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ON HUA'S INEQUALITY IN REAL INNER PRODUCT SPACES 

S.S. DRAGOMIR AND G.-S. YANG 

Abstract. A generalization of the celebrated Hua.'s inequality in real inner prod­ 
uct spaces a.nd some connected results a.re given. 

1. Introduction 

The following inequality due to Lo-Keng Hua is important in Number Theory [I]: 

n n 

(8 - L Xi)2 + a L x; 2: kn82 
i=l i=l 

(1.1) 

where 8, a > 0, Xi E JR (i = 1, 2, ... , n) and kn := a(n + a)-1 with equality if and only 
if Xi = hn8 where hn = (n + a)-1. 

Recently, Chung-Lie Wang [2] has given the following interesting generalization of 
(I.I): 

Theorem 1.1. Let ti, a be as above, Then for p > I, the inequality 
n n 

(1.2) 
i=l i=! 

holds, for all nonnegative Xi E JR (i = 1, 2, ... , n) with I:~=l Xi '.S ti. The sign of 
inequality in (1.2) is reversed for O < p < 1. In either case, the sign of equality 
holds in (1.2) iff Xi = hnti (i = 1, 2, ... , n). 

An integral variant is also given. 
The main aim of this paper is to extend (I.I) in real inner product linear spaces. 

Some inequalities in connection with Hua's result are also given. 
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2. The Main Results 

We will start with the following theorem containting a consistent generalization of 
(1.1): 

Theorem 2.1 Let (X; ( , )) be a real inner product space and a> 0, 8 > 0. 
For all x, y E X one has the inequality: 

(8 - (x, y))2 + allxll2 2: a8_2 ··- (2.1) 

The sign of equality holds in (2.1) iff 

X = /j 
a+ IIYll2y. 

Proof. If y = 0, the inequaltiy (2.1) is obvious. 
Suppose that y =f. 0. Then by the well-known Schwarz's inequality in inner product 
spaces have: 

(8 - (x, y))2 + allxll2 2: (8 - (x, y))2 + ll;l2 (x, y)2 

with equality iff there exists a real number .A so that x = .Ay. 
Denote z = (x, y), a' = 11~12. Applying Lo-Keng Hua's inequality for n = I, we can 

state: 
a' 

(8 - z)2 + a'z2 > --82 
- 1 +a' 

with equlaity iff 
8 z--­ 

- 1 +a'· 
Hence 

2 a 2 a 2 
(8- (x,y)) + IIYll2(x,y) 2: .... ~8 

with equlity iff 

(x,y) = 8IIYll
2 

Since x = .Ay, then by the above condition we deduce that 

' which gives us .A = a-+IIYll2, and the theorem is thus proved. 
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Remark 2.2. If we assume that X E ~n, ( , ) is the usual inner product in ~n, 
i.e., (x,z) = L~=IXiZi for X = (xi, ... ,xn), z = (zi, ... ,zn) E Rn and y = (1, ... ,1), 
then by Theorem 2.1 we recapture Lo-Keng Hua's result (1.1). 

Corollary 2.3. Let (X, ( , )) be an inner product space and o, a> 0. Then 
one has the inequality: 

(2.2) 

for all Xi, y; E X (i = 1, 2, ... , n). The case of equality holds in (2.2) iff 
c5 . 

Xi= "-'n II ll2Yi forall iE{l, ... ,n}. 
o: + L..,i=l Yi 

Proof. Consider the linear space xn: {(xi, ... ,xn) I Xi EX}. Then the mapping 
[ , ] : Xn X Xn -+ ~ given by: 

n 

(Z, Y] := I)zi, Yi), Z = (z1, ... , Zn), Y =(Yi,···, Yn) 
i=l 

is an inner product on xn. Applying the inequality (2.1) for the inner product [ , ] we 
obtain the desired inequality. 

The following lemma is interesting in itself. 

Lemma 2.4. Let (X; ( , )) be a real inner product space and o: > 0. Then 
for all x, y E X we have the inequality: 

(2.3) 

with equality iff 
1 

- - y. X-l+o: 

Proof. Firstly, we observe that in every normed linear space we have the inequaltiy: 

IIY - x1l2 ::::: (IIYII - llxll)2 for all x, y E X. (2.4) 

Since (X; ( )) is assumed to be an inner product space, hence the equality holds in (2.4) 
iff 

(x,y) = llxll llYII, 
i.e., there exists a real number ..\ ::::: 0 so that x = ..\y. 
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Now, by Hua's inequality for n = 1, we can write: 

IIY - xll2 + allxll2 2: (IIYII - llxll)2 + allxll2 2: 1: a IIYll
2 

with equality in the second inequality iff 

1 
llxll = 1 + a IIYII- 

Since x = >..y, we deduce by the above equality that >.. = 1~0 and the lemma is thus 
proved. 

