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OSCILLATIONS IN CERTAIN DIFFERENCE EQUATIONS

ZDZISLAW SZAFRANSKI AND BLAZEJ SZMANDA

Abstract. We obtain sufficient conditions for the oscillation of all solutions of

some linear difference equations with variable coefficients.

1. Introduction

Recently, there has been a lot of interest in studying the oscillation of the solutions
of difference equations. See for example [2,3], [5], [7]-[10], [12]-[16] and Chapter 7 in
recent book by Gyori and Ladas [4]. For the general theory of difference equations the
reader is referred to the recent books [1,6,11].

Our purpose in this paper is to give in general form the sufficient conditions for the
oscillation of some linear difference equations. The results obtained here include and
generalize those in [7] and [12].

In this paper we are concerned with a class of linear difference equations of the form

A(yn + pyn—k) + Zpi(n)'yn——k; =0, n= 07 1,... (1)

=1

where A denotes the forward difference operator: Az, = 41 —Zn for any sequence (x,)

of real numbers, (p;(n)) (¢ =1,...,m) are sequences of nonnegative numbers, p # 0,
and k; (i = 1,...,m) are integers such that 0 < k; < k2 < -+ < km, k is a positive
integer. The sequences (p;(n)) (z = 1,...,m) are supposed to be not identically zero.

Let K = max{k,km}. Then by a solution of Eq. (1) we mean a sequence (y»)
which is defined for n > —K and which satisfies (1) for all large n. A nontrivial solution
(yn) of (1) is said to be oscillatory if for every N > 0 there exists an n > N such that
YnYn+1 < 0. Otherwise it is called nonoscillatory. Equation (1) is said to be oscillatory
if all its nontrivial solutions are oscillatory.

Received April 12, 1995.
1991 Mathematics Subject Classification. 39A10.

Key words and phrases. Oscillations, difference equations, difference inequality.

257



258 ZDZISLAW SZAFRANSKI AND BLAZEJ SZMANDA

2. Some Lemmas

In this section we give some lemmas which will be useful in our study of Eq. (1).

Lemma 1. Let the sequences (p;(n)) (i =1,...,m) be periodic with period k
and (yn) 18 any solution of Fq. (1). Let us denote

Zn = Yn + DYn—k, Wn = Zn + PZn—k (2)

for all large n.
Then the sequences (z,) and (w,) are the solutions of (1) for all large n.

Proof. It suffices to show that (2,) is a solution of (1). Denote the left hand side
of (1) by L(y.). Then we have

L(zn) = Az, +PAZn—k + Zpi(n)zn—ki

=1

= A(Yn + PYn—k) + PA(Yn—k + PYn—2k) + Zpi(n)(yn—k; + DYn—ki—k)

i=1

= DYn +PYnr) + D Pi(m)nr; + P{AWn—r + Pyn—2e) + Y Piln)yn—kk }

=1 =1

:p{A(yn + PYn—k) + Zpi(n + kf')yn—-k,«} =0

=1

Lemma 2. Let —1 < p < 0 and (y») be an eventually positive solution of (1).
Then (z,) defined by (2) is an eventually positive nonincreasing sequence.

In addition, if the sequences (p;(n)) (: = 1,...,m) are periodic with period
k then the sequence (w,) defined by (2) ts an eventually positive nonincreasing
solution of Eq. (1).

Proof. From Eq. (1) we have
Az, = — Zpi(n)yn_ki <0 for all lage n.
=1

Hence (z,) is an eventually positive or eventually negative sequence.

Suppose that
Zn < Zng <0 forn > ng.

Since —1 < p < 0, we have

Yn S —DPYn—k + Zng S Yn—k =+ Zng
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and forn =ng + ki, i =1,2,... we get
Yno+ki < Ynotk(i—1) T Zno-
From the above inequalities we obtain
Yno+ik < izno + Yno-

By letting ¢ — 00, we note that yn,+ix will be negative which is a contradiction with
yn > 0 eventually. Thus (z,) is an eventually positive sequence and by Lemma 1 is an
eventually positive solution of (1). Then we have

Aw, = — Zpi(n)zn_ki <0 for all large n.

