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ON A CLASS OF MEROMORPHIC STARLIKE FUNCTIONS
WITH NEGATIVE COEFFICIENTS

K. K. DIXIT ANDS. K. PAL

00

Abstract. Let TM(A, B, zo) denote the class of functions /(z) =钅- E OnZn
n=l

(a?: 1, an > 0) regular and univalent in unit disc U'= {z: 0 < 因 < 1}, satisfying
the condition

f'(z) 1 + Aw(z)-z一 = for z E U and w E E
f(z) 1 + Bw(z)'

(where Eis the class of analytic functions w with w(O) = 0 and lw(z)I ::; 1), where
-1 ::; A < B ::; 1, O::; B ::; 1 and f(zo) = ..L (0 < zo < 1). In this paper sharp

邳

coefficient estimates, distortion properties and radius of meromorphic convexity for
functions in T*M (A, B, zo) have been obtained. We also study integral transforms
of functions in r;,,(A,B,zo). In the last, it is proved that the class T;,,(A,B,zo)
is closed under convex linear combinations.

1. Introduction
00

Let S denote the class of functions of the form f(z) = z + I: an玕 that are analytic
n=2

in U = {z: izl < l}. Denote by S*(p) and K(p), (0~p < 1) the subclass offunctions f
in S that satisfy respectively the conditions:

f'(z) zf"(z)
Re[z-] > p and Re[l +-] > p for z E U.

f(z) f'(z)

囧nctions in S*(p) and K(p) are called starlike functions of order p and convex functions
of order p respectively.

Let T denote the subclass of functions in S of the form:

00

J(z) = z 一芷 a忒', an~0. Also set T*(p) = T n S*(p) and C(p) = T n K(p).
n=2
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16 K. K. DIXIT ANDS. K. PAL

The classes T*(p) and C(p) possess some very interesting properties and have been
studied in detail by Silverman (9,11]. The extreme points for prestar-like functions having
negative coefficients have been determined by Silverman and Silvia (12]. In this paper
coefficient, distortion and radii of univalence starlikeness and convexity theorem have
also been obtained.

00

Let T*(A, B, K) be the class of functions /(z) = a1z - E 回尹伍>0, K~2)
n=k

regular and univalent in the unit disc U = {z: lzl < 1} and satisfying l{(zf'(z)//(z))-
1}/{A- Bzf'(z)/f(z)}I < 1, z EU, Where -1~B <A~1 and -1~B~0. Let
O < zo < 1, Kumar (4] denoted by Tt(A,B,K,zo) and T2(A,B,K泫o), two subclasses
of T*(A, B, K), consisting of functions which satisfy f區）= zo and f'(zo) = 1 respec­
tively. Kumar (4] has obtained many results including coefficient estimates, distortion
and closure theorems and radius of convexity of order p(O~p < 1) for the classes
Tt(A, B, K, zo) and T2(A, B, K, zo).

Two subclasses obtained by replacing zf'(z)/f(z) by f'(z)/a1 in the definitions of
T!(A, B, K, z0), m = 1, 2 have been studied by Kumar and Shukla [5].

Let E denote the class of functions of the form:

1 00

g(z) = - 十芷 anZn
z

n=l

which are regular in U'= {z : 0 < lzl < 1} having a simple pole at the origin. Let
Es denote the class of functions in I: which are univalent in U'and它 (p) and I:k(p)
(0 :s; p < l) be the subclasses of functions fin I: satistying repectively the conditions:

Re{ - z霨}>p

and
Re[-{1+zJ:~~;)}]>p for zEU'.

Functions in 它(p) and Lk(p) are called meromorphically starlike functions of order p
and meromorphically convex functions of order p respectively.

The c區ses 它 (p) and Lk (p) have been extensively studied by Pommerinke [7],
Clunie (1], Kazmarski [3], Royster [8] and others.

Since to some extent the work in univalent meromorphic c腳eh邸 paralleled to that
of regular univalent c邸e, one is interested to investigate for a class of functions which
are regular in U'with simple pole at the origin having properties analogous to those of
T*(A, B, K). To this end we introduce in this section such a c區s of functions which are
regular in U'and which have the properties simillar to those of T*(A, B, K).

