TAMKANG JOURNAL OF MATHEMATICS
Volume 26, Number 1, Spring 1995

EVALUATION OF CERTAIN INTEGRALS IN TERMS OF
GENERALIZED KAMPE DE FERIET FUNCTION AND
LAURICELLA FUNCTION F"

MEGUMI SAIGO AND R. K. RAINA

Abstract. The paper is concerned with the evaluation of three integrals involving
general polynomial systems and a rational function of trigonometric functions. Our
new formulas reduce to many known formulas.

1. Introduction
A general polynomial system S™(z) was introduced by Srivastava (7], and is defined

5Me)= Y. (=n)m3 A(ns ) 37, (1.1)
j=0
where m is a positive integer, n a non-negative integer, A(n,i) an arbitrary sequence

of real or complex numbers. The symbol (a), stands for the factorial function and is
defined by

(a)n—M:{a(a+1)...(a+n—1)’ n=1,2,--- .9

T T(a) 1, n=0.

The polynomial system reduces to several classes of orthogonal polynomials, and
details may be found in [7].
The generalized Kampé de Fériet function (see [8, p.65]) is defined by

(@p) = ()55 (@b);

— il _ T LY
Fagssian 210020 | = Z A(jl’”"J")%”'%’
(Ba) : (BLy); -3 (BED); 1y dn=0 = Ja
(1.3)
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where

| COININTR | LN CAPRR | N CriT
L (B teribi [T (805, = TI (B ™ s

For convergence of the series (1.3), it is assumed that ¢+ ¢ —p—p; 20 (¢t =1,---,n).
When the equality holds in this condition, the series (1.3) converges if either p > ¢ and
|21/ P=9 ... 4 |2,|V/ P9 < 1 or p £ g and max{|z1],---,|zal} < 1.

The present paper is intended to evaluate three integrals. The first one involving
a product of polynomials (1.1) in the integrand is seen to yield the value in terms of
generalized Kampé de Fériet function (1.3) after specialization of the arbitrary sequence.
The second integral evaluates a family of integrals involving the product of an algebraic
function and the multidimensional analogue of (1.1). The last one is an integral of a
certain rational function of trigonometric functions and is represented by the Lauricella
function FU”, where Fl()”) is known to be a special case of the Kampé de Fériet function:

A(jr, -+ dn) = (1.4)

) a’ﬂld..'!ﬂﬂ; - asﬂl,"'aﬁn;

n : ;...;1

FD 2150 5% 3 Zn = FOIl;“';]. Zinie ¥ 5 Zn . (1_5)
Y15y Tns Y1y Yns

The formulas given in this paper are useful and can be used in applied branches of physics
and engineering. We, however, deduce only few interesting integrals from our integral
formulas.

2. First Integral

We derive the following integral:

Rt g (025) g (225
» ld—p+alz—p)+blg—z) M+ ™ \g—z " \g—zx

. 1
T (g-p)(1+a)(1+ b)ﬂB()"“)
[ni/mi]  [ne/my] 7 i _
(= nt)m.y. . 1+b (A) 2 Js
A I_I{ s} (Fe) " aoaen @

provided that Re(A) > 0,Re(u) > 0,a and b are complex numbers with 1+a # 0,14+b #
0, and z € [p,q] such that ¢ — p+ a(z — p) + b(g — z) # 0, where > j; means the sum
of non-negative integers j; + - - - + j», S (z) is the general polynomial system defined in
(1.1) with coefficients A(n,j), and B(\, 1) is the Beta function.

