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ON DISTORTION THEOREMS INVOLVING 
GENERALIZED FRACTIONAL CALCULUS OPERATORS* 

R. K. RAINA AND MAMTA EOLIA 

Abstract. This paper gives new classes of distortion inequalities for various sub­ 
classes of analytic and univalent functions. The results presented involve certain 
generalized fractional integrals of functions belonging to the general classes J5(n) 
and L5(n). Some useful deductions of our main results are also pointed out. 

1. Introduction 

The study of generalized operators of fractional integrals ( or derivatives) having 
as kernels various types of special functions including the Fox's H-function have been 
receiving keen attention presently. For recent works on the subject, one may refer to [2], 
[3), [6) and [9]. 

The theory of fractional calculus operators have also been applied to univalent func- 
tion theory, and recently Srivastava, Saigo and Owa [12) used the Saigo's fractional cal­ 
culus operators [8) to prove certain classes of distortion theorems for various subclasses 
of analytic and univalent functions. 

The present paper is devoted to the investigation of new classes of distortion inequal- 
ities for substantially more generalized forms of fractional integral operators (involving 
Fox's H-function) belonging to the general classes of analytic and univalent functions 
J6(n) and L6(n) (defined below by (2.5) and (2.6), respectively). As pointed out in [2] 
and [6] (see also [9, pp.141-145]) the fractional integral operator with Fox's H-function 
in the kernel includes various fractional integral operators, like the Riemann-Liouville 
fractional integral operators, the Kober fractional integrals, Erdelyi fractional integrals, 
the Love fractional integrals and also Saigo fractional integrals. Therefore, the results 
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presented in this paper possess wider applicabilities. We give in the concluding section 
some examples illustrating the useful deductions that emerge from our main results. 

The set of nonnegative integers is denoted by N and N0 = NU {O} · R means the 
field of real numbers, C is the complex number field, and R+ = (0, oo ). 

Throughout this paper (am) stands for them-parameters: 
a1, ... ,am (m EN); and the symbolic form (aj,ajh,m abbreviates the set of parame­ 
ters (a1, a1), ... , (am, am), m EN. 
Also, (..\)n = r~ctfl denotes the usual Pochhammer symbol. 

2. Preliminaries and definitions 

Let T( n) denote the class of functions of the form 
00 

J(z) = z + L ajzj (n EN), 
j=n+l 

(2.1) 

which are analytic in the unit disk U = { z : J z I < 1}. Further, let S ( n) denote the 
class of all functions in T(n) which are univalent in the unit disk U. Then a function 
f(z) E S(n) is said to be in the subclass S6(n) if and only if 

R{zf'(z)} s: 
e f(z) >u 

for some 8(0 :s; 8 < 1). Also, a function f(z) E S(n) is said to be in the subclass K6(n) 
if and only if 

(z E U), (2.2) 

Re{ 1 + zr:~~)} > 8 (z EU), (2.3) 

for some 8(0 :s; 8 < 1). 
We note that f(z) E K0(n) if and only if zf'(z) E S0(n), and that 

So(n) ~ So(n), Ko(n) ~ Ko(n), and K0(n) ~ S0(n) for O :S: 8 < 1. 

The classes S0(n) and K0(n) were studied recently by Srivastava, Owa and Chat­ 
terjea [11 J. 

It may be noted that for n = 1, S0(l) and K0(l) precisely turn out to be the classes 
S*(o) and K(8), respectively, which were introduced earlier by Robertson [7]. 

Also, let J(n) be the subclass of S(n) consisting of functions of the form 
00 

f(z) = z - L ajzj (aj ~ 0). 
j=n+l 

(2.4) 

We denote by J0(n) and L0(n) the classes obtained by taking intersections respec­ 
tively of the classes S0(n) and K0(n) with J(n); i.e. 

h(n) = So(n) n J(n) (0 :S: 8 < 1; n EN), (2.5) 
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and 
L0(n) = K0(n) n J(n) (0::; {j < l; n EN). (2.6) 

The classes J0(n) and L0(n) were considered earlier by Chatterjea [1]. In particular, 
lo(l} and £0(1) correspond to the classes J*(o) and L(o), respectively, introduced by 
Silverman [10]. 

