of the
following nonlocal Cauchy problem:

du(t)
dt + Au(t) = f (t, u(t)), t E (to, to+ a]

u(to) + g(t1, ... , tp, u(·)) = uo,
where -A is the infinitesimal generator of a Co semigroup T(t), t~0 on a Banach space
x,o :S 柘 :S t1 < ... < tp 竺 柘 十 a, a > 0, uo E X and f : [to, t0 + a] x X~X,
g: [to, to+ a]P x X~X are given functions. Balachandran and Ilarnaran [I] proved the
existence and uniqueness of mild and strong solutions of the problem

du(t)
• •. 一·一

dt + Au(t) = f(t, u(a(t)), t E (to, to+ a]

u(to) + g仂，. . . , tp, u(·)) = uo.
Moreover, Corduneanu [3) and Gripenberg [4) studied the existence of solutions of

Volterra integral equations of various types using semigroups approach
In this paper we prove two theorems ahout the existence and uniqueness of the mild

and strong solutions of a Volterra integrodif區ential equation with nonlocal intitial con
dition.
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2. Preliminaries

Consider the initial value problem

du(t)
.. .一

dt = Au(t) + f (t), t E (to, t0 + a],

u(to) = no,

、
丿
、
丿

1

2

,
~

',
\

where f: [to, to +a]~X, A is the infinitesimal generator of a Co semigroup T(t), t >
O,uo EX and t0~0.
Throughout this paper we use the notation I:= [to, t0 + a].

Difinition 1. A function u is said to be a strong solution of problem (1), {2) on I if
u is differentiable almost everywhere on I,

du
盃 e叭(to, to+ a], X), u(t0) = u。and

du(t)
"" -
dt = Au(t) + f (t) a.e. on I

~heorem 1 [5]. If X is a reflexive Banach space, u0 E D(A) and f is Lipschitz
continuous on I then problem {1), {2) has a unique strong solution u on I given by the
formula

u(t) = T(t - to)uo + ft T(t - s)f(s)ds, t E J.
to

Consider the following Volterra integrodifferential equation

du(t) t
了 +Au(t) = f(t,u(t))+10吒s,u(s), 10 H(s,T,u(T))dT)ds, t E (to,to+a] (3)

with the nonlocal condition

u(to) + g(t1, ... , tp, u(,)) = u0, (4)

where O $ t0 < 祏< ·. . < tp $ to+a, -A is the infinitesimal generator of aC·
T(t), t > O

o sem1group
_ , on a Banach space X, and J : I x X

K:6.xX -r X'g(t I'...'tp'.) : X -r X'
x X -r X, H: 6. x X -r X where 6. = {(t, s) : t0 $ s $ t $ t0 + a}. The

symbol g(t1, · ·., tp, u(·)) is used in the sense that in the place of'·'we can substitute
only elements of the set {t1, ... , tp}.

Definition 2. A continuous solution u of the integral equation

u(t) = T(t - to)uo - T(t - t0)g(t1, ... , tp, u(·))

+ /tr(t一 s)!(~, u(s))ds+「T(t-s) s r
to t。 / K(s, r, u(r),丨H(r,µ,u(µ))dµ)drds, tEI,

to t。
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is said to be a mild solution of problem (3), (4) on I.

3. Existence of a Mild Solution

Theorem 2. Assume that

(i) X is a Banach space w聶 norm I 丨 丨丨 and u0 EX.
(ii) 0 :::; 柘 ＜苟 < . . . < tp :::; to+ a and Br := {v :II v 11:S r} C X.
c·) fm : I x X ----t X zs continuous in t on I and there exists a constant L > 0 such that

廿 f(s, vi) - f(s, v2) II~L ll V1 - V2 II for s EI, V1, v2 E Br.

(iv) K : .6 x X x X -+ X·zs continuous and there exists a constant K0 > 0 such that

II K(t, s, X1, Y1) - K(t, s, X2, Y2) II~R,「o[ II x1 - x2 II + II Y1 - Y2 II]

(v) g: JP x X 弓X and there exists a constant Go > 0 such that

II g(t1, ... ,tp,u1(·))-g(t1, ... ,tp,u2(·)) ll
~Go sup II u1 (t) - u2(t) I丨 for u1,u2EC{I,B』

tEI

(vi) —A is the infinitesimal generator of a Co semigroup T(t), t 2:: 0, on X
(vii) H : .6 x X 弓X is continuous and there exists a constant H0 > 0 such that

II H(t, s, x1) - H(t, s, x2) II~Ho II X1 一 X2 II

(viii) M = max II T(t) 丨丨，N = max
tE[O,a) sEI

II f (s, o) II,

陷= max II K(t, s, 0, O) II, H1 = max
lo~s<t~坯十a

G
- t戶S零 柘十a

11 iI(t, s, o) 11,

1 = max
uEC(I,B)

II g(t1, ... , tp, u(·)) 11 .

