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A MANY VARIABLE GENERALIZATION
OF THE DISCRETE HARDY'’S INEQUALITY

DAH-YAN HWANG

Abstract. In the present note we establish the discrete Hardy’s inequalities
in many variables. The main tools used for deriving the inequalities are base

on the Fubini’s theorem and some application of the fundamental inequalities.

1. Introduction
In [2] G. H. Hardy established the following inequality concerning a series of terms.

Theorem A. IfP>1,a, >0 and A,=a1+a2+ - +an then

P
S(3) <) X W
The equality holds in (1) if all the a are zero.

In [1] Copson established the following generalization of the inequality (1)

Theorem B. If P > 1,A, > 0,an > 0,An = M +do+ -+ Ay An = Aag +
Ag@z + -+ + Ann and 3 Anak converges, then

Saa() < (GE7) e @
The constant is the best possible.

In [4] B. G. Pachpatte established the following generalizatoin of the inequality (2).

Theorem C. Let p, An,an, An and A, be as in Theorem B and let H(u) be a
real-valued positive convez function defined for u > 0.
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If 3" M\.H?(a,) converges, then

ZAHHP(%) < (p—fi)pz,\nm(an). (3)

The constant is the best possible.
In [3] Dah-Yan Hwang and Gou-Sheng Yang established the following inequalities
which generalize (2) and (3).

Theorem D. Let p> 1,8, > 0,), > 0,a, > 0,5 A\.af converge, and further
let An = 2?31 ﬁi/\iyAn = E?"zl ,BiAiai;
If there exists K > 0 such that

(ﬁn—i—l - ﬁn)An
,Bn+1 ' Bn : /\n

A \P
=2 P P
an(A) <KPY Aadl (4)
The case Bn = 1,n = 1,2,3,... and K = £ shows the constant in (4) to be the
best possible.

P
P—-1+ ZE for n=1,2,3,...

then

Theorem E. Let H be as in Theorem C, and let P, By An, @y An, A, and K
be as in Theorem D. If 5" )\, HP(a,) converges, then

> ARHP (%) < KPS A HP(ap). (5)

Theorem F. Let P,B,.\n,an,An, A, and K be as in Theorem D. and let
@ > 0 be defined on (0,00) so that ¢ >0 and ¢ - " > (1 - %)(tp’)z If 3" Aaplan)

converges, then
Z)\ngo( ) KPZ/\ncp(an) (6)

In [5] B. G. Pachpatte has recently established a many variable generalization of the
inequality (1).

In what follows, we let R be the set of real numbers and B be a subset of the
n-dimensional Euclidean space R™ defined by B = {z € R* : e < z < oo} where
e=(1,1,...,1) € R™. For a function u : B — R, we use the following notations

Zu(y) Z Zu(yl,yz,-‘o n)

y1=1 Yn=1
and
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Z u(y)"—’ Z zn: u(ylayZa“'yn)

B(e,z) y1=1 Yn=1

where e = (1,...,1) € B,z = (21,%2,...,%Z,) € Bsuch thate < z,ie. 1 < z;
His main result is established in the following theorem.

Theorem G. If P > 1 is a constant, f(z) > 0 for z € B and A(z) =
2 B(e,) f (%), % € B, then

5 {A(:v)} < (25)” me) (7)

Ti= I‘T"

The equality holds in (7) if f(z) =0 for all z;;i=1,...,n

In the present note we will establish some new inequalities whcih generalize the
inequalities (4), (5), (6), and (7).

2. Main results

Theorem 1. If P > 1,a(z) > 0,8:(z;) >0, (z;)) >0 forz; >21,i=1,2,...,n
and 3 p i, Ai(z:)aP (), € B converges and further let Ai(z:) = 3577, Bi(yi)Ai(yi)
fori=1,2,...,n and A(z) = ZB(C,I){w?zlﬂi(yi))\i(y,-)}a(y),x € B. If there exist
K; > 0 such that

[Bi(z: + 1) — Bi(z:)]As(z:) Sy £ (8)

Bi(z; + 1)Bi(z:)Ai(z:) ~— K

P—-1+

forz; >1,41=1,2,...,n then

S i | S (LY D@ @) Q
r‘l ? B

The equality holds in (9) if a(z) =0 for all z;,1 =1,2,...,n
Proof. Define

an—j(ZTn—;)
Tn_j

[ Z Z ;—jj)@i(yi)Ai (yi)a(yla ey Yn—j5y Tn—j41y- - - )xn)} A;_I.J(xn—])

y1=1 Yn—j5=1
for 7=0,1,2,...,n—1, and z,_;>1, andlet
051(0)=/\,(0) =ﬂ,(0):1, for i:1,2,...,n

By making use of the elementary inequality

sP + (p— 1)t? > pstP™L.
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where s and ¢ are nonnegative numbers and agree that A;(0) =0for< =1,2,...,n We
have, for z, = 0,1,2, ...

