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ON SUBCLASSES OF UNIFORMLY CONVEX FUNCTIONS AND
CORRESPONDING CLASS OF STARLIKE FUNCTIONS

R. BHARATI, R. PARVATHAM AND A. SWAMINATHAN

Abstract. We determine a sufficient condition for a function f(z) to be uniformly convex of
order o that is also necessary when f(z) has negative co-efficients. This enables us to express
these classes of functions in terms of convex functions of particular order. Similar results for
corresponding classes of starlike functions are also obtained. The convolution condition for the

above two classes are discussed.

1. Introduction

Let S be the class of functions
(o o]
FlE)= z—}—Zanz” (1.1}
=2

that are analytic and univalent in the unit disk B = {z : |2| < 1}. Let S*(a) and

K () denote the subclasses of functions f(z) in S such that Re{ z}c(li‘;) } > @ and Re{l+

%{%} > @, 0 < a <1, respectively. $*(0) = §* and K(0) = K denote the ordinary
class of starlike functions and convex functions respectively. Goodman [1] defined the

following subclass of K.

Definition 1.1.([1]) A function f(z) is uniformly convex in E if f(z) is in K and has
the property that for every circular arc v contained in E, with centre ¢ also in F, the
arc f(vy) is convex.

Ronning [2] found a more applicable one variable analytic characterization for the
above class denoted by UCV.

Definition 1.2.([2]) A function f(z) = z+ 3 oo, an2™ is in UCV if and only if

2f"(2) o |z1"(2)
f'(z) — 1 f'(2)
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Definition 1.3.([5]) Let T be the subfamily of S consisting of functions of the form
oo
2)=2z— Z Bt an >0,z € E. (1.2)

Let T*(a) and C*(a) be the subfamily of functions in T that are starlike of order
a and convex of order a respectively for 0 < a < 1. Silverman [5] gave a co-efficient
characterization for these classes.

Theorem A.([5]) A function f(2) =z — 3 e s anz™, @y > 0 is in T*() if and only
if 3 omeo(2=2)a, < 1 and is in C*(a) if and only if Rl "(ln_"—a)an a1

(a3

This led to the following sharp distortion bounds and extreme points.

Theorem B.([5]) (i) If f(z) € T*(), then

1= o 1—0 4
— X ¥ g
P g S @) Sy, (1.3)
2(1—a) : 2(1—04)
- < < _ ;
1 - r<|fl(z)| <1+ 5 =" (1.4)
and the extreme points are given by
L= . .
fl(Z)—Z, fﬂ-(z)_z_ n—az (Tb—2,3, )
(ii) If f(2) € C*(a), then
e —— £ <
r Z(Z_Q)r <) <7+ 2( 2 (15)
1-— 1-—
1-— :
2 - 2— a’ 18]

and the extreme points are

l—«

fi(z) =2z, fa(z)=2- 2 =28 )

n(n — a)

Ronning (3] introduced the class of functions S, such that f € UCV & 2f' € ' -
Ronning generalized the class UCV and Sp by introducing a parameter « in the
following way.

Definition 1.4.([4]) A function f(z) is in Sp(a) if f(2) satisfies the analytic charac-

terization 72) ()
gf'lz "
<Ry -

and f(z) is in UCV(e) if and only if zf'(z) is in Sp(a).

(1.7)
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Therefore for the class Sp(a) [2] we get a domain whose boundary is a parabola with
vertex w = 112, We see that for all « € [~1,1) we have Sp(a) C §* and Sy(a) ¢ S for
a < —1. Hence we observe that UCV(a) C K for a > —1.

Ronning [4] generalized the class S, in a different manner than (1.7).

Definition 1.5. ([4]) A function f(2) = z+ )", an2™ is in the class P(a, 8) if f(2)
satisfies the analytic characterization

z]{(’g)_(a+ﬁ)‘SReZJ{£S)+a—B 0<a<oo,0<fB<1, zcE.

