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MEROMORPHIC UNIVALENT FUNCTIONS
WITH NEGATIVE COEFFICIENTS

S. M. SARANGI AND SUGUNA B. URALEGADDI

Abstract. Coefficient inequalities, distortion theorem, extreme points and prop-
erty preserving integral operators are obtained for certain subclasses of meromor-
phic starlike functions with negative coefficints. Convolutions of functions in these

classes are also obtained.

1. Introduction

Let S denote the class of functions of the form f(z) = z + Y .., an 2" that are
analytic and univalent in the unit disk U = {z : |z| < 1}. A function f € S is said to be
starlike of order a(0 < a < 1), denoted f € S*(a), if Re{zf'(2)/f(2)} > @ (|2| < 1) and
is said to be convex of order a, denoted f € K (), if Re{1+2f"(2)/f'(2)} > a (|| < 1).

Let T denote the subclass of S consisting of analytic and univalent functions of the
form

fB)=2=3 lanle™
n=2

Denote by T*(a) and C(c) the subclasses of T that are, respectively starlike of order o
and convex of order a. In [6] H. Silverman has obtained coefficient inequalities, distortion
and covering theorems and extreme points for the classes 7*(a) and C(a).

Further let V be the subclass of S consisting of functions of the form f(z) = z +
%, lanlz™. For1<B<4/3and z€U,let V(B) ={f €V : Re(zf'(2)/f(2)) < B}
and U(B) = {f € V: Re(l1+zf"(z)/f'(2)) < B} In [8] B.A. Uralegaddi, M.D. Ganigi
and S.M. Sarangi examined the classes V() and U(B) and showed that all functions in
V(B) are starlike and all functions in U(f) are convex.

Let ¥ denote the class of functions f(z) = L + Y 77, a, 2" that are regular in
the punctured disk E = {z : 0 < |z| < 1} with a simple pole at z = 0. Let X, be
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the subclass of T consisting of univalent functions. A function f € X is said to be
meromorphically starlike of order a(0 < a < 1), denoted f € X*(«a) if Re 2f'(2)/f(2) <
—a (2] < 1) and is said to be meromorphically convex of order a, denoted f € Zi(a),
if Re (1 + 2f"(2)/f'(2)) < —a (Jz] < 1). X*(0) is identified with £*, the class of
meromorphic starlike functions and X (0) is identified with X, the class of meromorphic
convex functions.

Let ©n denote the subclass of ¥ consisting of the functions of the form

f(z):%—;anz", a, >0 and
Si(a) = (@) N Ty
Ten(a) =Z(a)N SN (1).
For 1 < 8 < 2 let T3 (B) be the subclass of functions of the form given by (1) satisfying
Rezf'(2)/f(z) > —pB for |z| < 1.

In this paper we obtain coefficient inequalities, distortion Theorem, extreme points
and property preserving integral operators for the class L3 (8). Further it is shown
that all functions in T3 (8) are starlike. Also convolutions of functions in £} (B) are

considered.
In [7] B.A. Uralegaddi and M.D. Ganigi and in [3] M.L. Mogra T.R. Reddy and O.P.
Juneja have studied mermorphic starlike functions with positive coefficients.

2. Coefficient Inequalities

In this section we shall find the necessary and sufficient condition for f(2) to be in
N (B)-

Theorem 1. Let f(z) = 1/z+z Lanz® bein . If Y0, (n+B)an| < B-1,
then Re(zf'(2)/f(2)) > —B-

Proof. Let Y .., (n+ B)lan] < B -1, It suffices to show that

2f'(2)[f(z) +1
2f'(2)/f(z) - (1 - 2B)

< 1, z€eU.

We have

DD+ | o (n+ Dagznt
2f'(2)/f(z) —(1=2B)|  |2(8-1)+ 372, (n+ 28— 1anz"t!
- S22y (n+1) an] |27
= 2(8-1)= Y2 (n+26—1)|a.]|z|”*!
< S i(m+1)an]
T 2B-1) -l (n+ 28— Dlan|
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The above expression is bounded by 1 if

S (n+1)|an <2(8-1) = Y (n+26-1) |an|
n=1 n=1

which is equivalent to
(oo}
S (n+B)aal <A~ 1.
n=1
But the above inequality is true by hypothesis, the result follows.
For functions in £} (8), the converse of theorem 1 is also true.
Theorem 2. A function f(z) = 1 — Yol anz™, an 20 is in = (B) if and
only if o0 (n+ Blan < B—1.