Tn-1

— pAn(Tn +1) Z > a Bi(w)Mi@i)a(i, - Yno1, T + Dok (@n + 1)

y1=1 Yn-1=1

Tn-1

= = pBn(Tn + 1)An(zn +1) E > maBiy)(@:)alyi - Yn1, 20 + 1)

y1=1 Yn—1=1

a”' (zn + 1)
Bn(xn +1))
_ ol Yz, +1)
= - p{an(:cn + 1) Ay (In + 1) - an(xn) sy (In)}m
= — p[-——————g:((i: ::t :)) }aﬁ(mn +1)+ p[_ﬁﬁziﬂij—)l)]an(zn Yoz, + 1)
& = p[%f%{—%] of (z, + 1)+ [ﬁﬁf.;(j:_)l)]aﬁ(xn) + (p—1)[ﬁf(';(:j_)1)]ag(xn +1).

so that

[Br(zn + )= ﬁn(xn)]An(xn))‘ (
Br(zn + 1)Bn(zn) An(zn)

Zn)oh(zn)

(p— DAn(zn + 1)l (zn +1) +

— pAn(zn + 1) E “Z 723 Bi(wi) Xi(w:)a(n, - - - Yn—1,Zn + 1) (24 + 1) (10)
y1=1 Yn—1=1
[ﬁn(x'n + 1) - ﬂn(wn)]Aﬂ(mﬂ)
Bu(on & DBl hnlan) )R (En)

<(p—1A(zn +1)ob(zn +1) +

~p[5Ent Do (e, + 1)+ [ e o) + (- D[ 578 T o e+ 1)
=~ D[ 522 a4 1)+ G e o) — [ ok + 1)

R Ry )
By adding the inequalities for z, = 0,1,2,..., N — 1, we have

:é)(p—- Dn(@n + 1) (@n +1) + Z; [ﬂ"f(’;:j)1)_[35?;1:;;}73;5’;")An(x,,)af,(xﬂ)
~ ZOpA n(@n +1) Zl Z T Biw )M (Wi)ar, - Yn1, T + 1)a8 (@ + 1)
<~ e '

<0



A MANY VARIABLE GENERALIZATION OF THE DISCRETE HARDY’S INEQUALITY 129

Thus,

N
8 [Bn(zn +1) = Bn(zn)]An(zn) "
Z (P = DAn(an)of(@n) + Z n(Zn + 1)Bn(Ta)An(z0) An(@n)(@n)

:1:,,—1 zn=0
Tn-1
<p Z An(Zn) Z Z > By M @i)a(yn, vz, -2 Yno1, Ta)oB T ().
zTn=1 n=lyz=1l  yn_1=1

Using (8) and since (p — 1)A,(N)al(N) > 0, we have

N-1
S An(za)a?(2n)
a:nzl
<kn Z Arl i) Z Z ,—11.31'(3/1')’\1’(%)0'(311:-- -vyn——laxn)afz_l(xn)- (11)
Tn=1 yi=1 Yn—1=1

Let N tend to infinity in (11) and using Holder inequality with indices p and EET
we have

Z An(Zn )k (24)

<k, le\,,(o:n)zl zill Tis Bi(yi) Ai(wi)ay1, - - -y Yn—1,Tn )l (2n)
=k, i; @) 2_:1 2_ P BN, - Yoot 2a)]| D7 ()2 (2]
<ka }; An(@)| 5_; Z RS BN e vor,2)] )
{3 Mlenaz@n} T

zp,=1

Dividing the above inequality by the last factor on the right and rasing the result to the
pth power, we have

Z )‘n(zn)aﬁ(xn)
Tp=1
<k? Z /\n(zn)[ Z i L Bily:) 1(yi)a(y1y---:yn—-laxn)]p‘ (12)

