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REMARKS ON SOME RESULTS OF ALZER,
YANG AND TENG

JOSIP PECARIC

H.Alzer [1] proved:

Theorem A. If u and v are non-negative, concave functions defined on [O, 1]
satisfying

1 1［缸(t)dt = 1 v2q(t)dt = l, p > 0, q > 0,

then JI uP(t)研 (t)dt 2:: 2/(2p + 1)(2q + 1) - 1.。 (p + l)(q + 1) (1)

G. S. Yang and K. Y. Teng 圍 proved:

Theorem B. Let a > -1; p, q > 0. If u and v are nonnegative such that
u(tr:h.) and v(tr:h.) are concave on [O, l] then we have

［研(t)研 (t)tadt~[ 2 1
］（

1!.. .!LA+ 1) A (B + 1) B。 (p + l)(q + 1) y'(2p + 1)(2q + 1)
1 1

. (a+ 1)f+i-1(fo 记(t)tadt忭（［ 許 (t)tadt) 分， (2)

for p~A :s; 2p, q :s; B~2q; and

11 uP(t)研 (t)tadt
。
~[2(~:}1~;『~+1~) 告 -1] 伍+ 1)lr+-Y-1·(/.1計(t)t"dt) Jr (J.' 評 (t)t"dt)-Y, (3)

for A~2p, B~2q.

Moreover, a simple consequence of Theorem 5.2 from (3] is:
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Theorem C. Let p and q be nonzero real numbers and let u and v be non
negative concave functions on [O, l]. Let a 2: 1 and b 2: 1. suppose

(i) p > 0, q > O; or (ii) p < 0, q < 0, p+ q > -1, ap > -1, bq > -1.
Then

[ u•(t)硏 (t)dt 2'. D([ ,r(t)dt忭（［ 討 (t)dt)! (4)

where
D = (1 + ap)Ifa(l + bq)I/bB(l + p, 1 + q).

Equality in (4) occurs if

(5)

u(t) = t and v(t) = 1 - t. (6)

Remark. For a= b = 2, we have that the best constant in Alzer's inequality (i) is

.j(2p + 1)(2q + l)B(l + p, 1 + q). (7)

Also, the same inequality with the best constant (7) is also valid if we have: (iii) -1/2 <
p < 0, -1/2 < q < 0.

Now, we shall prove the following generalization of Theorem B:

Theorem D. Let a > -1; p and q be nonzero real numbers and let u and
v be nonnegative functions such that u(t聶可 and v(t <1ia>) are concave on [O, 1].
Suppose: (iv) A~p > 0, B~q > O; or (v) - 1 < A :S p < O, -1 < B :::; q < O,
p+ q > -1. Then

［ 武(t)研 (t)tadt 2:: E(11 uA(t)tadt忭（［許 (t)tadt) 1i

where
E = (l + A)釕 l +B)缸a+ 1)* 十分 一 1 B(l + p, l + q).

Equality in (8) occurs if

u(t) = t1十a and v(t) = l - tl+a_

(8)

(9)

(10)

Proof. We should apply Theorem C on concave functions u(t品可 and v(t忒鬥
and use substitutions: ap--+ A, qb--+ B. Then (4) becomes

J.'uP(t-,f;;)研 (t-,f;;)dt 江 ＇（［ 計 (t土 ）dt忭<[ v(t示 ）dt)1i (11)
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where D'= (1 + A)缸l +B灶B(l + p, l + q).
1

Now substitution t面可， --t t, gives (8).

It is easy to check that the conditions a~l, b~1, (i) and (ii) of Theorem C give
our conditions (iv) and (v).

Remark. Note that in Theorem B in the case of positive p and q, the possibility
p::; A ::; 2p, B~2q and q ::; B ::; q, A~2q were not considered. Of course, our constant
is the best possible.
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