Proof. In view of theorem 1, it suffices to show the only if part. Suppose

g . Yoo nan Zntl
Re zf'(2)/ f(2) = Re 1_}:001 a2zt >-p, z€U. (2)

n=1

Choose values of z on the real axis so that zf'(z)/f(z) is real. Upon clearing the denom-
inator in (2) and letting z — 1 through real values, we get

oo oo
1+ nap <AL= an)-
n=1 n=1

Thus we have 3 oo (n + flan < 8- 1.
Corollary. If f € 3 (B) then a, < B=1  with equality only for functions of

n+03’
the form fa(z) =1 — 255 2™

3. Distortion theorem
Using coefficient inequalities we shall prove
Theorem 3. If f € ¥ (8) then

g1
1+8

B-1
148

(lzl = 7)

r<lfEIS T+

=3 | -

with equality for f(z) =1 - %z. (z =1ir,1)

Proof. From theorem 2 we have (1 + 8) 30 an < Yopry(n + Blan < - 1.
Thus Y20, an < £53 and |f(2)] < Ly e < +r o o < Ly f—;‘%r. Also
IF 2L =% an™ 21— T 00 2 1- %f—ér Thus the result follows.
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4. Order of Starlikeness
Theorem 4. If f € Z3(B) then f € Zy(2 - B).

Proof. Suppose f € 3 (8). Then 322 (n + B)a, < B — 1. Sufficient condition
for f to be in £*(a) is Yoo ,(n+ @) an| < 1 — . We must prove that

—~ n+p - =~ n+(2-p)
Z B~1an§1 implies Z ml%lﬁl.

n=1 n=1

That is we have to show that

n+ﬁ>n+2—,6
B—1-1-2+8

n=12....

That is equavalent to (8 — 1) > 0, which is obvious.

Remark. From Theorem 4 it follows that all functions in X}/ (3) are starlike hence
univealent.

5. Extreme Points

In view of Theorem 2, the class ¥}(/3) is closed under convex linear combinations.
We shall determine the extreme points for 3/ (5).

Theorem 5. Let fo(z) = % and f.(z) = %— f—;—%z" forn=1,2,.... Then
f € TN (B) if and only if it can be ezpressed in the form f(z) = Yoo Anfn(2)
where Ap, >0 and Y02 (A, = 1.

Proof. Suppose f(z) =Y oo Anfu(2) =2 =T )\n‘g{%z", then

n=1

n == n = _ <1
> ey n;,\ 1- X <

n=1

Hence f € 3 (8).
Conversly suppose f(z) € £3/(8), then we have

Taking A, = Z—f@ an, n=1,2,...and Ao =1 -3 27, A we have f(2) = Y20 Anfn(2)

Corollary. The extreme points of T3 (B) are the functions f,(z), n =
0,1,2....
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6. Integral Operators

In this section we shall consider integral operators of the form considered by S.K.
Bajpai [1] and R. M. Goel and N.S. Sohi [2].

Theorem 6. If f(z) = %-— Ef_ anz", a, > 0 is in T3 (B), then F(z) =

S Pt ftydt =1 -, C+n+1anz , ¢> 0 belongs to T (7) where v =Lt
The result is sharp for f(z) =1 - -ﬁ—ﬁz
o0 [e o]
Proof. Suppose f(z)=1— 3 anz" € T} (B). We have F(z)=1- Y —tganz"
n=1 n=1
It suffices to show that
nty_c Lo @)

—1c+n+1

n—l

Since f(z) € T3 (B), we have Y>> EiQaﬂ < 1. Hence (3) will be satisfied if

n=1 f—
WJ%T < -ﬂ—g Solving for v we obtain
ikl dad @)
“ n+f+c

Since the right hand side of the above inequality (4) is decreasing function of n, putting
n=1in (4)
1+ 8+ fBc
T<3% B+c

Hence the result.
Next we shall consider the converse of theorem 6.