Tu=1 y1=1 Yn-1=1
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From (12) and using Fubini’s theorem we have

. Alz) 7P
St o )
gi i T N () [ Aa()) ”kPZ)\(mn
z1=1 Tp_1=1 za=1
z3 Bgyf
X [ Z Z ?—_lﬂi(yi)/\'(yi)a(yhu-7yn—1733n)]p
y1=1 Yn—1=1

=k? ZA Tn) Z Z 72N () [r P As ()] P

o=l g1=1 waoa=i
ZTn—1 P
XZ Nl JAL T (0 1){2 ertﬂl Biyi) di(yi)a(ys, - ..,yn—hl?n)] (13)
Tp-1=1 Y1=1 Yn-1

Now by following exactly the same arguments as above we have,

Z A l(xn l 7, L 1 xn 1)[2 Z ;n— lﬂz(yt ’\(yz) (ylv"’yn—l’xn)]p
Tn—1=1 n=1 Yn—1=1
> Anc1(@nor)oh_ i (Ta)
Tp—1=1
<KE Z An—1(Tq-1 [Z i iy Biyi)h (yz)a(yl,.--,yn_z,xn_l,xn)r. (14)
Tp—1=1 y1=1 yn-2=1

From (13), (14) and using Fubini’s theorem, we have

Z’“-l’\ (2:) [ A/(\xza)]p

<(kn—1kn)? Z ZAn_l(xn-l)/\n(xn)Zm Y )RS A
Tn-y=Yza=1 #@1=1 Tp—2=1

Tn-2

[ Z Z :1,_ zﬁl 3}1)/\ (3/1 a(yh ey Yn—2, xn——lymn)]p-

y1=1 Yn—2=1

Continuing in this way, we finally get

P riahto [t S L DA, (9

The proof of the theorem is corhplete.
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Remark 1. Theorem 1 reduce to Theorem D when n = 1 and Theorem G when

ki = 2=, Bi(z:) = 1, \i(zi) =1, fori = 1,2,...,n, z; 2 1.

p—17
Theorem 2. Let H be a real-valued positive convez function defined on
(0,00) and let p,a(z), Bi(z:), hi(z:), Ai(x:), ki for i =1,2,...,n. and A(z) be as in
Theorem 1. If 3 g miy Xi(z:)HP(a(z)) converges, then

Zwrd&(zf)m(;ﬂ—“‘%) < (r k) Y mia (@) HP (a(@). (16)
B BRI B

Proof. Since H is a convex function, by repeated application of Jensen’s inequality,
we have

B(AD )< T MBI W)

Eafi(e:)/ ~ minAi(e) g
C(z)
= n A("L'g)
where C(z) = ZB(e z) 71',,__1/31,('91))\ (%)H(a(y))
Thus 3 p mizg Ai(z:) HP (,,—,.:%) <Yp™ i=1)\i($i)(;,—?£%ﬁ‘))p~
Replace a(y) by H(a(y)) in (9), we have

Z T, JH”(%) < (nfy k)P Y iy Ai(e:) HP (a(2))-
,,: 1 1 B

This completes the proof.

Remark 2. The inequality (9) is the special case of the inequality (16) when
H(u) = u, and Theorem 2 reduces to Theorem E and Theorem G when n = 1 and
H(u)=u,K; = p_l,ﬁt(xl) =1,\i(z;) =1,fori=1,2,...,n. z > 1, respectively.

Theorem 3. Let P,a(z),B:i(z:), Ai(z:), Ai(z:), Ki, fori=1,2,...,n and A(zx)
be as in Theorem 1 and let ¢ > 0 be define on (0,00) so that ¢" >0 and

LA ___1_ 2
60" 2 (1--)@) (17)
If Y gy Ai(zi)p(a(x)) converges, then

Eéjvr?:m@)qa(;;—;—j‘—j\—};i—)) S ok SaAz)dlal) 09

The proof of theorem 3 is similar to the proof of theorem F with suitable modification.

Remark 3. Theorem 3 reduces to Theorem 2 and Theorem 1 when ¢(u) = HP(u)
and ¢(u) = uP, respectively. Also we note that the inequality (6) and (7) are the special
case of the inequality (18) when n =1 and

#w) = v, Ki= ~To, flm) =1, Al@) = 1,

fori=1,2,...,n, t; > 1 respectively.
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