Remark 2.5. The inequality (2.3) holds in every normed linear space, but the case 
of equality does not remain true in the general situation . For example, let X = C[O, l], 
with 11!11 = f01 IJ(t)ldt, if f E X. Let f be any positive function in X and 9 = f + 1. 
Then II! - 9112 = (IIJII - 11911)2 = 1, but J -I- >..9 for any real>... 

Remark 2. 6. If we assume that X = JRn, y = ( ti1, .•. , On) then by the above 
lemma we obtain the following inequality of Hua's type: 

n n n 

'"' 2 '"'2 a '"'2 L..,(fJ; - xi) + a L.., X; 2: -- L.., 8i 
i=l i=l 1 + a i=l 

with equality iff 
bi . 1 2 Xi = -- , i = , , ... , n. 
l+a 

Now, provided that ti1 = · · · =tin= o, then 
n n 
L(ti - xi)2 + a L x; 2: nati2 
i=l i=l 1 + a 

with equality iff 
ti 

x; = 1 +a' i = 1, 2, ... , n. 
Finally, we also have the following generalization of Hua's inequaltiy: 

Theorem 2. 7. Let ( X; ( , ) ) be an inner product space and Xi E X ( i = 
1, 2, ... , n), y EX and a> 0. Then one has the inequality: 

n n 

IIY - L xill2 + a L llxill2 2: n: a l!Yll2- 
i=l i=l 

(2.4) 

The equality holds in (2.4) iff 

1 
Xi= --y for all i = 1,2, ... ,n. 

n+a 
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Proof. By the well-known Cauchy-Buniakowski-Schwarz's inequality for real num- 
bers, we have: 

n n 

n LaZ 2: (Lai)2 
i=l i=l 

with equality iff ai = k, k E IR for all i = 1, ... , n; we have that 
n n 

n L llxill2 2: (L llxill)2 
i=l i=l 

with equality iff llxi II = .A =f. 0 for all i = l, 2, ... , n. 
Without loss the generality, we can assume in what follows that Xi =f. 0 for all 

i = 1, 2, ... , n. Thus we have: 

n n n n 

IIY - L xill2 + a L llxill2 2: IIY - Lxill2 + ~(L llx;ll)2 (2.5) n i=l i=l i=l i=l 
with equality iff llxdl = .A > 0 for all i E {l, ... , n }. 

By the generalized triangle inequality we have: 

n n n n 

IIY - Lxdl2 + ~(L llxill)2 2: IIY - L xill2 + ~II L xill2 (2.6) 
i=l i=l i=l i=l 

with equality iff 
n n 

II Lx;II = L llxill· 
i=l i=l 

(2.7) 

Since X is assumed to be an inner product space, then the above equaltiy holds iff 

n n n 

0 = (L llxill)2 - II Lxdl2 = L (llxill llxjll - (xi,Xj)). 
i=l i=l i,j=l 

if:.j 

But, by Schwarz's inequality we have: 

and thus ( 2. 7) holds iff 

llxillllxjll=(xi,Xj) forall i,jE{l, ... ,n},i=f.j 

i.e., there exists Aij > 0 so that x; = AijXj for all i,j E {l, ... ,n} with i =f. j. 
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Consequently, by the inequalities (2.5) and (2.6) we have that: 
n n n n 

IIY- Lxill2 + o: L llxill2::::: IIY- I::x;ll2 + ~II I::xill2 
i=l i=l i=l n i=i 

(2.8) 

with equality iff llxill = ..\ > 0 and x; = ..\,jXj for all i,j E {l, ... ,n} with i # j and 
Aij > 0. Thus 

which gives us .Aij = 1 for i,j E {1, ... ,n}(i # j) and then x, = x EX for all i E 
{l, ... ,n}. 

Now, using Lemma 2.4, we have that: 

(2.9) 

with equality iff 
n n I:x, = n + o:Y· 
i=l 

In conclusion, by the inequalities (2.8) and (2.9) we have that 
n n . 

IIY - L x;Jl2 + o: L llxdl2 ~ n: o: IIYll2, 
i=l i=l 

with equality iff Xi= x (i E {1, ... ,n}) and L~=l x, = n~aY· i.e., 

Xi= x = -1
-y for all i E {1, ... ,n}, 

n + o: 
and the theorem is proved. 

Remark 2.8. If XE~. y = o > 0 and (x, z) := xz, x, z ER then by the above 
theorem we recapture Hua's inequality (1.1) with the same case of equality. 
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