This means that z}’ég) for f(z) € p(a,B) and z € E lies in that portion of the plane

which contains w = 1 and is bounded by the parabola y? = 4a(z — 3). We observe that
Sp = P(3,3). Since P(a, 3) C P(e,0) it seems to be most interesting in this context to
study the classes where § = 0. For simplicity of notation, we define P(a) = P(a,0) and

hence we have

zf(z)—a‘SRei(—i)--i—a zGE,0<a<oo}.

f(2) f(2)

In this note we obtain co-efficient characterization for some subclasses of UCV(a)
and Sp(a). In section 2, we define some subclasses of UCV(a), Sp(a) and P(a) with
negative co-efficients for f(z). In section 3, we obtain some convolution results for these
classes of functions.

p(e) = {f(z) € S;

2. Co-efficient Characterization

Definition 2.1. Let UCT(a) be the class of functions f(2) = z— 3%, a,2™, a, > 0
satisfy the condition

2f"(z)

x )
) b

f'(2)

z€ B, (2.1)

| <Re{1+

Definition 2.2. Let S,T'(a) be the class of functions f(z) = z — Y s s Wi 20
satisfy the condition

zf'(2)
f'(2)

Now we obtain a sufficient condition for f(z) in UCV(a).

—l‘gRe{%}—a, ZEE. {2.2)

Theorem 2.1. If
Y (@2n—1-a)nfa,|<1-a (2.3)

n=2
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then f(z) = z+ Y oo 5 an2", z € E is in UCV(a).

Proof. In view of the definition of UCV(«) it is sufficient if we verify the condition

') o 2 L
7o) | S T
We have
') _ o ) )
7 | e 2

T, 2n(n — Dlagll™
T 1=3007; nfan|2m !
z Z:,o:2 2n(n — 1)|an|

T 1= onlan]

The above expression is bounded by 1— « if and only if (2.3) is satisfied and the proof
is complete.

Now we show that the sufficient condition of Theorem 2.1 for UCV(a) is also a
necessary condition for UCT ().

Theorem 2.2. Let f(z) = z2—) ;" ,anz™, an > 0 then > -2 ,n(2n—1-a)a, < 1—«
if and only if f(z) is in UCT(a).

Proof. In view of Theorem 2.1 we need only show that f(z) in UCT(«) satisfies the
co-efficient inequality.
If f(2) € UCT(a) and z is real, then the definition of UCT(«) yields
D onea(n — 1)an2" ! Doz n(n —anz™"}

I [E3) =l
= n—1 = _ o0 n—1
1 =3 sNan2 1-) . ,nayz

. Let z — 1 along the real axis, then we get

2 Z;.Lo:2 n(n B 1)a'n

(1 - O!) 2 5
1-3> ,nay,

or

l-—a)l- Znan > Q‘Zn(n— 1)ay
n=2

n=2

which gives the required result.
Corollary 2.1. UCT(a) = C*(1$2).

Proof. From Theorem 1.2 we get the functions in UCT(«a) satisfy the condition

f: n(2n1—_la— o) L, % 1 (2.4)
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which is equivalent to saying that

The above expression in comparison with Theorem A gives the result.

Corollary 2.2. If f(z) € UCT(a), then

l=m g 11— o
S o .. B < e
T aBoa) SHEISTH ST
l—-«a l—-«
1- <|f(2)] <1
3o SIF@IsT+ 35—
and the extreme points are
l—a ‘
filz) =2, f"(z):z_n(2n—1——a)zn’ B =2, v

Proof. Since the distortion theorems are extreme points are available for C*(a) in
Theorem B, the distortion theorems and extreme points are immediately available by
applying Corollary 2.1.

Definition 2.3. Let UCT(a,[3) be the class of functions f(z) = z — Yoo s B 2,
an > 0 that satisfy the condition
// "
Re{1+ 2 f }_ zf(z)‘+ﬁ, a>0, 3>0.

f'(2)
We write UCT(1, 8) = UCT(B) and observe that UCT(0, B) = C*(3).

Theorem 2.3. A function f(z) =z — 3 o, a,2z™ is in UCT(a, B) if and only if

oo

> [n(l +a) - (a+ B)na, <1 3. (2.5)

n=2

Proof. Proceeding as in Theorem 2.2, we get that, for f(z) € UCT(a,f) it is
sufficient to verify the co-efficient inequality.
Therefore for z real, we get

TR - Dent T n(n = Daget
1->%  na,zr-! e 1-3 > ,napzn-!
n=2 n =2

+ 8.

