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EXISTENCE AND UNIQUENESS OF MILD AND STRONG
SOLUTIONS OF A VOLTERRA INTERGRODIFFERENTIAL
EQUATION WITH NONLOCAL CONDITIONS

K. BALACHANDRAN* AND S. ILAMARAN**

Abstract. We prove the existence and uniqueness of mild and strong solutions of a Volterra
integrodifferential equation with nonlocal initial conditions using the method of semigroups and
the Banach fixed point theorem.

1. Introduction

Using the method of semigroups and the Banach fixed point theorem, Byszewski [2]
studied about the existence and uniqueness of mild, strong and classical solutions of the
following nonlocal Cauchy problem:

du(t)

= T Au(t) = f(t,u(t)), t € (to,to+a]

’U.(to) * g(t17 sisie :tp7u(')) = Uop,
where — A is the infinitesimal generator of a Cy semigroup T'(t),¢ > 0 on a Banach space
A0 L G5 Ly & vin & tp < tp+a,a >0, u € X and f : [to,t0+a] xX = X,
g : [to,to +a]? x X — X are given functions. Balachandran and Ilamaran [1] proved the
existence and uniqueness of mild and strong solutions of the problem

du(t)
dt

+ Au(t) = f(t,u(o(t)), tE€ (to,to+ al

u(to) + g(t1, ..., tp,u(*)) = uo.

Morcover, Corduneanu [3] and Gripenberg [4] studied the existence of solutions of
Volterra integral equations of various types using semigroups approach.

In this paper we prove two theorems about the existence and uniqueness of the mild
and strong solutions of a Volterra integrodifferential equation with nonlocal intitial con-
dition.
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2. Preliminaries

Consider the initial value problem

2O = 40 + @), te (toto+al, )
u(to) = uo, | (2)

where f : [tg,t0 + a] = X, A is the infinitesimal generator of a Cp semigroup 7'(¢),t >
O,up € X and to > 0.
Throughout this paper we use the notation I := [to, to + a].

Difinition 1. A function u is said to be a strong solution of problem (1), (2) on I if
u 1s differentiable almost everywhere on I y

‘(;—1: = Ll((to,to + a],X),u(to) = Ug and
dl;gt) = Au(t) + f() ae onl

Theorem 1 [5]. If X is a reflerive Banach space, up € D(A) and f is Lipschitz
continuous on I then problem (1), (2) has a unique strong solution u on I given by the
formula

t
w(t) = Tt - to)uo + / Tt — a)flade, teL.
to

Consider the following Volterra integrodifferential equation

S

d?zgt) + Au(t) = f(t,u(t))+/to K(t’s,u(s)’ to H(S’T’”(T))dT)ds’ “E ] &

with the nonlocal condition

u(to) + g(ty, ..., tp, u(-)) = uo, (4)

where 0 <ty <t; <...< tp < to+a, —A is the infinitesimal generator of a C, semigroup
T(t), t > 0, on a Banach space X, and f : I x X — X, Qi enlps ) 1 X = X,
K:AxXxX—)X,H:AXX—+thereA:{(t,s):t0§s§t§t0+a}. The
symbol g(t1,...,¢,,u()) is used in the sense that in the place of ‘> we can substitute
only elements of the set {t,..., Gk

Definition 2. A continuous solution u of the integral equation
U(t) = T(t = to)Uo = T(t == to)g(tl, ¥ ey tp, U())

+ J{OT(t—s) £(s,u(s))ds+ /tOT(t——s) /t:K(s,T,u(T), tDTH(T,u,u(u))du)des, tel,
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is said to be a mild solution of problem (3), (4) on I.

3. Existence of a Mild Solution
Theorem 2. Assume that

(i) X is a Banach space with norm || || and uo € X.
(i) 0<to<ti <...<ty<to+aand B, :={v:||v]|<r}C X.
(i) f:1x X — X is continuous in t on I and there ezists a constant L > 0 such that

| f(s,v1) = f(s,v2) IS L||vy —wa || forsel, w,vs€ B,.
(iv) K :Ax X x X — X is continuous and there ezists a constant Ko > 0 such that
1 K (t,5,21,91) = K (¢, 8,22,8) 1< Kol [l 21 — 22 | + | 91 — w2 ||
(v) g:I? x X = X and there exists a constant Go > 0 such that

” g(tla" 'vtpaul(')) - g(t17- ":thUQ(')) ”
< Gosup || ui(t) —ua(t) || for wui,us € C(I,B,).
tel

(vi) —A is the infinitesimal generator of a Co semigroup T'(t),t > 0, on X
(vii) /I : A x X — X is continuous and there exists a constant Ho > 0 such that

| H(¢,5,21) — H(t,s,22) [|< Ho || 21 — 22 ||

(vite) M = bt IT@) I, N= max || £(s,0) [I,

j<1 = max ” lc(ta 370’ 0) “a H, = max ” H (t: 810) ”;
to<s<t<to+a to<s<t<to+a
G, = é 1 yvonsy byl ;
= Il g(ta pr u(+)) |l

(ix) M(|| wo || +G1 + raL + aN + Kora® + KoHora® + KoHya® + K1a?) <,
and MGy + MLa+ MKya® + MKyHya® < 1.

