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OSCILLATIONS IN CERTAIN DIFFERENCE EQUATIONS 

ZDZISLAW SZAFRANSKI AND BLAZEJ SZMANDA 

Abstract. We obtain sufficient conditions for the oscillation of all solutions of 
some linear difference equations with variable coefficients. 

1. Introduction 

Recently, there has been a lot of interest in studying the oscillation of the solutions 
of difference equations. See for example [2,3), [5], [7]-[10], [12]-[16] and Chapter 7 in 
recent book by Gyori and Ladas [4]. For the general theory of difference equations the 
reader is referred to the recent books [1,6,11]. 

Our purpose in this paper is to give in general form the sufficient conditions for the 
oscillation of some linear difference equations. The results obtained here include and 
generalize those in [7] and [12]. 

In this paper we are concerned with a class of linear difference equations of the form 

m 

b..(yn + PYn-k) + 1:>i(n)Yn-k, = 0, n = 0, 1, ... 
i=l 

(1) 

where b.. denotes the forward difference operator: b..xn = Xn+I - Xn for any sequence (x.,) 
of real numbers, (Pi(n)) (i = 1, ... , m) are sequences of nonnegative numbers, p =I- 0, 
and ki (i = 1, ... , m) are integers such that O < k1 < k2 < · · · < km, k is a positive 
integer. The sequences (Pi ( n)) ( i = 1, ... , m) are supposed to be not identically zero. 

Let K = max{k, km}- Then by a solution of Eq. (1) we mean a sequence (Yn) 
which is defined for n ~ -Kand which satisfies (1) for all large n. A nontrivial solution 
(Yn) of ( 1) is said to be oscillatory if for every N > 0 there exists an n ~ N such that 
YnYn+I :::; 0. Otherwise it is called nonoscillatory. Equation (1) is said to be oscillatory 
if all its nontrivial solutions are oscillatory. 
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2. Some Lemmas 

In this section we give some lemmas which will be useful in our study of Eq. (1). 

Lemma 1. Let the sequences (Pi(n)) (i = 1, ... , m) be periodic with period k 
and (Yn) is any solution of Eq. (1). Let us denote 

Zn = Yn + 'PYn-k, Wn = Zn + PZn-k (2) 

for all large n. 
Then the sequences (zn) and (wn) are the solutions of (1) for all large n. 

Proof. It suffices to show that (zn) is a solution of (1). Denote the left hand side 
of (1) by L(yn). Then we have 

m 

L(zn) = L:i.zn + pi:i.Zn-k + LP;(n)zn-k; 
i=l 

m 

= fi.(yn + 'PYn-d + pfi.(Yn-k + 'PYn-2k) + LPi(n)(Yn-k; + 'PYn-k,-k) 
i=l 

m m 

= ti.(yn + 'PYn-k) + LP;(n)Yn-k; + v{ ti.(Yn-k + 'PYn-2k) + LPi(n)Yn-k;-k} 
i=l i=l 
m 

=v{ ti.(yn + 'PYn-kl + LP;(n + k)Yn-k;} = 0 
i=l 

Lemma 2. Let -1 Sp< 0 and (yn) be an eventually positive solution of (1). 
Then (zn) defined by (2) is an eventually positive nonincreasing sequence. 

In addition, if the sequences (p;(n)) (i = l, ... ,m) are periodic with period 
k then the sequence (wn) defined by (2) is an eventually positive nonincreasing 
solution of Eq. (1). 

Proof. From Eq. (1) we have 

m 

L:i.zn = - LPi(n)Yn-k; SO for all lage n. 
i=l 

Hence (zn) is an eventually positive or eventually negative sequence. 
Suppose that 

Zn :$ Zn0 < Q for n 2: no . 
Since -1 Sp< 0, we have 

Yn S -'PYn-k + Zno :$ Yn-k + Zno 
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and for n = n0 + ki, i = 1, 2, ... we get 

Yno+ki ~ Yno+k(i-1) + Zno· 

From the above inequalities we obtain 

Yno+ik ~ iZno + Yno · 

By letting i --+ oo, we note that Yno+ik will be negative which is a contradiction with 
Yn > 0 eventually. Thus (zn) is an eventually positive sequence and by Lemma 1 is an 
eventually positive solution of (1). Then we have 

m 

6.wn = - LPi(n)zn-k, ~ 0 for all large n. 
i=l 

Since limn-oo Zn = a 2: 0, hence from (2) we get 

Jim Wn = (1 + p)a 2: 0 
n->oo 

Therefore Wn > 0 for all large n and our assertion is true. 