(ix) M(I丨uo II +G1 +raL+aN+K。ra2 + KoH。ra3 + KoH1a3 + K出）~r,
and MG0 + MLa + MK四2+MK盡記 < 1.

Then problem (3) (4), has a unique mild solution on I.

Proof. Take E := C(I, Br) and define an operator Fon E by

t
(Fv)(t) = T(t - to)uo - T(t - t0)g(t1, ... , t11, v(·)) 十丨T(t一 S)f (S, V (S))ds

to

十 J.: T(t 一 s) 1:K(s, r, v(可 ，1:H(r, µ, v(µ))dµ)drds, tE I,
From our assumption, we have

廿 (Fv)(t) I 丨: ：: II T(t - to)uo II + II T(t - to)g(ti, ... , tp, v(·)) II
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+ll{T(t - s)J(s, v(s))ds II+ II J.:T(t-s)1:K(s, T, v(可 ，1,rH(r, µ, v(1,))dµ)drds I丨

~M lluo 丨I +MG1 +M「佃f(s, v(s)) - f(s, 0) II +llf(s, O)ll)ds
to

+MJ.:1: [IIK(s,r,v(可 ，J,,rH(r, µ, v(µ)dµ)-K(s, T, 0, 0) 11 + 11K(s, T, 0, 0) 11 ]d這s

t
~.M II uo II +MG1 + M丨(L II v(s) II +N)ds

+M J.:{!Ko II v(r) llt~K。f 丨I H(r,µ,v(µ)) 11 dµ+ K1Jdrds

~M(II uo II -+G1 +raL+aN +K。ra2 + K0R。ra3 +KoH1a日K記 ）~r, forv EE.

Therefore, FE c E.
Now, for every V1, v2 EE and t E J, we have

II (F叩(t: - (F四 ）(t) 11~11 T(t - to) 1111 g(ti, ... , tp, 叨 (·))-g(tI,···,tp,V忒 ））II

十丨 I丨T(t - s) Ill丨f (s, v1 (s)) - f (s, vz (s)) II ds
to

+[:II T(t- s) II 「 II [K(s,T,v山）「 H(T,µ, v,(µ))dµ
t。

-K(s, T, v2(T),「H(T, µ, v,(µ))d~0品ds
t。

］

~MGo sup II V1 (t) - vz(t) II +ML「II 巧 (s) - v2 (s) II ds
呾

+MK記 問f II v1(t) - v,(t) II +M;:。口 s「品II v1 (µ) - v,(µ) II dµdTds
to to t。

~(MGo + MLa + MKoa2 + MK0H,記 ）sup II vi(t) - vz(t) 11
tel

If we take q := MG0 + MLa + MK四2 + MKoR記 then

sup II (Fvi)(t) - (Fvz)(t) II~qsup II v1(t) - v2(t) II
tEI·tEI

with O < q < l.
This shows that the operator F is a contraction on the complete metric space E. By

the Banach fixed point theorem the function F has a unique fixed point in the space E
and this point is the mild solution of problem. (3), (4) on J.
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4. Existence of a Strong Solution

Definition 3. A function u is said to be a strong solution of problem (3), (4) on I
if u is differentiable a.c. on I,

du
盂 e 叭 (to,to + a],X)
u(to) + g(t1, ... , tp, u(·)) = uo

and 曰
t s

dt - + Au(t) = f(t, u(t)) + 10 K(t, s, u(s)), la H(s, ,, u(可）d,)ds, a.e. on I,
Theorem 3. Assume that

(i) X is a reflexive Banach space with norm I丨·11 o.
(ii) 0 :S 柘 ＜ 扒 < . . . < tp :S 柘 十 a and Br:= {v :II v 11:S r} C X
(iii) f : I x X -t X is continuous in t on I and there exists a constant L > 0 such that

II f(s1, v1) - f(s2, v2) II 竺; L(II S1 一 S2 II + II V1 - V2 II)
for S1,S2 E J,v1,V2 E Br

(iv) K : ~x X x X 弓X is continuous and there exist constant K0 > 0 such that

II K(t1, s, X1 司1i)-K(t2,s,x趴 Y2) II::; Ko(lt1 - t2i+ II x1 - x2 II+ II Y1 - Y2 II)

（）v II : ~x X -+ X is continuous and there exists a constant Go > 0 such that

II H(t1,s,x1) - H(t2,s,x2) 店 Ho[ lti - t2I+ II X1 - x2 II]

(vi) g : JP x X -* X and there exists a constant Go > 0 such that

II g(t1,---,tp,u1(·))-g(t1,--·,tp,u2(·)) II
~G。sup II u1 (t) - u2(t) II for u1, u2 E C(l, Br), and g(t1, ... , tp, ·) E D(A).

tE:I

(vii) --A is the infinitesimal generator of a 儒 sernigroup T(t), t~0, on X
(viii) u0 E D(A).
回 M = max II T(t) II, N = max II J(s, 0) II,

lE[O,a] sEl
玠 = max II K(t, s, 0, 0) II, Jfi = max

lo <s<t<t
II H(t, s, O) 11,

一 一 一 o+a lo$s:St:S切十a
叭 = r1-ax

uEC(J ,B)
11 g (t 1 , ... , tp, u (·)) 11 .