Then problem (3), (4) has a unique mild solution on I.

Proof. Take E := C(I, B,) and define an operator F on E by

(Fo)(t) = T(t — to)ug — T'(t — to)g(t1, - ., tp,v(-)) + /t T(t—s)f(s,v(s))ds

+ [ T(t—s) | K(s,7,v(r), [ H(r,pv(u)du)drds, te I,

to to to

From our assumption, we have

I (F0) (@) IS Tt = to)uo | + | T'(t = to)g(ts, - - -, tp,v()) |l
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t i s ¥
+ [ 7 - 976, o()dsll+ [ 1t-9) [ Ko,rv(o), [ Hlr, v dyaras
<M ||u || +MG, +M/t (I £(s,v(s)) = f(s,0) || +[| £ (s,0)||)ds
+M/ /5 [“K(S,T,'l}(‘r‘), tTH(T,u,v(u)d,u)—-K(s,T,O,O)H+HK(3,T,(),O)|l]des

) t
<M | uo || +MG; +M/ (L |l v(s) || +N)ds
to

i s T
8 [ [ UKo o) ) +Ko [ 1 H O, 0(0) 1| d+ Ko
tg Y to to
<M(|| uo || 4G1 +raL+aN + Kora® + KoHpra® +KoH1a®+ K a?) < r, forv € E.

Therefore, FE C E.
Now, for every vi,v, € E and t € I, we have

I (Fv1) (@) = (Foa) (@) I Tt = t0) 11| 9(t1s - -, tpy v1()) = gltr,s - sty 02 () ||

' A
% / 1T = 8) (1] £(5,01(5)) = £ (s, v2(s)) | ds
£ s T .
+ [ ITe=91 [ 1 [kt | A maan

—K(S, 7,02 (T)) H(T7 o, U2 (H))dﬂ] drds

to
t
< MGosup || v1(t) — wa(t) | +ML / llv1(s) = va(s) [| ds
tc to

t s o
+MEoa? sup || v3(t) — va(t) | + MKy / / Ho | 9ula) = vsle) || dpdicds
= to v 1 to

0

< (MGo+ MLa+ MKya® + MKyHya®) stuII) | vi(t) —va(2) ||
€

If we take g := MGo + MLa + MKya? + M KoHya® then
sup || (Fvy)(t) — (Fuz)(t) ||< gsup || v (2) — va(2) ||
tel : tel

with 0 < ¢ < 1.

This shows that the operator F is a contraction on the complete metric space E. By
the Banach fixed point theorem the function F has a unique fixed point in the space E
and this point is the mild solution of problem (3), (4) on I.
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4. Existence of a Strong Solution

Definition 3. A function u is said to be a strong solution of problem (3), (4) on I
if u is differentiable a.e. on I,
du
— € L' ((to, t X
dt € (( 0 0+a‘]7 )
u(to) + g(t1, . .,y u()) = to

t s
and i?;-(tt) + Au(t) = f(t,u(t)) + | K(t,s,u(s)), | H(s,7,u(r))dr)ds, a.e. on I,

to to

Theorem 3. Assume that
(1) X is a reflexive Banach space with norm || - || 6.
(i) 0L <hi €...<ts L w+aad B, ={ti|v||£r} CX.
(iii) f: 1 xX — X is continuous in t on I and there exists a constant L > 0 such that

I F(s1,01) = Fls2,v2) I< L(ll 1 = 52 [| + [[ 01 — w2 [])

for s1,s80 € I,v1,v5 € B,
(iv) K :Ax X x X — X s continuous and there exist constant Ky > 0 such that
| K(t1,8,21,51) — K(t2, 5,32, y2) |< Ko(lts — to|+ [l 21 — 22 || + || y1 — 2 [])
(v) H:Ax X — X is continuous and there ezists a constant Gy > 0 such that
| H(t1,s,21) — H(ta, s,22) [|< Ho[lty — to|+ || 21 — 22 [|]
(vi) g: IP x X — X and there exists a constant Gy > 0 such that

” g(tla waesy tl)aul ()) - g(tlﬂ .. 7tp1u2(.)) H
< Gosup || ui(t) —ua(t) || for wy,us € C(I,B,), and g(t1,...,tp,-) € D(A).
tel
(vii) —A is the infinitesimal generator of a Cy semigroup T(t),t > 0, on X.
(viii) ug € D(A).
(ix) M = max [ T [, N =max]] f(s,0) |,

t€[0,a]

Ki= max || K(t5s,0,0)|, Hi= max || H(t,s,0)],
to<s<t<to+a to<s<t<to+a

(fy &= .ax 5 N . )

T 1 uEI}f(I,B) ” (]( 1, ) P:u( )) ”

(x) M(|| wo || +G1 + raL + aN + Kora®? + KoHora® + KoHa® + K1a?) < r,
and MGy + MLa+ MKya? + MKygHya® < 1.
Then the problem (3), (4) has a strong solution on I.
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Proof. Since all the assumptions of Theorem 2 are satisfied then problem (3), (4)
possesses a unique mild solution belonging to C(I; X) which we denote by u. Now, we
shall show that this mild solution is a strong solution of problem (3), (4) on I.