Theorem 7. Let F(z) = 1/z— Y o2, anz™, an > 0 be in ZN(B) and f(z) =
e+ 1)F(2)+ zF'(2)) = 1 =202, etntly 2", ¢ > 0. Then Rezf'(2)/f(z) > —v,
— e(ntB)r=y) M/
(1<~ <2) for 0 < |z| < r(B,7). Where r(,B, ) = mf{(mﬂ)(ﬁ_lxnm}
n=1,2,.... The result is sharp for F(z) =1 - £z for some n.

’

Proof. It suffices to show that

2f'(2)/f(z) +1
2f'(2)/f(z) - (1 - 27)’ <1for 0 <z <7(8,7)

We have

S/ | T[] (4 el
D - Q2| = 5= 1) - Sy Z2H (n+ 2y — Dl
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This expression is bounded by 1 if

® fetn+1 ~[e+n+1
Z [i“ﬁj—] (n+ Dan|z"t <2(v-1) - Z [E———n——-—] (n+ 27 = Dag|z/"*!
n=1 ¢ n=1 ¢

which is equivalent to

N [e+n+1] (n+7) 41
nrh g
Z [ c } v-1 anlz| <1 (5)

n=1

But from Theorem (2) we have Y oo, %—t‘}an <1.
Hence (5) will be satisfied if

c+n+1n+'y‘zanrl n+ B

<
c v—1 - p-1

Solving for |z| we get

c(n+B)(y—1) 1/n+1 _
'45{@+"+UW-Dm+ﬂ} , w=l2

Writing |z| = r(8,7) in (6) the result follows.
We have

e 1/n+1
=inf{ —— =
r(8,8) =in {c+n+1} , 1,8,

=(c/c+2)"/?

7. Convolution Properties

In [4] M.S. Robertson has shown that if f(z) = 1/z + 3. @n2" and g(z) =
1/z + 322, by2™ are in I, then their convolution f(z)* g(z) = 1/z + Y anbnz™ is
also in ;.

Here we shall prove the following results for functions in X3 (3). Methods used are
similar to those in [5].

Theorem 8. If f(z) =1/2 = 2, an2", an 20 and g(z) =1/2 = 377, ba2™,
b, > 0 are members of T3 (B), then h(z) = f(2) * g(z) = 1/z = L2, anba2z® is a

2
member of L (y) where v = "2—;1.

Proof. Since f(z) and g(z) belong to £ () we have from Theorem 2

> (n+Ba,<f-1 and > (n+pB)b <B-1.

n=1 n=1
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To show that h(z) € T} (7), we have to show

Z(n +7)anb, <7v-1

n=1

Evidently, we want to shwo that

n:lﬂ—l B
o0
Zn+ﬁbn51
n=1ﬂ_1

imply that

o o]
En+7anbn51.
n::l’y_l

From (7) and (8), we get by means of Cauchy - Schwarz inequality

oo n+ﬁ
<1
nE=1ﬁ~1 anb, <1

It is therefore enough to prove that

n+7anbn Sn—hf\/anbn n=12,...

¥=1 =
. n+fy-1
-C. nn<
i.e anb S
From (9) it follows that
anb, < —— for each n
n +

Therefore it will be sufficient to prove that

B—1 _n+p v-1
<
marny B | n+7foralln

Solving for -y, we obtain
S (n+B)? +n(B-1)2
TS mr B - (617

The right hand side of the above inequality is decresing function ofn (n=

Therefore setting n = 1 in (10) we get

B +1
>

87

()

(8)

(9)

(10)

1,2,...).
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The result is sharp, with equality when f(z) = g(z) =% — "f—f% z

Theorem 9. If f(z) € T%(B) and g(z) € Ty (7) then f(2) * g(z) € TF(6)
where 6 = G

Proof. Proceeding as in the proof of the above theorem, we get

i g

5>1+."[%? 2]

2 TE1 L (1)
n+f nt+y

Right hand side of (11) in decreasing function of n.
Therefore putting n = 1 in (11), we get

By+1
6>
- B+y

Corollary. If f(2), ¢(2), h(z) € S5 (B) then'fxg*h € T [;Lﬁ-;r—ifg] .

Proof. From Theorem 8 we have f*xg € &} [Q;lg-l] Using Theorem 9

B+l 3
(frg)xheTh | =zx[—-———ﬂ;’3ﬁ].
E_ﬂ;'_..{.ﬂ 352 +1
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