Proof. Using (1.1) and expanding each polynomial, we have
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[n1/m4] [nr/me] » ( nl)mJ '
LHS.= Y - Y, H{ A(ni,Ji)}

71=0 Jr=0 i=1
P> A p)”zj"'l(q ) SRS
» la—p+a(z—p)+blg—z) e
By appealing to the following variation of the formula in [5, p.70, Eqn.(3.1.3)]:
N ) C Bt
» la—p+a(t—p)+blg— )+

and invoking the simple relation

dz.

dt=(g—p) '(1+a) (1 +b)"*B(Au), (2.2)

IMNa-n)= ((_1—1):%%%)-,

we arrive at the desired right hand member of (2.1).

a=0+1,£2, -, - (2.3)

Deduction. On selecting the arbitrary sequences

p‘ =i (asl) )J

Ai(ni, ji) = H‘j;l(bg’))ji , (2.4)
fori=1,---,r, and noting each polynomial
[/ ms] pi (1) #
m; m; my s= as i H 3
Smi(z) = B (ami™) = Z (—ni)m,-j,-Tl(-(T)-)LT (t=1,---,7),
J:=0 s::l(bs )J‘ ‘71'

being the Brafman polynomial [1, p.186], (2.1) gives the integral

e (.’E — p)A_l(q - x)“_l B™ (mml p - .’.E) ... B™r (mm,p = 1'.) dx
1 Ty _

p [q—P+a(a;—p)+b(q_$)],\+u ny

qg—z g~
1
— B(\
R T R T el
A A(my;—n), (@b )i Almg; —n,), (ap0);
F]:_l qﬁl-:';"ll’, "s;:-r-:'n'r:’;r
1—p: )i (687);

mm (ﬁ%)m;n (%i—fi) . (2.5)

valid under the conditions stated with (2.1), where A(m;n) means the array =, 2L ...
ztm=l "and we have noted that

= (2), (552 (222
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In view of the definition [8, p.91, Eqn. (16)(iii)] we have when p = —1,¢ =1 that

2+ 1 —n, =0 —n; Ben\" / 2 \"
B;( ): JF, =41 :( ) (—) P (7). (2.6)
B+1; n rz—1

where o F; is the Gauss function and P{*P) the Jacobi polynomial. With this specializa-
tion we get from (2.5) the following integral involving the product of Jacobi polynomials:

4 A-1 = ni—1
(1+2) 11—z 2 i) i)
1,P1 ...P r,Pr d
/1 [2+a(1+$)+b(1—-$)]A+an1 (z) n, (z)dx

i a)’l\(l + b)“B('\’“) (_%)Em ﬁ (ﬂj:jnj)

j=1
Al =T, N — @1t =Ry — Ny — O}
1:25:-::2 1+b 1+b
. F1;1;-.-;1 i it vl I (2.7)
L= e o HEEL Br + 1;

If a =3 =0, then P-,(LO‘O)(E) = P,(z) is the Legendre polynomial and we have from
(2.7) when A = 1,40 = 1+ > n;,a = b = 0 the following known formula [4, p.1456,
Eqn.(4)] after little simplification:

2 2
ny TNy
: A Z(J)(]) |
P-n, Pn dr = ——— -1 i z » 2.8
[ P Putae = e 5 300 (T7) "R
> Ji
3. Second Integral
Define a polynomial set by
JEn - .’Eji
HEV o (g o 3,) = 2 (-n);C(n; 41, - -, jr) H - (3.1)
jla"':jr=0 i=1 J‘L‘
where s; (¢ = 1,---,7) are positive integers,
J = Z Sij'i (32)
=1
and the coefficients C(n; j;, - - -, j») are multiple sequences for nonnegative integers j; (i =

1,--+,r) of arbitrary constants.
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We establish the following integral:

b a™ a™
e e L e oy L
0 il ™ +c

JE<n

bA - C(n le . ’jT) - ji mj e
= Y (el R (e 2t
jlf"';jr—'o

@, (@)5 it (%)k b\ *
kZ:O (v k(2 +1), (_T) ’ s

provided that min{ai,---,ar,b, c} > 0, m is a positive integer, o is a complex number
and Re(A) > 0.

Proof. Invoking the definition (3.1), we have on integrating term by term

JSn
LHS. of(33)= > (—n)JC(’; {1’ : ”’)( 1)~ 24T ... g
J1,70Jr=0 E

b
/ z’\_l(xm+c)—°‘—zj"d:c.
0

The simple integral on the right side can easily be evaluated in terms of the Gauss
function »F;, and the resulting expression involving the (r + 1) series is the desired
R.H.S. of (3.3).