Lemma 3. Let p < -l and there is an index j E {l, ... , m} such that 
I:;00 Pj(n) = oo. If (Yn) be an eventually positive solution of (1), then (zn) defined 
by (2) is an eventually negative nonincreasing sequence. 

In addition, if the sequences (p;(n)) (i = 1, · · ·, m) are periodic with period 
k, then the sequence (wn) defined by (2) is an eventually positive nondecreasing 
solution of Eq. (1) 

Proof. Similarly as in the proof of Lemma 2, we see that (zn) is a nonincreasing 
sequence for all large n. Now we show that Zn < 0 eventually. 

If not, then we have 
Yn > -PYn-k for n 2: no, 

i.e. 
1 

0 < Yn-k < --yn for n 2: no, 
p 

which implies 

1 i 
0 < Yn-k < ( - 1;) Yn+(i-I)k, i = 1, 2, ... ' n 2: no. (3) 

Since ( - i) i --+ oo, as i --+ oo, hence from (3) follows that Yn --+ oo as n --+ oo. 
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From -Eq. (1) we get 

m 

b..zn = - LPi(n)Yn-k, :::; -pj(n)Yn-k, :::; -Mpj(n) 
i=l 

(4) 

for all large n, say for n 2: n1, where M is a positive number. Summing ( 4) we have 

n 

Zn+I - Zn1 :::; -ML P}(i) 
i=n1 

which implies that Zn -+ -oo as n -+ oo. This contradicts the fact that Zn > 0 for 
n 2: n0. Thus by Lemma 1 and the above proof (zn) is a negative solution of (1). 

Therefore we have 
m 

b..wn = - LPi(n)zn-k, 2: 0 for all large n. 
i=l 

(5) 

We show that Wn > 0 eventually. Suppose that 

Wn = Zn + PZn-k < 0 for all n ~ no 

i.e. 
1 
--Zn< Zn-k < 0 for n > no p - 

which implies 

1 i ( - p) Zn+(i-l)k < Zn-k < 0, n 2: no, i = l, 2, · · ·. 

Since ( - ! ) i -+ 0 as i -+ oo, hence from (6) follows that Zn -+ -oo as n -+ oo. 
From (5) we have for all large n, say for n 2: n1 

(6) 

m 

b..wn = - LPi(n)Zn-k, 2: -pj(n)Zn-k; 2: Mpj(n), 
i=l 

where M is a positive constant. Summing the above inequalities we get 

n 

Wn+I - Wn, 2: M L P}(i)-+ 00 as n-+ oo, 
i=n1 

that is Wn -+ oo as n-+ oo, which contradicts the fact that Wn < 0 for n 2: n0. Thus the 
proof is complete. 
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3. Main Results 

Now we establish the oscillation results for Eq. (1) according to the values of p. 
Further we assume that the sequences (Pi(n)) (i = 1, ... , m) are periodic with period k 
and denote m 

p(n) = LPi(n), n = 0, 1, .... 
i=l 

Theorem 1. Let -1 < p < 0. If the inequality 

1 
L:i.xn + l + pp(n)Xn-k, S 0, n = 0, 1, 2, ... , 

has no eventually positive solution, then the equation (1) is oscillatory. 

(7) 

Proof. If not, we assume without loss of generality that (Yn) is an eventually 
positive solution. Then, by Lemma 2, for the sequence (zn) and (wn) defined by (2) we 
have 

Zn > 0, fl.Zn :$ 0 and Wn > 0, fi.Wn :$ 0 

for all large n. Therefore we get 

Wn =Zn+ PZn-k S (1 + P)Zn 

that is Wn 
z >- 
n_ l+p 

By Lemmas 1,2 and the above inequality we may write 

m m 

L:i.wn = - LPi(n)Zn-k, S - LPi(n)zn-k, S -p(n) :n;k, 
i=l i=l p 

for all large n. 
Therefore ( Wn) is an eventually positive solution of (7), which is impossible. The 

proof is complete. 

Theorem 2. Let p = -1. If the inequality 

fi.xn + p(n)Xn-k1 :$ 0, n = 0, 1, 2, ... , (8) 

has no eventually positive solution, then the equation (1) is oscillatory. 