(x) M(II u0 I丨+G1 + raL + aN + K。ra2 + KoHora3 + K0H1a3 + K出 ）~r,
and MG0 + MLa + MK矼2 +MKoH記 < 1.

Then the problem (3), (4) has a strong solution on I
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Proof. Since all th. e assumptions of Theorem 2 are satisfied then problem (3), (4)
possesses a umque mild solution belonging to C(I; X) which we denote by u. Now, we
shall show that this mild solution is a strong solution of problem (3), (4) on J.

Take 陷= max
to<s<t<t II K(t, s, u(s), 0) 廿 ， H2 = max II H(t, s, u(s)) II
___ o+a to~s~也o+a

1互 =maxi丨J(t, u(t)) 11 .
tEl

Then for any t EI, we have

u(t + h) - u(t) = [T(t + h - t0) - T(t - t0)]u。

尸
-[T (t + h - to) - T (t - 闐]g(t1, ... , tp, u(·))

t+h
+ T(t + h - s)J(s, u(s))ds + T(t + h - s)J(s., u(s))ds

to

- J.: T(t 一 s)f (s, u, (s))ds+『T(t!:,::)1:K(s, r,u(T),fH(T, 1,, u(µ))dµ)dnls
十「 hT(t+h-s) 「 K(s,T,u(可，「 H(T,µ, u(µ))dµ)drds

to+h to-1: T(t- s) J.: K(s, T,u(r), l: H(T,µ,u(µ))dµ)drds
= [T(t + h - to) - T(t - to)]uo - [T(t + h - t0) - T(t - t0)]g(t1, ... , tp, u(·))

+「+h T(t + h - s)J(s, u(s))ds
t。

十「 T(t - s)[J(s + h, u(s + h)) - J(s, u(s))]ds
to

+「+hT(t+h-s)「K(s,T,u(可， r H(r, µ, u(µ))dµ)drds

i•+h
t。 L

T

十 t。T(t - s) / K(s + h, r, u(T), H(r, µ, u(µ))咋）dTdS

- J.: T(t - '。~) J.: K(s, T, u(r), 1!:(r, µ, u(µ))dµ)drds
= T(t - to)[T(h) - I]u0 - T(t 一 to)[T(h) - I拉 (ti, ... , tp, u(·))]

+「+h T(t + h~s)J(s, u(s))ds
t。

十「 T(t 一 s)[J(s + h, u(s + h)) - J(s, u(s))]ds
to

+「+h T(t + h- s)「[K(s, T, u(T),「H(T, µ, u(µ))d1,) - K(s, T, u(r), O)JdTds
to t0 to
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Using our assumptions we observe that

II u(t + h) - u(t) II ::; hM II Auo II +hM II 葫(t1, ... ,tp,u(·)) II +hML1
t

+MLah + ML f II u(s + h) - u(s) II ds
t。

+MKoH記h+MK2ah+MK記h+M~oH記h+MK2ah
t

::; Ph+ ML f II u(s + h) - u(s) II ds,
to

where P := M II Auo 11 + M II Ag(t1, ... , tp, u(·)) 丨I +ML1 +MLa
+MK。比 a2 + MK2a + MKoa2 + MK函a2+MK哼

Using Gronwall's inequality, we get

II u(t + h) - u(t) II::; PheMLa for t E J.

Therefore, u is Lipschitz continuous on I.
The Lipschitz continuity of u on I combined with (iii) give that t~f (t, u(t))

t
is Lipschitz continuous on I. Also, by assumption (iv) and (v) t~ft。K(t, s, u(s),
Js H(s, T, u(T))clT)ds is Lipschitz continuous on I. Using Theorem 1 we observe that the
to
equation

竺 +Av(t) = f(t, u(t)) + 1: K(t, s, u(s), 1: H(s, T, u(T))dT)ds, t E (to, to+ a]

v(t;o) = uo - g(t1, ... , tp, u(·))
ha..s a unique strong solution v on I satisfying the equation

v(t) = T(t - to)uo - T(t - 柘）g(t1, ... , tp, u(-))

+ 1: T(t- s)f(s,u(s))ds + 1: T(t- s) 1: K(s, T,u(T),L H(r,µ,u(µ)dµ)d汛s

= u(t), t E J.
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Consequently, u is a strong solution of problem (3), (4) on I.
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