Let z — 1 along the real axis, which gives

)Z';L.o=2 n(n — l)aﬂ

oo
= ¥ Dl

(=82 (l+a
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which is equivalent to

(1 —,8){1 - inan} > (1+a)in(n— 1)a

n=2
which gives the required result and the proof is complete.

Corollary 2.3. UCT(a, ) = C*(212).

Proof. From Theorem 2.3 for f(z) in UCT(«, 8) (2.5) can be written in an equivalent

form
1= 2o <,

n=2

which together with Theorem A gives the result.

Hence the distortion theorems and extreme points are immediately available for f(z)

in UCT (e, B).
Corollary 2.4. If f(2) € UCT(«, B), then

1=g 2 e 2
e e bl o < .o -
@+a-p) WO+ o5

L=p 1-p
1-——" <) <1+ —=D

2+a—ﬁr“‘|f(z)|_1+2+a—ﬁr

and the extreme points are
1-5 n

fi(z) =z, fa(2) =2 - n[n(l+a) - (a+B)]

Remark. In [5] it is given that
e T )
3—a’

Therefore we get the

a4 g
UCT (e, 0) = C*
(@ 8) = (352
implies that
v 20+2

In particular UCT(1,0) =UCT with f(z) = z — 2 bemg sharp.
Now let us draw our attention to the class S, () and SpT () and find their co-efficient
criterion.
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Theorem 2.4. If 3 ° ,(2n — 1 — a)|ay| < 1 —a then f(2) = 2+ Y e, an2™ is in
Sp(a).

Proof. By Alexander type theorem, we get that f(z) € UCV(a) <= zf'(2) € Sp(a).

Therefore by replacing the co-efficient |a,| in Theorem 2.1 by J—l , the required result is
obtained.

Remark. For a = 0, the above result gives the co-efficient characterization which is
sufficient condition for a function to be in the class S,,.

Since f(z) € UCT(a) <= 2f'(z) € S,T(c) and f(z) € UCT(a,B) < 2f'(z) €
SpT'(, B), the co-efficient a,, in Theorem 2.2 and Theorem 2.3 can be replaced by 22 to
get the required result for S,T'(a) and S,T(«, B) respectively. Hence we state the results
directly.

Theorem 2.5. f(z) =z2—) ", anz", an > 0 is in SpT () if and only if Y oo ,(2n—
l1-a)a, <1-a.

Theorem 2.6. f(z) = z— ) .. ,an2", an > 0 is in S,T(c,B) if and only if
Yoaln(l+a) = (a+ Blan <1-4.

Remark. Comparing Theorem A with Theorem 2.5 and Theorem 2.6 we get that

(i) SpT(e) = T*(42)

(i)SpT (e, B) = T*($£2).

Thus distortion bounds and extreme points of S,T'(a) and S,T' (e, 8) are easily avail-
able and we state them using Theorem B.

Corollary 2.5. If f(z) € SpT (), then

P < fE) S g
1— %r <If'(a)l <1+ 2(31__:‘)
and the extreme points are
file) =z ond fuls) =2 - =%, n=23,.-
Corollary 2.6. ,If f(z) € SpT(a, B) then
- S <
1+25_1a_mﬁr<lf( <1 ;f;_ﬁ)ﬂ
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and the extreme points are

l—ﬁ zn
[n(1+a)—(a+8)] "’

Fi{g) = 2 and f.(2) = z—

Definition 2.4. For f(z) =z + Y .o, an2™, let

CP(a) = {f(2) € S; zf"()+1—a|<R f"(z)+1+a z€f, 0<a<oo}.

f'(2) f'(z)

Theorem 2.7. If
> [n+2(a - 1)njan| < 20— 1 (2.6)

n=2

then f(z) of the form (i) is in CP(a).

Proof. From the definition of CP(«), it is sufficient if we see the inequality

1+ 55 -l < m{ 5 +1+a)
or equivalently 2 (2) "
[+ Sy el - re{e S e} <
We have
155 el - e+ )
£2|1+ J{(i)) a‘

” 2{2212 = Dioa|l2" )
- 1 =3 s lag||2]m1
Ew_z n(n — 1)|a,|
< 2{ n= i e a}.
1 E Z:,ozz n|a"nl

The last expression is bounded by 2q, if and only if (2.6) holds and the proof is
complete.