We shall be concerned in this paper with the fractional integral operators involving 
the well-known Fox's H-function introduced recently in [3] (see also [2] and [9]). 

Definition. Let m EN, IA ER+ and 'Yk,ok EC, Vk=l, ... ,m; with 
I:Z'=i Re( Ok) > 0. Then the integral operator 

1hm),(6,,.) f(z) =i"/1,· ·,"tm),(61, .. ,6,,.) f(z) 
(f:l,,,),m (f:l,, ... ,f:/,,,);m 

z < 1 1 -1..) m 11 m O [ t l"tk+uk+ - /Jk '(Jk l.m] . """' =- Hm'm - f(t)dt, for L, Ok> O; 
Z O ' Z hk+l-f,;,il, )1.... l 

=f(z),01 =···=Om= 0, 

(2.7) 

is said to be a multiple fractional integral operator of Riemann -Liouville type of multi­ 
order {j = (o1, ... ,0m)- The definition and other related details about Fox's H-function 
may be found in [4, chapter 1], [5, section 8.3](see also [9, pp. 136-137]). Following [3], let 
1t denote a complex domain starlike with respect to the origin z = 0, and A(H) denote 
the space of functions analytic in 1t . If Aµ(H) denote the class of functions : 

Aµ(H) = {f(z) = zµ f(z): f(z) E A(H)}, µ 2-: 0, (2.8) 

then clearly Aµ(1t) ~ A(1t) ~ A(1t) for µ 2-: 0. 
The fractional integral operator (2. 7) includes various useful and important frac­ 

tional integral operators as special cases. For further details, one may refer to (6] and 
[9]. 

3. Distortion Theorems 

Before, we state and prove our main results for functions belonging to general classes 
J6(n) and L0(n), we shall need the following results: 

Lemma l([l]). Let the function f(z) be defined by (2.4). Then f(z) is in the 
class J(o) if and only if 

CX) • {j L (~ = 0)aj::; 1 (n EN). 
1=n+I 

(3.1} 
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Lemma 2([11). Let the function f(z) be defined by (2.4). Then f(z) is in the 
class L( 8) if and only if 

f e~~:))aj~l (nEN). 
j=n+l 

(3.2) 

As noted in [10], Lemma 1 follows immediately from a result due to Silverman [10, 
p.110 Theorem 2] upon setting aj = 0 (j = 2, ... , n). On the other hand, Lemma 2 is a 
similar consequence of another result due to Silverman [10, p.111, Corollary 2]. 

Lemma 3([31). Let rk > -fk - 1, bk 2 0, 'r/k = 1. ... , m. 
Then the operator IiJj;;:"'l maps the class 1-f.µ.( G) into itself preserving the power 
functions f(z) = zP up to a constant multiplier, namely; 

m { r(..E... + rk + 1) 1hm),(b,..\zP) = II {h }zP, 
(,6,,,);m r( ..E... + "Yk + <\ + 1) 

k=l .6k 

Our first main result is contained in the following: 

p2 µ. (3.3) 

Theorem 1. Let m, hk E N and 'Yk, bk, E R satisfying 

"Yk + hk + 1 > 0 and bk > 0, 'r/k = 1, ... , m. 

If n is a positive integer such that 

(3.4) 

IT( (1+,k+hk(n+l))hk ) < 1 
k=l (l+7k+bk+hk(n+l)hl - ' 

and f(z) defined by (2.4) be in the class J6(n), then 

li-r-:.:2-<o,,.) t(z)I 
(h,,, );m 

> fr{ I'(l+hk+1k). }lzl[l- 1-8 fr{ (I+,k+hk)nhk }lzin], (3_6) 
- k=l r(l + hk + "Yk +bk) n + 1 - b k=l (1 + "/'k + ()k + hk )nhl 

(3.5) 

and 

for z E U, and equalities are attained by the function 

f( ) - 1 - fJ n+l z - z - ,z ' n+l-u 
(3.8) 
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at certain values of z. 