00

Let TM denote the c區s of functions f(z) = !!. - L anzn(a~1, an~0), (The
n=l

condition a~I is necessary, see Nihari [6, ex. 8, p. 238]) regular and univalent in the
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disc U'. Let Tu(A, B) denote the subclass of function in TM satisfying the condition

f'(z) 1 + Aw(z)一z,,.,,.,,,.,., =
f(z) 1 + Bw(z)

, for z EU', w EE, (1.1)

where -1 :::; A< B:::; 1, 0:::; B :$ 1. Also T;,(A, B, zo) denote the subclass of function in
TM(A, B) satisfying f區 ）= i (where O < z0 < 1).

The present chapter is devoted to obtain sharp coefficient estimates, distortion prop­
erties and radius of meromorphic convexity for functions in TM(A, B, zo). We study
integral transforms of functions in TM (A, B, z0). In the last it is shown that the class
TM(A, B, zo) is closed under convex linear combinations.

2. Main Results

First we prove an important theorem which is to be used in next coming theorems.
00

Theorem 2.1. Let f(z) =~-~lanlz" be regular in U'and belongs in
n=l

TM(A, B) if and only if
00

芷 {n(l - B) + 1- A}lanl::; (B - A)
n=l

(2.1)

Proof. Consider the expression

H(j, J') = lzf'(z) + f(z)I - IBzj'(z) + Af(z)j.

Replacing f and f'by their series expansions we have, for O < 囯=r<l

(2.2)

00

H(J, J') =I ;(n + l)lanlznl- l(A - B)· ~-音A+ Bn)lanlznl

元(n + I)lanlzn, _ [f (A+ Bn)lanlzn - l(A - B曰
1

n=l n=l
z ]

00 00

＝芝 (n + 1)1叫同 －芷(A+ Bn)回 lzln + (A - B)一
1

n=l n=l lzl

or

rH(f,J') $音n(l - B) + 1 - A}lanlrn+l + (A - B).

Since this holds for all r, 0 < r < l, making r ---+ l, we have
00

H(f,J') $ L{n(l-B)+l-A}屈 I+ (A- B) $ 0,
n=l
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in view of (2.1). From (2.2), we thus have

z倨f+l
Bz倨f+A

$ 1.

Hence f E TM (A, B).
00

Conversely, let f(z) =~-~ 匹 lzn, an~0 is in TM(A,B), i.e.
n=I

z倨f+l
Bz併召+A

~1.

or
00I: (n + 1)匹 lzn+l
n=l

00 :'.S 1.
(B -A) 十 L (A+ Bn)lanlzn+l

n=l

Since Re(z)::; izl
00E (n + l)lanlzn+l

Re{ n=l 00 } S l.
(B - A)+ E (A+ Bn)丨anlzn+l

n=l
choosing z = r with O < r < 1, we get

00L (n + l)lanlrn+l
n=l

00 :S 1.
(B - A)+ L (A+ Bn)lanlrn+l

n=l

(2.3)

00

Let S(r) = (B - A) + I: (A+ Bn)lanlrn+l, S(r) # 0 for O < r < 1, S(r) >- 0 for
n=l

sufficiently small values of r and S(r) is continuous for O < r < l. Hence S(r) can not
be negative for any value of r such that O < r < l. Upon clearing the denominator in
(2.3) and letting r -> l we get

立n + l)lanl::; (D - A)+f (A+ Bn)Ja卟
n=l n=l

or
00

芷 {n(l - B) + 1 - A}lanl~B - A.
n=l

Hence the theorem.
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00

Theorem 2.2. Let f(z) =钅- L lanlzn (where a~l). If f is regular in U
n=l

and satisfies f(zo) = -fa, then f E Tu(A, B, zo) if and only if

f [{n(l - B) + 1- A} - (B -A)z;;十l]屈I~B - A. (2.4)

The result is sharp.

Proof. We know from theorem 2.1 that a function g(z) =~- I::=l lbnlzn regular
in U, satisfies

z櫸 +1

Bz病f+A < 1,z EU,

if and only if
00

芷 {n(l - B) + 1 - A}lbnl~B - A. (2.5)

Applying that result to the function g(z) = f(z)/a, we find that f satisfies (1.1) if and
only if

00

芷 {n(l - B) + 1 - A}lanl~(B - A)a.
n=l

Since f(zo) = to, we also have from the representation of f(z) that

00

a=l 十芷 lanlz;+1.
n=l

(~.6)

Putting this value of a in the above inequality we obtain the required result

釒[{n(l -B) + l -A}-(B -A)z;+1]lanl s:; B-A.

