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A NOTE ON HADAMARD'S INEQUALITY 

GOU-SHENG YANG AND MIN-CHUNG HONG 

Abstract. In the present note we establish a new convex function related to the well known 
Hadamard's inequality by using a fairly elementary analysis. 

1. Introduction 

The following inequalities 

f(a; b) :::; b ~ a 1b f(x)dx:::; f(a) ~ f(b)' (1) 

which hold for all convex mappings f : [a, b] --+ R, are known in the literature as 
Hadamard's inequalities [3]. We note that J. Hadamard was not first who discovered 
them. As is pointed out by D. S. Mitrinovic and I. B. Lackovic [4] the inequalities (1) 
are due to C. Hermite who obtained them in 1883, ten years before J. Hadamard. 

In [2], S.S. Dragomir proved that there is a convex monotonically increasing function 
between f(aib) and b.:.a 1: f(x)dx. In this note, we shall establish that there is a convex 
monotonically increasing function between b_:a 1: f(x)dx and f(a)tf(b). As for other 
inequalities in connection with Hadamard's result see [1, 5, 6], and the references therein. 

2. The Main Result 

Now, for a given convex mapping f: [a, b]--+ R, Let F: [O, 1] ----t R be defined by 

1 1b l + t 1 - t 1 + t l - t F(t) = ntz. _, a {f[(-2-)a + (-2-)x] + f[(-2-)b + (-2-)x }dx. (2) 

The following theorem holds: 

Theorem 1. Let f[a, b] ----t R and F : [O, 1] ----t R be as above. Then 

(i) F is convex on [O, 1], 
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(ii) F is monotonically increasing on [O, 1], and 
(iii) 

inf F(t) - F(O) 1 lb tE[0,1] - = b _ a a f (x )dx, 

sup F(t) = F(l) = f(a) + f(b) 
tE[0,1] 2 

Proof. (i) Let a,{3 ~ 0 with a+ {3 =land t1, t2 E [O, l]. Then 

F( 4 ) _ 1 lb{f[l + (at1 + f3t2) 1- (at1 + f3t2) ] 
at1 + /Jt2 - 2(b - a) a 2 a+ 2 x 

+f[l +(at~+ {3t2) b + 1- (at!+ f3t2) x]}dx 

= 1 lb {f[a (1 + ti)a + (1 - t1)x + () (1 + t2)a + (1 - t2)x 
2(b - a) a 2 2 
+ f[a (1 + t1)b + (1 - t1)x + {3 (1 + t2)b + (1 - t2)x]}dx 

2 2 

::s; ~i, a , 1b {f[(l + t1)a ! (1 - t1)x] + f[ (1 + t1)b ~ (1 - ti)x]}dx 

+ {3 lb {f[(l + t2)a + (1- t2)x] + f[(l - t2)b + (1- t2)x]}dx 
2(b - a) a 2 2 

= aF(t1) + {3F(t2), 
so that F is convex on [O, 1]. 

(ii) Let O ::s; t < l. Then 

F(t) = 1 lb {f[(l + t)a + (1 - t)x] + f[(l + t)b + (1- t)x]}dx 
2(b - a) a 2 2 

l a;b-t(b;a) b 

= )(b ) [1 f(x)dx + r f(x)dx]. t - a a }~+t(b;a) 

Thus 
1 a;b -t( b·;;a) b 

F'(t) = 1~ .L\?t1.. ) [1 f(x)dx + { f(x)dx] 
a a } ~tb +t( b;a) 

l a+b b-a a-b a+b b-a b-a 
+ (1 - t)(b - a) [f(-2- - t(-2-))(-2-) - f(-2- + t(-2-))( ~ )] 

l a;b-t(b;a) b 

= a)[1 f(x)dx+ itb+t(b;a) f(x)dx] 

1 a+b b-a a+b b-a 
- 2(1 - t) [f ( ~ - t(-2-)) + f(-2- + t(-2-))) 
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1 1 a+b_t(b-a.) b 
= - LL _\ [j 2 2 

f(x)dx + r f(x)dx] 
a } i'!b +t( b2a) 

_(l-t)[f(a+b -t(b-a))+f(a+b +t(b-a))]} 
2 2 2 2 2 

Let G(t) = b_:a[faatb-t(b;a) f(x)dx + J~~b+t(b;a)J(x)dx] - (l;t)[f(a~b - t(b2a)) + 
f(a!b + t(b;a))]. Then 

, 1 a+b b-a a+b b-a 1 a+b b-a 
G (t) = --[!(- - t(-)) + f(- + t(-))] + -[!(- - t(-)) 2 2 2 2 2 2 2 2 

