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COMMUTATIVITY THEOREMS FOR RINGS WITH
CONSTRAINTS ON COMMUTATORS

H. A. S. ABUJABAL AND MOHD. ASHRAF

Abstract. Let R be a left (resp. right) s-unital ring and m be a positive integer.
Suppose that for each y in R there exist f(t), g(t), h(t) in Z[t] such that z™[z,y] =

9(W)lz, ¥ f(¥)]h(y) (resp. [z,y]z™ = g(v)[z,y*f(¥)]h(y)) for all z in R. Then R
is commutative (and conversely). Finally, the result is extended to the case when

the exponent m depends on the choice of x and y.

1. Introduction

Throughout the paper, R will denote an associative ring (may be without unity 1),
and for any z,y in R the symbol [z, y] stands for the commutator zy — yz. A ring R is
called left (resp. right) s-unital if z € Rz (resp. z € zR) for all z in R, and R is called
s-unital if z € Rr N zR for all z in R. As usual Z[t] is the totality of polynomials in ¢
with coefficients in Z, the ring of integers. We consider the following ring properties:

(P;) For each y in R there exist f(t), g(t), h(t) in Z[t] such that z™[z,y] = g(y)|=,
v2f(y)]h(y) for all z in R, where m is a fixed positive integer.
(P}) For each z,y in R there exist a positive integer m and f(t),g(t), h(t) in Z[t]
such that z™[z,y] = g(y)[z, y* f(¥)]h(y).
(P,) For each y in R there exist f(t),g(t),h(t) in Z[t] such that [z,y]z™ = g(y)[z,
v?f(y)]h(y) for all z in R, where m is a fixed positive integer.
(Py) For each z,y in R there exist a positive integer m and f(¢), g(t), h(t) in Z[t]
such that [z, ylz™ = g(y)[z, y* f(y)]A(y).
(CH) For each z,y in R there exist p(t), q(t) € t?Z[t] such that [z —p(z),y—q(y)] = 0.
A well-known theorem of Bell [5] states that if » > 1 is a positive integer and
R is an n-torsion free ring with unity 1 such that [z,y] = [z,y™"] for all z,y in R,
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then R is commutative. Recently, Psomopoulos [11] generalized the above result and
proved that if R is an m-torsion free ring with unity 1 satisfying the polynomial identity
zt[z™,y] = [z,y™]y* for non-negative integers m > 1,n > 1,¢ > 0,s > 0, then R is
commutative. In the present paper our objective is to further extend the later result
to rings satisfying condition of the form (P;) or (P2). We shall also investigate the
commutativity of rings satisfying either of the properties (Py) and (P;) together with
the Chacron’s condition (CH).

2. Some preliminary results

We being by considering the following types of rings:
GF(p) GF(p) :
(a) ( 0 GF(p) )’ p a prime.
(a)1 GI:)(p) GF(’)(p) ) , P a prime.
0 GF(p) ;
(a)r (0 GF(p) ), p a prime.
a B

®) Mo(K) = (5 oy

morphism o.

)/a,B € K}, where K is a finite field with a non-trivial auto-

(¢) A non-commutative ring with non-zero divisors of zero.
(d) S = (1) +T,T a non-commutative subring of S such that T[T, T] = [T, T|T = 0.
In a paper [12], Streb gave a classification for non-commutative rings, which has
been used effectively to obtain a number of commutativity theorems (cf. (8], [9] & [10]).
Further, from the proof of [12, Corollary (1)] one can easily observe that if R is a non-
commutative left s-unital ring, then there exists a factor subring of R which is of type
(a)1,(b), (c) or (d). This result gives the following lemma which plays the key role in our
subsequent study (cf. [9, Meta Theorem]).

Lemma 1. Let P be a ring property which is inherited by factor subrings.
If no rings of type (a)1 (resp. (a)-), (b),(c) or (d) satisfy P, then every left (resp.
Tight) s-unital satisfying P is commutative.

The proofs of the following lemmas can be found in [7], [8] and [10] respectively.

Lemma 2. Let f be a polynomial in non-commuting indeterminates z;,zs,
..., Ty with relatively prime integer coefficients. Then the following are equiva-
lent.
(i) Every ring satisfying the polynomial identity f = 0 has nil commutator ideal.
(i) Every semi-prime ring satisfying f =0 is commutative.
(i) For every prime p,(GF(p))2 fail to satisfy f = 0.

Lemma 3. Suppose that a ring R with unity 1 satisfies (CH). If R is
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non-commutative, then there ezists a factor subring of R which is of type (a) or

().

Lemma 4. If R is left (resp. right) s-unital and not right (resp. left) s-unital,
then R has a factor subring of type (a); (resp. (a)-).

3. Main results

Theorem 1. Let R be a left s-unital ring satisfying the condition (P,). Then
R is commautative (and conversely).
In order to establish the above theorem, first we prove the following lemma.

Lemma 5. Let R be a ring with unity 1 satisfying any one of the conditions
(P;) and (P;). Then R has nil commutator ideal.

Proof. Let R satisfy (P;). Replace z by 1 + z in (P,) and subtract (FP), to get
(1 4+ z)™[z,y] = z™[z,y]. This is a polynomial identity and z = €12 — e€22,¥ = e12 in
(GF(p))2 fail to satisfy this equality. Hence by Lemma 2, R has nil commutator ideal.