Proof. In view of formula (3.3), we have 

Define a function ¢( z) by 
oc 

z - IJm { f(l + ,1.; + {jk + hk) }i'Y:·J,(6,,,) f(z) = z - L \J!(j)ajzl' (3.10) 
</J( ) - f(l + 1k + hk) (h,.. };m j=n+l 

k=l 

where 
\J!(j) = ft (1 + 1k + hic)hk(j-1) 

k=l (1 + 1k + {jk + hkhk(j-1) 

which is observed to be non-increasing for integers j 2 n + l. by virtue of the formula 

.(a) (a+l) (a+m-1) (a)m · = mmJ - -- · · · · (m EN), (3.12) 1 m1 m j m j 

(j=n+l,n+2, ... ), (3.11) 

and the conditions (3.4) and (3.5), implying thereby that 

0 < w(j) < \J!(n + l) = ft{ (1 + ,k + hk)nhk }. 
- k=l (1 + 1k + {jk + hk)nh, 

From Lemma 1, we also have 

(3.13) 

00 1- {j 
""' a < -­ L., 1-n+l-8' 
j=a+l 

and hence (3.10), (3.13) and (3.14) yield 

(3.14) 

""' I-8 J</>(z)I 2 lzl - \J!(n + l)lzJn+l L.., aj ~ lzl - n + 
1 
_, \J!(n + l)lzln+l. 

00 

j=n+l 

This implies the assertion (3.6) of Theorem l. The assertion (3.7) can be proved 
similarly. It can be easily verified that the equalities in (3.6) and (3.7) hold when z = lzi. 

By applying Lemma 2(instead of Lemma 1) to the function f(z) belonging to the 
class L6(n), we can prove the following: 

Theorem 2. Under the assumptions (3.4) and (3.5) of Theorem 1. let the 
function f(z) defined by (2.4) be in the class L0(n). Then 

'

Jh:)·(o,..) f(z)j > IT{. f(l + 1k + hk) }Jzl 
(h,.. };m - f(l + ik +Dk+ hk) 

k=l 

[
1 (1 - 8) rrm { (1 + 1k + hk)nh, } n] 

x -(n+I)(n+l-8) (l+'Y!-+D!-+h!,)flh, lzl' 
k=l 

(3.15) 
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and 

I
Jh•:_}(6,,.) f(z)I ::; IT { r(l + 'Yk + hk) }lzl 
(hm );m r(l + 1k + {jk + hk) 

k=l 

[1 + . c1 - o) IIm { c1 + ,k + hk)nhk }i in] c3 16) 
X (n+l)(n+l-o)k=l (l+,k+ok+hk)nhk Z .. 

Equalities in (3.15) and (3.16) are attained by the function 

1 - {j zn+l 
f ( z) = z - ( n + l) ( n + l - o) (3.17) 

at certain values of z. 

4. Interesting deductoins 

In this section we deduce some results giving the distortion inequalities for fractional 
integral operators which are special cases of (2.7). 

To this end, we put 
m = 1, h1 = h, ,1 = T/, o1 = a in (2.7),so that from [6,p.223, Eqn. (3.7)]: 

{ 4.1) 

With the above specialization in Theorems 1 and 2, we arrive at the following results 
involving the Erdelyi- Kober fractional integrals: 

Corollary 1. Let the function f(z) defined by (2.4) be in the class J0(n). 
Then under conditions easily obtainable from (3.4) and (3.5): 

I
ECX,T/ I>{ r(l+r,+h)} {1- (l-o)(l+r,+h)nh n} 42 

o,z;h_,f(z) - hr(l + 11 +a+ h) lzl (n + l - {j)(l + 11 +a+ h)~h lzl ' ( . ) 
and 

I CXT/ I { r(l+r,+h) } { (l-o)(l+r,+h)nh n} 
Eo,~;h_,f(z) ::; hr(l + 'f/ +a+ h) lzl 1 + (n + l - {j)(l + 11 + o: + h)~h lzl , (4.3) 

for z EU. 
Equalities in ( 4.2) and ( 4.3) are attained by function given by (;3.8). 

