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REMARKS ON SOME RESULTS OF ALZER,
YANG AND TENG

JOSIP PECARIC

H.Alzer [1] proved:

Theorem A. If u and v are non-negative, concave functions defined on [0,1]
satisfying
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then
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G. S. Yang and K. Y. Teng [2] proved:

;Theorem ]13 Let o > —1; p,g > 0. If u and v are nonnegative such that
u(t™=) and v(t™=) are concave on [0,1] then we have
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for p< A<2p, < B<2g; and

/ l uP(t)v?(t)t*dt
0

" 204+ 1)5(B+1)F
— | (e+1)g+1)

1] | LA edn i ( | WP, (3)
0 0

for A>2p, B > 2q.

Moreover, a simple consequence of Theorem 5.2 from [3] is:
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Theorem C. Let p and q be nonzero real numbers and let u and v be non-
negative concave functions on [0,1]. Let a > 1 and b > 1. suppose

(i) p>0,¢>0; or (ii) p<0,¢<0, p+g> -1, ap> -1, bg > —1.

Then

1

1 1
u? q pa = gb d% 4
/0 (8o (£)dt > DY / wP*(t)dt) ¥ ( /0 v (8)de) @)

where
D= (1+ap)/*(1+bg)'/*B(1 +p,1+q). (5)

Equality in (4) occurs if

wt) =% and () =1—t (6)

Remark. For a = b = 2, we have that the best constant in Alzer’s inequality (i) is

V(2p+1)(2¢+1)B(1 +p,1+q). (7)

Also, the same inequality with the best constant (7) is also valid if we have: (iii) —1/2 <
p<0,-1/2<¢<0.

Now, we shall prove the following generalization of Theorem B:

Theorem D. Let a > —1; p and q be nonzero real numbers and let v and
v be nonnegative functions such that u(tﬁ?) and v(tﬁ) are concave on [0,1].
Suppose: (iv) A>p>0,B>q>0;,0r(v)—1<A<p<0, -1<B<g<0,
p+g>—1. Then

lup vI(t)t%dt > FE 1 Ap\ted) T ' B(p\io 12\ &
/0 () ()tdt > E( / wA(t)dt) % ( / vB (£)e°de) (®)

where
E=(1+A)%(1+4+B)¥(a+1)5t*3"1B(1+p,1+q). (9)

Equality in (8) occurs if

uw(f) =Y and v(t) =14, (10)

Proof. We should apply Theorem C on concave functions u(t(lifﬂ) and v(t“ia) : 1
and use substitutions: ap — A, ¢gb — B. Then (4) becomes

1
/0 WP (t o9 (7 Yt > D'(/O1 uA(tﬁ)dt)%(/l o(t 7= )dt) # (11)
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where D' = (1+ A)%(1+ B)$B(1 +p,1 +g).
1
Now, substitution tT+a) — ¢, gives (8).

It is easy to check that the conditions a > 1, b > 1, (i) and (ii) of Theorem C give
our conditions (iv) and (v).

Remark. Note that in Theorem B in the case of positive p and g, the possibility
p< A<2p, B>2qand q< B <gq, A= 2q werenot considered. Of course, our constant
is the best possible.
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