+f(a+b +t(b-a))]- (l-t)(b-a)[J'(a+b +t(b-a)) 
2 2 4 2 2 

-f'(a+b -t(b-a))] 
2 2 

= _ t(l - t)(b - a)2 /' (c) (3) 
4 

where c is a number between a+b - t( b-a) and a+b + t( b-a) 2 2 2 2 ' 
Since f is convex and t E (0, 1), the last term of (3) is not greater than zero for all 

t E [O, 1), so that G is monotonically decreasing on [O, l]. 
Consequently, F'(t) = (i!t)2G(t) 2:: (l!t)2G(1-) = (l!t)2G(l) = 0, for O ::St< 1 
which shows that F is monotonically increasing on (0, 1). 
(iii) We shall prove the following inequalities: 

_l_ lb f(x)dx::; F(t) ::S (1 + t) f(a) + f(b) + (1 - t) 1 lb f(x)dx::; f(a) + f(b) 
b-a a 2 2 2 b-a a 2 

(4) 
for all t in (0, l]. 

Because F(t) is monotonically increasing, we have 

F(t) ~ F(O) = "" 1 _, [[f(b; x) + Jt; x)]dx = b ~ a [ f(x)dx 
for all t E (0, 1]. 

Now, using the convexity off, we have 

1 lb 1 + t 1 - t 1 + t 1 - t 
F(t) = 2(b _ a) a {f[(-2-)a + (-2-)x] + f[(-2-)b + (-2-)x]}dx 

1 rb 1 + t 
:'.S "'' \ la [(-2-)(f(a) + f(b)) + (1 - t)f(x)Jdx 
_ (1 + t) f(a) + f(b) (1 - t) 1 lb f( ) 
- 2 2 + 2 b - a x dx, 

a 

and the second inequality in ( 4) is proved. 



GOU-SHENG YANG AND MIN-CHUNG HONG 
-', 

Finally, by the Hadamard's inequalities, we have 

(l+t) f(a)+ f(b) (l-t) _l_lbf(x)dx < (1 + t) f(a) + f(b) (1- t) f(a) + f(b) 
2 2 + 2 b-a a - 2 2 + 2 2 

f(a) + f(b) 
2 

This completes the proof. 

Corollary. Under the assumptions of Theorem 1, we have 

l f b 3a + X 3b + X 1 1b 
2(b - a) la [f( 4 ) + f( 4 )]dx - b - a a f(x)dx 

:::; f(a)~f(b) _ n1
1
_l _, 1\J(3a;x)+f(3b~:r)]dx. (5) 

Proof. Since F is convex on [O, 1], we have 

_l _ fb[f(3a+x)+f(3b+x)]dx=F(!) 
2(b-a)la 4 4 2 

1 1 = F( - · 1 + - · 0) 
2 2 

1 1 :::; 2F(l) + 2F(O) 
= !( f(a) + f(b)) + !_1_ rb f(x)dx. 

2 2 2 b - a la 
Hence (5) follows immediately. 

3. Applications 

(1) Let p 2: 1, 0:::; a< band f(x) = xP. Then 
a + b P bP+ 1 - aP+ 1 1 a + b b - a ( ) < < {[ t( )JP+l aP+l 

2 - (p+l)(b-a) - (l-t)(p+l)(b-a) 2 2 

+bP+I _[a+ b + t(b- a)JP+l} 
2 2 

aP + bP < . - 2 

for all t in [O, 1). 
( 2) Let O < a < b and f ( x) = }x, x > 0. Then 

2 2 a+b b-a 1 Vb a+b b-a 1 fa+ Vb:::; (1-t)(b- a) {[-2- - t(-2-)]2 - ya+ b- [-2- + t(-2-)]2} 

ly'a+Vb <---- 
- 2 /ab 
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for all tin [O, 1). 
(3) Let O <a< band f(x) = i, x > 0. Then 

lnb-lna 1 b[a+b_t(b-a)] 
--- < ln- 2 2 
b- a - (1- t)(b- a) a [a;b + t(b2a)] 

< a+b 
2ab 

for all t E [O, 1). 

Remark. The following inequalities can be found in [7, p.130], 

l bb 1 b - a r;- ( ln b - ln a) 
- ( a + b) > e - l (-) r;=-;; > 1 b l > v ab > ab b 
2 aa n - na - a 

ab 1 2ab > e(-)b-a > --. ba a+ b 

Consequently, our result from application (3) gives a refinement of this classic fact. 
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