Corollary 2. Let the function f(z) defined by (2.4) be in the class L0(n). 
Then under conditions easily obtainable from (3.4) and (3.5): 

I
E(X.,., ( I { r(1+r,+h) }1 I 

o,~;h-1! z) 2-: hr(l + T/ + 0: + h) z 

{ 
(l-o)(l+r,+h)nh n} 

X l-(n+l-o)(n+l)(l+r,+o:+h)nhlzl ' ( 4.4) 
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and 

I
EO.T/ ,. { r(l+17+h) } { (l-8){l+17+h)nh n} 

0,~;h_,f(z)~ hI'(l+n+a+h) lzl l+(n+l-8)(n+1){]+11+n,+hL.lzl ' 
( 4.5) 

for z EU. 
Equalities in (4.4) and (4.5) are attained by the function given by (3.17) at 

certain values of z. 

Next we set 
m = 2, ,1 = T/ - (3, ,2 = 0, 81 = -17, 82 = a+ T/, 
hi = h2 = 1, in (2.7), so that from [6, p.223, Eqn. (3.9)]: 

( 4.6) 

Theorems 1 and 2 with above substitutions yield the following results [12, Theorems 
1 and 2, pp. 416-419] involving the Saigo fractional integrals [6]: 

Corollary 3. Let the function f(z) defined by (2.4) be in the class J6(n). 
Then under conditions easily obtainabl~ from (3.4) and (3.5): 

'

r~ . .a."f(z)I >{ r(2 - .B + TJ) }1z11-0 
o,z - r(2 - .B)r(2 +a+ 17) 

X {1 - (1 - 8)(-(3 + T/ + 2)n(n + 1)! Jzln}. (4.7) 
(n+l-8)(-8+2)n{a+17+2)n · 

and 

1

Jo..6T/f( )j { I'(2-p+17) }111-B 
0·~· z ~ r(2-(3)r(2+a+17) z, 

{ 
(l-8)(-{3+17+2)n{n+l)! I In} 

X 1+( i: (3 . . Z , n+l-u)(- +2)n(a+17+2)n · 

for z E U if fJ ~ 1 and z E U - {O} if /3 > 1. Equalities in (4.7) and (4.8) are 
attained by the function given by (3.8) at certain values of z, where fj is as.sumed 
to be a rational number for the case (4.8). 

(4.8) 

Corollary 4. Let the function f(z) defined by (2.4) be in the class L6(n). 
Then under conditions easily obtainable from (3.4) and (3.5): 

I o. .6 T/ I ( r(2 - ,B + TJ) ) 1-B 
10.~' f(z) 2 I'(2 _ B)r(2 +a+ TJ) lzl 

{ 
(1 - 15)(-p + T} + 2)nn! n} 

x l- (n+l-i5)(-B+2L/n,+11+2·1_lzl ' (4.9) 
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and 

I
I'~- 13 'f'/f( )j ( r(2 - /3 + 11) ) I 

1
1-(3 

o,~ , z :S: r(2 - ,8)f(2 +a+ 77) z 

{ ( 
(l-8)(-,8+77+2)nn! ) n} 

x l + (n + 1 - 8)(-,B + 2)n(a + 77 + 2)n JzJ · (4.10) 

for z E U for ,B :S: 1 and z E U - {O} for (3 > 1. Equalities in (4.9) and (4.10) are 
attained by the function given by ( 3.17). 

We conclude this paper by remarking that various other classes of distortion in­ 
equalities can be deduced from the main results (Theorems 1 and 2) in view of the fact 
(see [9]) that several know forms of fractional integral operators emerge from the general 
fractional integral operator (2.7). The deductions of these obvious consequences being 
quite straightforward, further details are hence omitted. 
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