Definition 2.5. Let CPT(a) be the class of functions f(z) = 2— Y oo, anz™, an > 0
such that f(z) is in CP(a).
Since f(z) € CPT(a) < zf'(z) € PT (), we get that

@) | < p 2l
ey el <275

PT(a)={f(2) €T

+ a, z€E, 0<a< oo}
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Theorem 2.8. f(z) =z —) oo ,anz"™, ay > 0 is in CPT(a) if and only if

oo

Z n(n -1+ a)a, < a. (2.8)

n=2

Proof. From the definition of CPT(a), we get that for f(2) € CPT(a) and z real,

Yoo an(n—1)a,z"1 5 Yo gn(n —1)a,z" !

n=2 n=2

)= o
g n-1 = = oo =1
1-3 . ona,z 1=3 1 s nosz®

+1-2«

Let z — 1 along the real axis which gives

1-3>> ,na, ~

which gives ) ~> ,n[n — 1+ ala, < a and the necessary part follows. The sufficiency

part is obvious, because the inequality (2.8) is a better estimate than (2.7) for f(2) to
be in CPT(a).

Corollary 2.7. CPT(a)=C*(1—a) for0 < a < 1.

Proof. From Theorem 2.8 we get that

in(n—1+a)

a, <1 implies that

n=2 k=
(o <]
s 1
D o S
n=2 - ( - Ol)

which is in compansion with Theorem A gives the result.

Corollary 2.8. If f(z) € CPT(a), then for0 < a <1

o 2 - 2

- = P2 2 S .o

T iy SWEISTgET
Q e

1-— < |f <1
<@ <1+

and the extreme points are
Q
fi(z) =z and fr(2) = 2 — —2" p=2.8.50x,

n(n—1+a)z ’
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Proof. The result is immediately available by applying Theorem B and Corollary
p A
Remark. In [5] it is given by
C*(a) C T*(=);
& 3—a’”’
Therefore
CPTI(o) C T*(

).

24+«

In particular .
1

PT(=)CcT* (=

CPT() C T*(3)

wiht 2z — —"6—2 being sharp.

Theorem 2.9. f(z) =z - o> ,a,2", a, > 0 is in PT(a) if and only if

i(n +a—1)a, < a. (2.9)

n=2
Proof. By Alexander type theorem f(z) € CPT(a) <= zf'(z) € PT(a) therefore
we can replace the co-efficient a,, in Theorem 2.8 by a, /n which gives the required result.
Corollary 2.9. PT(a)=T*(1-a),0<a < 1.

Proof. For f(z) € PT(a), (2.9) can be written as Y oo, %an < 1 which in
comparison with Theorem A gives the result.

Thus the distortion theorems and extreme points are easily available by using Corol-
lary 2.9 and Theorem B which we state directly.

Corollary 2.10. Let f(z) € PT(a). Then for0 < a <1

(67

_ 2 < 2
r 1+ar _|f(z)|_r—|—1+ar
2c 2c
- < 4 <1
e O FS e L
and the extreme points are
«
fl(Z)ZZ andfn(z)zz—mz", n=2,3,---.

Remark. The expression (2.9) gives f(z) € P(a) if and only if 32 [n + 2(a —
1)]lan| < 2a — 1 which coincides with order or growth for co-efficients in P(a), found to
be O(2) in [4].
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3. Convolution Theorems

Let f(2) = 2=} .7 ;an2"™, an > 0and g(2) = 2— 3.2 , b, 2™, b, > 0. We investigate
the nature of quasi-convolution h(z) = f(2) *x g(z) = z — 3.0, anb, 2", given that f(2)
and g(z) are members of subclasses of UCV(e) and S,(a).

For a < —1, 5,T(a) ¢ S. Therefore we shall consider the case a > —1 for S,T(a).