Using a similar arguments as above, one can establish the result if R satisfies the
condition (P).

Proof of Theorem 1. First, consider the ring of type (a);. If R satisfies (P),
then in (GF(p))2, p a prime, we see that ef}[e11,e12] — g(e12)[e11, €2, f(e12)]h(er2) =
e12 # 0 for any positive integer m and f(t), g(t), h(t) € Z[t]. Thus no rings of type (a):
satisfy (P).

Next, consider the ring M,(K), a ring of type (b). If R satisfies (P;), then let

a 0 -
& = (O slia) )(o(a) # a),y = e12. This yields that

z™[z,y] — 9¥)[z, v’ f(¥)]h(y) = a™(a — o(a))er2 # O

for all integer m and f(t), g(t), h(¢) in Z[t]. Thus R cannot be of type (b).

Further, let R be the ring of type (c). If R satisfies (P;), then in view of the above,
R cannot be of type (a);. Hence in view of Lemma 4, R is also right s-unital. Thus R is
s-unital and by [6, Proposition 1], R has unity 1. Now in view of Lemma 2 and Lemma
5 we see that no rings of type (c) satisfy our assumption.

Finally, suppose that R is a ring of type (d). If R satisfies (P;), then choose s,t € T
such that [s,t] # 0. A simple computation shows that

[s,8] = (1 +8)™[s + 1,t] = g(t)[s + 1,2 f(t)]A(t) = O.

Hence, we find a contradiction that [s, t] = 0. This shows that no rings of type (a);, (), (c)
or (d) satisfy (P;) and in view of Lemma 1, R is commutative.
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Corollary 1. Let R be a left s-unital ring in which for every y in R there
exist integers p = p(y) > 0,q = q(y) > 0,5 = s(y) > 1 such that z™[z,y] = y¥ [z, y*]y?
for all z in R, where m is a fized positive integer. Then R is commutative (and
conversely).

In case, if R satisfies (P2), then we have the following:

Theorem 2. Let R be a right s-unital ring satisfying (P2). Then R 1is
commutative (and conversely).

Proof. Suppose that R is a ring of type (a),. If R satisfies (P2), then in (GF(p))2,
p a prime, we find that

[e22, e12)eDy — g(e12)[e22, €35 f(e12)]h(e12) = —e12 # 0

for any positive integer m and f(¢), g(t), h(t) € Z[t]. Accordingly, R cannot be of type
(a),. Further, using similar arguments as used to prove Theorem 1 with necessary varia-
tions, it can be shown that no rings of type (b), (¢) or (d) satisfy our hypothesis. Hence,
in view of Lemma 1, R is commutative.

Corollary 2. Let R be a right s-unital ring in which for every y in R there
ezist integers p = p(y) > 0,9 = q(y) > 0,8 = s(y) > 1 such that [z,y]z™ = y?[z, y*]y?
for all z in R, where m s a fized positive integer. Then R is commutative (and
conversely).

Remark. The following example demonstrates that there are non-commutative
left (resp. right) s-unital rings satisfying (P,) (resp. (P1)).

m=ilo o)ilx oo 1)1 1)
(oo m={(5 o) (6 0) (1 1) (G 1)}

be subring of 2 x 2 matrices over GF(2). Then for any fixed positive integers m,p, q, s >
1, Ry (resp. Ry) satisfies [z,y]z™ — yP[z,y*]y? = O (resp. z™[z,y] — yPp[z,y*]y? = 0).
However, R; (resp. Ry) is a non-commutative left (resp. right) s-unital ring.

A careful scrutiny of the proofs of Theorem 1 and Theorem 2 yields that if R is a
ring with unity 1 satisfying either of the property (P;) or (Py), then R has no factor
subrings of type (a) or (b). Further, if R satisfies (CH), then in view of Lemma 3, we
get the following:

Example. Let

Theorem 3. Let R be a ring with unity 1 satisfying any one of the condi-
tions (Py) and (Pjy). Further, if R satisfies (CH), then R is commutative (and
conversely).
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Corollary 3. Suppose that R is a ring with unity 1 in which for every z,y in
R there exist integers m > 0,p > 0,q > 0,s > 1 such that either ™[z, y] = ¥*lz, ¥°ly
or [z,ylz™ = yP[z,y*ly?. Further, if R satisfies (CH), then R is commutative.

The existence of ring R with R® = 0 rules out the possible generalization of Theorem
3 for argitary rings. However, if R is a left (resp. right) s-unital ring satisfying (P;") (resp.
(P;)), then in view of the arguments given in the proofs of Theorem 1 and 2, we see that
no rings of type (a)1 (resp.(a).) satisfy (Py) (resp. (Py)). Hence, Lemma 4 yields that
R is also right (resp. left) s-unital. Accordingly, R is s unitial and by [6, Proposition 1],
we may assume that R has unity 1, Hence, using Theorem 3, we get the following

Theorem 4. Let R be a left (resp. right) s-unital ring satisfying (Py) (resp.
(P;)). Further, if R satisfies (CH), then R s commutative.
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