=1
Since limy— o0 2n = @ > 0, hence from (2) we get
lim w, =(1+pa>0
n— oo

Therefore w, > 0 for all large n and our assertion is true.

Lemma 3. Let p < —1 and there is an indexr 7 € {1,...,m} such that
3% p;i(n) = co. If (yn) be an eventually positive solution of (1), then (z,) defined
by (2) is an eventually negative nonincreasing sequence.

In addition, if the sequences (p;(n)) (i = 1,---,m) are periodic with period
k, then the sequence (w,) defined by (2) is an eventually positive nondecreasing
solution of Eq. (1)

Proof. Similarly as in the proof of Lemma 2, we see that (z,) is a nonincreasing
sequence for all large n. Now we show that 2z, < 0 eventually.
If not, then we have
Yn > —PYn—k for n > ng,
ie.
0<yn—i < —%yn for n > ny,

which implies

1\¢ .
O<yn—k < (_ 5) yn+(i—1)k1 1':1127"'a nZnO' (3)

i
Since (— %) — 00, as i — 00, hence from (3) follows that ¥, — o0 as n — co.
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From Eq. (1) we get
V - m
Azp == pi(n)yn—i; < —p;j(n)yn—r; < —Mp;(n) (4)
=1
for all large n, say for n > n;, where M is a positive number. Summing (4) we have
n
Zn+4+1 — Rny S -M Z p](”/)

i=n1

which implies that z, — —o0 as n — oo. This contradicts the fact that z, > 0 for
n > ng. Thus by Lemma 1 and the above proof (z,) is a negative solution of (1).
Therefore we have

Aw, = — Zpi(n)zn_ki >0 for all large n. : (5)
=1
We show that w,, > 0 eventually. Suppose that
Wp = Zn + P2n—k <0 foralln > ng
i.e. i
—Ezn <ZzZnx <0 form>mng

which implies
1y? .
( - E) Zn4(i—-1)k < Zpn—k < 03 n2>ng, 1= 172) e (6)

Since ( - %) — 0 as ¢ — 00, hence from (6) follows that z, — —00 as n — oo.

From (5) we have for all large n, say for n > n,

Awn == Zpi(n)zn-k{ Z —pj(n)zn-kj 2 ij(n),

=1

where M is a positive constant. Summing the above inequalities we get

k3
Wnt1 — Wn,y ZMZPj(i)—"OO as n — 00,

i:'n.1

that is w, — 00 as n — oo, which contradicts the fact that w, < 0 for n > ng. Thus the
proof is complete.
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3. Main Results

Now we establish the oscillation results for Eq. (1) according to the values of p.
Further we assume that the sequences (p;(n)) (: = 1,...,m) are periodic with period k
and denote

_—.ip;(n), n=01,....
i=1

Theorem 1. Let —1 < p < 0. If the inequality

1
Az, + —— nek: <0, =0,1,2,..., 7
T, + 1_|_pp(n)ar: ke < n _ (7N

has no eventually positive solution, then the equation (1) is oscillatory.

Proof. If not, we assume without loss of generality that (y.) is an eventually
positive solution. Then, by Lemma 2, for the sequence (2,) and (w,) defined by (2) we

have
2, >0, Az, <0Oand w, >0, Aw,<0

for all large n. Therefore we get
Wy = Zn + DZn—k < (1 +p)zn

that is
W

1+p

n 2>

By Lemmas 1,2 and the above inequality we may write

= —Zp;(n)zn ks sz(n)zn-k, < -p(n) 1"+';‘

for all large n.
Therefore (w,) is an eventually positive solution of (7), which is impossible. The
proof is complete.

Theorem 2. Let p=—1. If the inequality
Az, + p(n)xn—kl <0, n=0,1, 2, 455 5 4 (8)

has no eventually positive solution, then the equation (1) is oscillatory.

Proof. The proof of this theorem is essentially the same as the proof of Theorem
(1), and hence is omitted.
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Remark. It is worth to note that if (8) has no eventually positive solution, then

(7) has no eventually positive solution.
In the next case we also assume a stronger condition than in Theorem 1.