Theorem 3.1. If f(z) =z =37 ;an2™, an > 0 and g(2) = 2 — 3,22, bp2™, b, > 0
are elements ofS T(a), then (f * g)(2) = h(2) = z — Y0, anbn2™ is in S,T(B) where
g = fgla) = 2(2 a), 0 < a < 1. The result is best possible.

Proof. By Theorem 2.5, since f(z) and g(z) are in S,T () we have

[ee] (e o]
Z(Qn——l-—_a)anSI—aand Z(Qn—l——a)bngl—a

n=2 n=2
We wish to find largest 8 = () such that

o>

D (n—1-PBanb, <1-

n=2

Equivalently we want to show that the conditions

(o ]
2n —1—
Yy %<1 (3.1)
l—-a
n=2
and
21— 1—
S <1 (3.2)
l -«
n=2
imply that
— In—1— J6]
Y ———Caub, <1 (3.3)
n=2 1- ﬁ

for all B = B(a) < 2 — a)
From (3.1) and (3 2) and by means of Cauchy Schwarz inequality, we get that

o
2n—1-—
Z ‘IL“# anbn S i (34)

n=2

It will be sufficient therefore to prove

2n—-1-0 2n—1
hnb n’l < ==
13 Gl & —— \/ B < Bla); n==238,
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or

—— _ 2m-1l-a, 1-0
anbn < ( l1-a )(Qn—l—ﬁ)'
From (3.4) it follows that

Anby < 272—1_—1—01_6—! for all n.

Inequality (3.5) is equivalent to

The right hand side of (3.6) is an increasing function of n, (n = 2, 3,
setting n = 2, in (3.6) we get

1+ﬂ< 7T—0? -2«

2 ~ 42-a)
which gives
3 — 2
B < PBla) = 2(2—_0;'5-

The result is sharp with equality where

l—«
52

f(z)=g(2) =2 -

33—«

Remark. (i) B(a) = 53(5___&;-)- >a for0<a<l.
(ii) For f(2) and g(z) in SpT(0) we have f(2)* g(z) € SPT(%).

Corollary 3.1. For f(z) and g(z) as in Theorem 3.1 we have

h(z)=2=Y Vanbs 2" € 5,T(a).
n=2

(3.6)

-+-.); Therefore by

Proof. This result follows from the Cauchy-Schwarz inequality and (3.4). This result

is sharp for same function in Theorem 3.1.

Theorem 3.2. For f(z) € SpT () and g(z) € SpT(B) we have

£(2)9(2) € S,T(;—"02) = §,T().

The result is sharp.
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Proof. Proceeding as in the proof of Theorem 3.1 we get

—a 1—
142 L~ i a)(2n—1ﬁ-—ﬁ)
- < — (3.7)
1- (277. 1— a)(2n—1—6)
Right hand side of (3.7) is an increasing function for n = 2,3, ---. Therefore setting
n = 2, we get
it SO
4—a—p

The result is sharp.

Equality is attained for f(z) = z — 32222 and g(2) = z — %—:—%22.

Corollary 3.2. Let f(z), g(z) and h(z) € S,T(c). Then f(z)*g(z) * h(z) € SpT(B)

_ 12—9a+a®
where 3 = e

Proof. From Theorem 3.1 we get that

3—a?
£(2) *gz) € ST
Therefore
~ 3- a(i_g‘z —9a+a
f(z) xg(2) x h(z) € SpT[q] S, T[13 a2

Now we draw our attention to the class UCT(«).

Theorem 3.3. Let f(2) = 2—) oepan2™, an > 0and g(z) = 2— 0 o bn2", by >0

be elements of UCT(a) then f(z) * g(z) = h(z) = z — Y ooy anby2™ € UCT(B) where
b= fla) < %‘%. The result is sharp.