Sharpness follows if we take the extremal function

f(z) = {n(l - B) + 1 -AH - (B - A)zn
' , . ,..,、. • . 、 , ,.., ~、n+l'n = 1,2,. ... (2.7)

Theorem 2.3. / E呤 (A, B, zo), then f is meromorphically convex of order
8(0~8 < 1) in the disc lzl < R, where

R = inf
(1 - 8){n(l - B) + 1 - A} 1/(n+l)

n>l[ n(n+8)(B-A) ]·
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The result is sharp with extremal function (2.7).

Proof. In order to establish the required result, it suffices to show that

zf"(z)12 + I :s 1 - 8f'(z)

or
I
f'(z) + [zf'(z)]'

f'(z)
l:Sl-8

00 n(n+I)
f'(z) + [zf'(z)]'n=I

2 。 lanl lzln+I
I f'(z) I :S oo

1 + I: 引anl lzln+l
n=l

and

This will be bounded by (1 - 8) if

00

芷 n(n + 8)lanl lzln+l'.S a(l - 8).
n=l

(X) n+lSince a= 1 + I: lanlz0 , the above inequality can be written as
n=l

00 [n(n + o)lzln+l - (1 - o)z;+l]
芷 1-8 戸 :::; 1.
n=l

Also by Theorem 2.2, we have

00 {n(I-B)+l-A}-(B-A)z尸
芷 (B _ A) Ian! ~1.
n=l

Hence (2.8) will be satisfied if

n(n + 6)lzln+l - (1 - 6)z;+1 {n(l - B) + 1 - A} - (B - A)z;+i
1-6 ~ (B-A)

or
囯< [(I-8){n(l-B)+l-A}『/(n+l)

n(n+8)(B-A)·'

for each n = I, 2, .... This completes the proof of theorem.

Theorem 2.4. If f E呤(A, B, z0), then the integral transform

F(z) = c/1刃(uz)du, for O < c < oo

。

(2.8)
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zs in TM(A',B',zo), where

l-B'
'""'

B'-A' ~
(2 - A - B)(c + 2) - (B - A)c _ 痙

2c(B - A) c

The result is sharp for the extremal function

(2 - A - B)~- (B - A)z
f(z) = (2 - A - B) - (B - A)zi .

00

Proof. Suppose f(z) =钅- I: lanlzn E TM(A, B, zo), then
n=l
1

F(z) =c 1 卟；一f= lanl(砧z叮]du
n=l

00

=c/1卜c-連- I: lanlznun+c du
。 z

］
n=l

=c[竺 －釒匹lzn (nu::c:\)t

=c[五 -t(n二园
a oo=--L C

z (n+c+l)
lanlzn.

n=l

It is sufficient to show that

00 [{n(l - B') + 1 - A'} - (B'- A')z;+i]
芷 (B'- A')(n + c + 1) lanl S 1.
n=l

Since f E TM(A, B, zo), it implies that

00 {n(l - B) + 1 - A} - (B - A)z尸
芷 (B _ A) lanl S 1
n=l

(2.9)

(2.9) will be satisfied if

[{n(l - B') + 1 - A'} - (B'- A')zl{+i]c {n(l - B) + 1 - A} - (B - A)z尸
(B'- A')(n + c + 1)

:::; (B-A)

for each n,

n(l-B'_)+l-A':$ {n(l-B)+l-A}(n+c+l) _包尸严
B'- A'(B - A)c
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or

1-B'{n(l-B)+l-A}(n+c+l)-(B-A)c 1< __ n+I
B'-A'- (B-A)(n+l)c czo·(2.10)

The right hand side of (2.10) is an increasing function of n, therefore putting n = l in
(2.10) we get

1 - B'(2 - A - B)(c + 2) - (B - A)c 2
＜ z。--.

B'-A' 一 2c(B -A) c

Hence the theorem.

Theorem 2.5. Let'Y be a real number such that'Y > 1. If f E呤(A, B, zo),
then the function F defined by

F(z) = ('Y z~1)「P打(t)dt
。

also belongs to TM(A, B, z0).