Proof. The proof of this theorem is essentially the same as the proof of Theorem 
(1), and hence is omitted. 
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Remark. It is worth to note that if (8) has no eventually positive solution, then 
(7) has no eventually positive solution. 

In the next case we also assume a stronger condition than in Theorem 1. 

Theorem 3. Let p > 0 and k < k1. If the inequality 

1 
6.xn + 1 + pp(n)xn-(k1-k) ~ 0, n = 0, l, 2, ... (9) 

has no eventually positive solution, then the equation (1) is oscillatory. 

Proof. Let (Yn) be an eventually positive solution of (1). Then for the sequences 
(zn) and (wn) defined by (2) in view of Lemma 1 we have 

Zn > 0, 6.zn ~ 0 and Wn > 0, 6.Wn ~ 0 eventually. 

Therefore 
Wn =Zn+ PZn-k ~ (1 + p)Zn-k· 

Since (zn) is a nonincreasing solution of (1), hence 

(10) 

m m 

i=l i=l 

and, by(lO), we get 
6.w < _ (n) Wn-k1 +k n_ p l+p , 

for all large n. Thus (wn) is an eventually positive solution of (9). This contradiction 
proves the Theorem. 

Theorem 4. Let p < - l, k > km and there exists an index j E { 1, ... , m} 
such that I:;00 Pj(n) = oo. If the inequality 

1 
6.xn + 1 + Pp(n)Xn+k-k.,. 2: 0, n = 0, l, 2, ... (11) 

has no eventually positive solution, then the equation (1) is oscillatory. 

Proof. If not, let (Yn) be an eventually positive solution of (1). By Lemma 3, for 
the sequences (zn) and (wn) defined by (2) we have 

Zn < 0, 6.zn ~ 0 and Wn > 0, 6.wn 2: 0 eventually. 

Note that 
Wn ~ (l + p)Zn-k 
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and thus 
Wn 

Zn-k < -- for all large n. - 1 +p . 

Since (zn) is a nonincreasing solution of (1), hence 

(12) 

m m 

i=l i=l 

and in view of (12) we get 

m 
b,_ > _"' ·( ) Wn+k-k,,. Wn _ L...J p, n l , 

i=l + p 

thus (wn) is an eventually positive solution of (11), a contradiction. 
In the last Theorem we does not assume that the sequences (Pi ( n)) ( i = 1, ... , m) 

are periodic. 

Theorem 5. Let p < -1, k > km and there exists an index j E {1, ... , m} 
such that I:00 P}(n) = oo. If the inequality 

1 . ) 
b..xn + -p(n Xn+k-k,,. S 0, 

p 
n = 0,1, ... (13) 

has no eventually negative solution, then the equation (1) is oscillatory. 

Proof. If not, assume that there is an eventually positive solution (Yn) of (1). 
Then, by Lemma 3, for the sequence (zn) defined by (2) we have 

Zn < 0 and b..zn S O eventually. 

Evidently 
Zn = Yn + PYn-k > PYn-k 

i.e. 
1 

Yn-k > -Zn eventually. p 
(14) 

From (1) and {14) we get 

and by monotonicity of (zr.), we obtain 
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i.e. (zn) is an eventually negative solution of (13), which is impossible. This completes 
the proof. 

From the above theorems one can obtain some effective oscillation criteria for differ 
ence equation of the form ( 1). Namely, each condition which guarantee that the suitable 
difference inequality appearing in Theorem 1-5 cannot have eventually positive or even 
tually negative solutions, gives oscillation criterion for equation (1). 

For example, by Theorem 7.6.1 in [4] (comp. [10]) we obtain oscillation criterion 
from Theorem 3, which improves and generalizes Th. 4 of [7] and Th. 5.1 of [12]. 

Corollary. Assume that p > 0, k < k1 and p;(n) 2: 0 (i = 1, ... , m) are 
periodic with period k. 

If 
1 n-1 m 

1 + p l~~~f L LPj(i) > ( k1 - k )k,-k+I 
i=n-k1 +k j=l k1 - k + 1 ' 

(15) 

then every solution of (1) oscillates. 

The above Corollary remains true, if we replace the condition (15) by the following 
(comp. [2], [14]) 

n m 

limsup L LP1(i) > 1 + p. 
n-oo i=n-k, +k j=l 

Analogous corollaries which improve and generalize other results of [7] and [12] one can 
be obtained from the remaining theorems of this paper. 
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