Deduction. If we set

C(n;jl,"'vj‘r)=A(j1a“'1j‘r) (34)

for A being defined in (1.4) with p = ¢ = 0, then we get when s; = 1{f = 1 o=, ) 1
(3.3):

—-n: (o );- (a(r))

b P1
A—l m -_ 1 3y 3 Pr a_"" aﬂl
/0.'1: (z™ + )" FyPu T . i — | da
—: (Bg)i--i(Ba);
i<n
o Zf QRN | NCATED) (C 0
RS - ’;: ( §f’>jr
a™ . m.?r pm
i~ C)ZJ: 1] 2 (a + Z],, ;14 — —7) " (3.5)
e
Another second 1ntegra,l
b S (a;l ) (a(r)) . m
/0 22 a™ 4oy~ Fyri —e ey —swrE | O

=+ (B3 (B0
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bA @ (a;’I ). (ag:)) A/m; m n
1: §hRy 11 " pm
= Foig et S APRE  BCY

—(B); - (B 1+ A/m;

provided that min{a;,---,a,,b,c} > 0, m is a positive integer, and Re(A) > 0, and the
convergence conditions appropriate to (1.3) for the generalized Kampé de Fériet function
are satisfied. For r = 1, the result reduces to the one given by Saigo and Srivastava [6,
p-2, Eqn. (2.1)].

4. Third integral

Now we establish:

/‘P ﬁ ( sin2% 6 ) sin2° @ =
0 i \(1+kisin? )% ] (1 — k2sin’ §)h+1/2

: 11 g
(sin w)2(0+20i)+1 _— 0+E‘7i+2’h+2‘2’h1""’hm

200 +> o) +1 P

o+Y o+ 3;

k?sin? @,sin® @, —k;sin® @, -, —k,sin? ¢ |, (4.1)

provided that

1
Re(o+ ) 0:) > =5,05 ¢ £ 2 %sin? <1 Jkilsin® p<1(i=1,-,n).

s
2
Proof. If we set u = sin? 6/ sin? ¢, then L.H.S. of (4.1) gives

L.H.S.

1 , : - :
:E(Sin (P)2(6+Z oi)+1 / ua+z oi—1/2 H(l + uk; Sil’l2 (p)-—hz
0 i=1
- (1 — uk?sin® o) ~*1/2(1 — usin? )1/ 2du

o+3 o h+
=—~(sm ©) 2( +)0:i)+1 Z Z _(_______l_"f(kz sin? (p)l(sin2 o)™

Im !
l,m=0my,- n-U Itm!

7L R . 1
(h1) 1' ( ') = (—ky sin? @)™ - - . (—k,, sin? (p)mn‘/ ot oi1/244mt Y T mi g,
mpl---mpy! 0

Upon simplification, the R.H.S. on interpreting the series in terms of the fourth Lauricella
function involving several variables (1.5), the desired integral (3.1) is arrived at.
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Deduction. We note the following two special cases of the third integral

(i) Foro; =0(=1,--,n), 0 =0, h=0and h; =1 (i = 1,---,n), (4.1) reduces
to the result given in [3, p.264, Eqn. (8.4.3)].

(ii) Again, if we put 0; =0 =k; =0 (i =1,---,n), then (4.1) gives

‘ e 1, 113

=singFy | 2,h+ 5, 5; 55 k” sin’ g, sin’ 4.2
/0 (1—k2sin29)h+1/2 sin @1y [2,h+ 51915 sin” ¢, sin” ¢ (4.2)

1 1

= >4+7,3;

. (h+ 1)-(3)- . 3 tma

=sme E —gz-z('L(k:2 sin® p)" o Fy Sin’ |

= (2)1.1‘. %+'r;

on using [8, p.53, Eqn.(4)], where F} denotes the first Appell function of two variables.
By setting k2 = A2/(A\? — 1) with |A] < 1, the integral on the L.H.S. of (4.2) takes the

form " 0
_ \2\h+1/2
(= eyeniss [

and on further putting ¢ = 7/2, this integral becomes

(1= A2)hH1/2 /m do
o (1= A2cos?@)h+1/2’

and its value thus computed from the R.H.S. of (4.2) yields the known result [2, p.1].
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