Tak . s (s e ; : y »

ake Ko togslgta_xqo+a | K(t,s,u(s),0) ], Ho tosslé_lfé(tO'{‘a | H(t,s,u(s)) ||
Ly =max || f(t,u(®)) || .

Then for any t € I, we have

u(t+h) —u(t) = [T(t+ h —to) — T(t — to)]uo
—[T(t+h—to) = T(t —to)lg(ts, - .., tp, u(-)

to+h t+h
+ / T(t+ h — ) (s, u(s))ds + / T(t+h — 5)f(s,u(s))ds

to o+h

t tot+h s T
—/t T(t—s)f(s,u,(s))ds+ T(t+h—s) | K, ru(r), t H(7, p,u(p))dp)drds

to to

t+h s T
+ [ Trhs) | Krum, [, uydwards
to+h to to

= /t T(t—s) /t: K(s,1,u(T), /t: H(7,p,u(p))dp)drds

Jio

= [T(t +h— to) - T(t .- to)]’U.o = [T(t + h— to) = T(t = to)]g(tl, sy tp, 'U.())

to+h
+ / T(t + h — 8) f(s, u(s))ds

+ [ T(—3s)f(s+h,u(s+h)) — f(s,u(s))]ds

to

to+h 8 T
" / T4t~ ) / K(s,ryu(r), [ H(r, u,u())dp)drds
to to

to

i s+h T
4 / T(t - s) / K(s+hru(m), [ Hr, p,u(s))dg)drds
to to

—/t T(t-s) /ts K(s,r,u(r),/; H(r, p,u(p))dp)drds
=T(t - to)[T(h) — Iuo = T(t = 20)[T(h) — Lg(tr, - .., tp,u())]

+ /t0+h T(t+ h —5)f(s,u(s))ds

to

t
[ T G+ o+ ) £ ulo

to+h ’ s T
+/t T(t+h- s)/t (K (s, 7,u(T), H(r, p,u(p))dp) — K (s, 7,u(r), 0)]drds

to
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tu'}-h 8
+ / T(t+h—s) | K(s,7,u(r),0)drds
Jtg

to

+ /t T(t—s) :[K(s + h, 7, u(7), ) H(7, p,u(p))dp)

to

~K(s,7,u(T), /tf H(t, p,u(p))dp)ldrds

i s+h T
+ [ T(t—s) / (K (s+h,myu(r), | H(r, pyu(u))du) — K (s+h, 7, u(r),0)]drds
to s

t
t s+h ’
+f T(t—s)/ K(s+ h, 7, u(r), 0)drds
to s

Using our assumptions we observe that
| u(t+h) —u() | <hM || Auo || +hM || Ag(tl, oty u() || +hM Ly

+MLah+ ML || u(s + h) —u(s) || ds

to
+ MKoHsa’h + MKyah + MKoa®h + MKonazh + M Ksah

t
<Ph+ ML [ Ju(s+h) = u(s) | ds
to

where P := M || Aug || + M || Ag(t1,...,tp,u(")) | +M L1 + MLa
+ MKoHza®> + MKsa + MKoa® + MKoHa® + MKsa.

Using Gronwall’s inequality, we get

| u(t + h) — u(t) |< Phe™™® for tel

Therefore, v is Lipschitz continuous on I.
The Lipschitz continuity of w on I combined with (iii) give that ¢ — f (t,u(t))

is Lipschitz continuous on I. Also, by assumption (iv) and (v) ¢ — ft K(t,s,u(s),
ftz H (s, 7,u(r))dT)ds is Lipschitz continuous on I. Using Theorem 1 we observe that the
equation

Eh:‘i(l—) + Av(t) = f(t,u(t)) + K(t s,u(s) / H(s,7,u(r))dr)ds, t€ (to,to+ a

'U(tO) = i g(tl,- i )tpa U’( ))
has a unique strong solution v on I satisfying the equation
v(t) =T(t — to)uo — T(t — to)g(ts, .-, tp, u("))

o / T(t — s)f(s,u(s))ds + /t T(t - s) S K(s,1,u(r), ' H(r,p,u(p)dp)drds

to to to

=ulf), €l
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Consequently, u is a strong solution of problem (3), (4) on I.
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