Proof. From Theorem 2.2 we have, for f(z) € UCT(«)

i n(2n—1—-a)a, <1—« (3.8)

n=2

and ¢g(z) € UCT(«) implies

M8

n(2n—1-a)b, <1-a. (3.9)

Il
™

n

Therefore by proceeding as in Theorem 3.1 we want to get a 3 satisfying the condition

Zn—l—[)’)

MS

dnb. € 1.

n=2



30 R. BHARATI, R. PARVATHAM AND A. SWAMINATHAN

Using the same techniques we get that

1-a 2
1+/8< 1= 2n— 1 a)
2 1- (152

et (3.10)
2n l-a

Right hand side of (3.10) is an increasing function of n(n = 2,3, ). Therefore by setting

n = 2 we get that
- (a+3)?
ﬂ_ (a 5)2 -8

The result is sharp with equality when

L=@& g

f(Z)=9(Z)=Z*2(3—_a)Z-

Remark. For f(z) and g(z) € UCT(0) we get that

£(2) * (=) € UCT(TD).

Theorem 3.4. Let f(z) € UCT(a) and g(z) € UCT(B) then f(z)  g(z) € UCT(v)

where
—(3+a)(3+ ﬂ)
B (5 =)D ) —

¥ =7(a,pB) <

The result is sharp.

Proof. Proceeding as in Theorem 3.3 we get that

L4y & 1_(2n ]~ a)(Zn 1- ﬁ) _ | (3.11)

- 1 1— 1
2 - ;(2n—1cf~a)(2n—lﬁ—ﬂ)

Right hand side of (3.11) is an increasing function for n = 2,3,---. Therefore setting
n = 2 we get that

24 — (3+a)(3+ﬁ)
7=7(e,8) <
(5-2)(5-8) -
thch is the required result. The result is sharp. Equahty is attained when f(z) =
— N d g(z) = z — A=E_,2.
G- a)z Sl g\&) =% = s-m %

Theorem 3.5. Let f(z) =z—) oo ,an2™, an >0 andg(z) =2—3 0 o buz®, by 20
be in SpT(a, B). Then (f * g)(2) =h(z) =2 — 32, anbpz™ € S ol (A, B) where

B B _a-l—[)’
B a+f
Bl ) = 1+ap_1+aL
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The result is sharp.

Proof. From Theorem 2.6 we get that f(z) € (o, 8) give

oo

> In(l+a)—(a+p)an<1-8

n=2

and g(z) € S,T (e, B) gives
> In(l+a) = (@+B)b. <1-B.
n=2

We like to find the largest € and § such that

o0

D (1 +e) = (e + 8)]anb, < 1—86.

n=2

31

(3.12)

(3.13)

(3.14)

By using the same techniques as in previous theorems we get that, it is enough if we

show

L
n(l+a) — (a+B)

which is equivalent to show that

n(l—|—a)—(a+ﬁ)][ 1-46
1-p n(l+e)— (e +96)

] <] ] for all

1-3
e+6 _ 1l
1+ ™ 1—[

1—-3 ]2 )
n(l+a)—(a+p8)

Right hand side of the above expression is an increasing function for n = 2,3, - - -

Therefore by setting n = 2, we get
e+ 20— (3 + (32 - (53]

14+« 14«
= +B
1+ 142[1— &8

which gives the required result. The result is sharp with equality when

I~
24+a-p

Now we show that the class PT(a) is not closed under convolution.

) e

F(z) =g(2) =z - (

Let f(z) = 2— 377 5 a,2", ap 2 0 € PT(a) and g(z) = 2 — 322 bp2™, by, > 0 €

PT(a).

Now we are interested to find if h(z) = z — )7 , anbn2™ is possible to be in PT(3)

for some (3.

Equivalently by using Theorem 2.9 we are interested in finding the existence of the

condition
o0

D (n+B—1)anb, <8

n=2

(3.15)
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for -
Y (nt+a-1)a, <a (3.16)
n=2

and -
Y (nt+a-1)b, <a (3.17)
n=2

(3.16) and (3.17) together imply with Cauchy Schwarz inequality that
o0
Z(n— 1+ a)vapb, < 1.
n=2

Then by using the same techniques we are able to get

2
a
5 for all n.
ﬁ_(l—n)(2a+n—1) oranm
Right hand side of the above expression is an increasing function for n = 2,3, - - -. There-
fore by setting n = 2, gives
2
—a
& | 3.18
S 2+ 1 ( )

Since, 0 < a < oo for f(z) € PT(a) we get that 8 in (3.18) satisfies the condition
—00 < f3 < 0 which gives that f(z) * g(z) ¢ P(pB) for any S.
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