Theorem 3. Let p > 0 and k < ky. If the inequality

Az, + p(n)Tn_(k,—k) <0, n=0,1,2,... 9)

1
1+p
has no eventually positive solution, then the equation (1) is oscillatory.

Proof. Let (y,) be an eventually positive solution of (1). Then for the sequences
(2n) and (w,) defined by (2) in view of Lemma 1 we have

zn > 0,Az, <0 and w, > 0,Aw, <0 eventually.

Therefore
W = Zn + P2k < (14 P)zn—k- (10)

Since (2,) is a nonincreasing solution of (1), hence
m m
Aw, = — Zpi(n)zﬂ—ki <- Zpi(n)zn—kl
=1 =1

and, by(10), we get
)wn—k1+k

Aw, < —p(n
< —p( T+ p

b

for all large n. Thus (w,) is an eventually positive solution of (9). This contradiction
proves the Theorem.

Theorem 4. Let p < -1, k > k,, and there exists an index j € {1,...,m}
such that 3" p;(n) = co. If the inequality

1
Axn + mp(n)$n+k_k"' Z 0) n= 0’ 1’ 2’ e s (11)

has no eventually positive solution, then the equation (1) is oscillatory.

Proof. If not, let (y,) be an eventually positive solution of (1). By Lemma 3, for
the sequences (z,) and (w,) defined by (2) we have

Zn < 0,Az, <0and w, >0,Aw, >0 eventually.

Note that
Wp S (1 +p)zﬂ—k



OSCILLATIONS IN CERTAIN DIFFERENCE EQUATIONS 263

and thus w
Znk < —1—_—5_'11—) for all large n. , (12)

Since (2,) is a nonincreasing solution of (1), hence
Awn == pi(n)zn—k 2 = ) Pi()2n—t,.,
=1 i=1

and in view of (12) we get
Awn 2 ~ sz(n ’lUn+k i ,

thus (w,) is an eventually positive solution of (11), a contradiction.
In the last Theorem we does not assume that the sequences (p;(n)) (1 = 1,...,m)
are periodic.

Theorem 5. Let p < —1,k > kn and there exists an indez j € {1,...,m}
such that 3% p;(n) = co. If the inequality

m —

1
Axn+;p(n)xn+k km £0, n=0,1,... (13)

has no eventually negative solution, then the equation (1) is oscillatory.

Proof. If not, assume that there is an eventually positive solution (y,) of (1).
Then, by Lemma 3, for the sequence (z,) defined by (2) we have

zn < 0 and Az, < 0 eventually.

Evidently
Zn = Yn + PYn—k > PUn—k
i.e.

1
Yn—k > Ezn eventually. (14)

From (1) and (14) we get

= —Zpt(n)yn ke < __sz(n Zn+k—ki»
=1
and by monotonicity of (z,.), we obtain

1 m
Az, < —1—7 Zpi(n)2n+k—km

=1
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i.e. (z,) is an eventually negative solution of (13), which is impossible. This completes
the proof.

From the above theorems one can obtain some effective oscillation criteria for differ-
ence equation of the form (1). Namely, each condition which guarantee that the suitable
difference inequality appearing in Theorem 1-5 cannot have eventually positive or even-
tually negative solutions, gives oscillation criterion for equation (1).

For example, by Theorem 7.6.1 in [4] (comp. [10]) we obtain oscillation criterion
from Theorem 3, which improves and generalizes Th. 4 of [7] and Th. 5.1 of [12].

Corollary. Assume that p > 0, k < k; and pi(n) > 0 (i = 1,...,m) are
pertodic with period k.
If

)k1—~k+1

n—1 m
liminf Y Z;pj(ip(i—l’L : (15)

Lk neseo i=n—ky+k j=1 ki —k+1
then every solution of (1) oscillates.

The above Corollary remains true, if we replace the condition (15) by the following
(comp. [2], [14])

™

lim sup Z ipj(i) >1+p.

L i=n—ki1+k j=1

Analogous corollaries which improve and generalize other results of [7] and [12] one can
be obtained from the remaining theorems of this paper.
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