CX)

Proof. Let J(z) = 钅一2 比 l戶 Then from the representation of F(z), it follows
n=l

that

F(z) = ('Y :-r l)户惜- f:lan丨tn]dt
n=l

＝二 「 [at-Y-2 - ex,z-Y 芷 lanltn凸-l ]dt
。 n=l

＝二平 二 - f lanl tn+-y z
z-Y'Y - l n= 1 n+』
＝二 ~[a二 -f 胆 I zn+-y

z-Y'Y - l n +'Yn=l
］

a CX)

＝－－芷二 lanlzn,
z n +'Yn=l

or
00

F(z) =; -L曰 ＼
n=l
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where lbnl = 訐十lanl·Therefore,

~[{n(l - B) + 1-A} - (B-A)z;+i]lbnl

丐口~][{n(l - B) + 1-A} - (B -A)z;+i]回

:Sf= [{n(l - B) + 1- A} - (B - A)z;+1] lanl
n=l

S(B - A), by Theorem 2.2.

Hence FE TM(A, B, z0). this completes the proof of the theorem.
00

Theorem 2.6. Let fi(z) = 竺- I: lanilzn, j = 1, 2, ... ,m. If Ji E Tu(A, B, zo)
n=l

for each j = 1, 2, ... , m, then the function

b 00

h(z) = - -
z 2 阯 l玕

n=l
also belongs to TM(A, B, zo) where

b =f Ajaj, lbnl =立 ilanjl (n= 1,2, ... ,m),
J=l J=l

m

Aj ?:O and 芷 .Xi= 1
j=l

Proof. Since Ji E Ti.t(A, B, zo), then

~[{n(l - B) + 1- A} - (B - A)z;+1] la叫 ~B - A, j = 1, 2, ... , m.

Therefore, t [{n(l - B) + 1-A} - (B-A)z;+i]lbnl

差 [{n(l - B) + 1 - A} - (B - A)z;+1]釒.Xila叫

臺J言 [{n(l -B) + 1-A} - (B-A)z;+l]I三

m

弓~.Xi(B -A)= (B -A).
j=l
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Hence by Theorem 2.2, h E呤 (A, B, zo).

Theorem 2.7. Let f(z) =~and

{n(l - B) + 1 - AH - (B - A)zn
fn(z) =

{n(l - B) + 1 - A} - (B - A)z尸'

n = 1, 2, 3, .... Then h E TM(A, B, zo) if and only if it can be expressed in the form

00

h(z) = A J(z) + L Anfn(z),
n=l

where A;:: 0 and A+ E:=1 An= 1.

Proof. Let us suppose that

00

h(z) =,\f(z) + L Anfn(z)
n=l

a oo
=- - L lanlznz n=l

where

a=A+L
00 {n(l - B) + 1 - A}An
n=l {n(l - B) + 1 - A} - (B - A)z;;十 1

and
Ian!+

(B -A)..\.n
{n(l-B)+l-

~、 , m 矗丶 n+l, (n = 1, 2, ....).

Then, it is easy to see that f區）= -!;; and the condition (2.4) is satisfied.

Hence h E呤(A, B, zo).

Conversely let h E TM(A, B, z0), and

a oo
h(z) = - -

z 芷回戶n=l

Then, from (2.4)

B-A
lanl ~ , ,. ro 丶 . 1 . 、 , m 昷丶 n+l' (n = 1,2,3, ...).

Setting

An= [
{n(l - B) + 1 - A} - (B - A)z尸

(B -A) ] lanl
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and
00

A= 1- LAn,
n=l

we have
00

h(z) = Af(z} +L曰~(z}.
n=l

This completes the proof of theorem.

Theorem 2.9 If J(z) = 钅－立 ~1 Ian丨zn E TM(A,B,zo) and g(z) = 钅－
I:::"=1 lbnlzn with lbnl :S 1 for n = 1, 2, ... , then f * g E TM(A, B, zo).

Proof. Let f(z) = 钅一I:::"=1 lanl伊 and g(z) = 钅- I:::"=1 lbnlzn, then for convo­
lution of functions f and g we can writet [{n(l - B) + 1 -A} - (B -A)z;+i] la占

偉 [{n(l - B) + 1- A} - (B -A)z;+i]屈 I lb,..I

s色 [{n(l - B) + 1- A} - (B -A)z;+i]匹 I, because lb,..I~1.
n=l

S(B - A), by (2.4).

Hence, by Theorem 2.2, f * g E呤(A, B, zo).
Note. It will be of interest to find some other convolution results analogous to those of
Juneja and Reddy [2].
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