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A NOTE ON CLASSICAL HILBERT INEQUALITY

GOU-SHENG YANG, SHYH-LIANG GAU

Abstract. In this note we establish some new generalizations of the classical in
equality of Hilbert with non-conjugate parameters

1. Introduction

Let Xm. 2: 0, Xm 季 0, Yn 2: 0, Yn 羊 0, p > 1, q > 1, i +? = 1, i + 奇=1
The inequality:
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is well-known generalization of the classical inequality of Hilbert, where the constant
7r csc仁）is best possible. (see for instance Th.315 from [2]).p

The case when instead of p, p'we have non-conjugate parameters p, q was also con-
sider in [2].

If
p > l, q > l, 1 1- + -~1,

p q

such that
1 1 1 1

0<.\=2-- 一－＝一十, ~1,
p q p'q

then
1. 1f;l習(.: "}; )' <K(p,q,A) (t. xm')'(t.Yn},
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where
K(p, q, A)= (7'CSC~r = (7rCSC it)> [seel,4, 5]

In 圍 Mitrinovic and Pecaric proved that, if

>. > 0, 1

示
十
1
一
'
p
>l

、^
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q

十
1-
p

then A

K(p, q, ,\) = (1r csc ( 六 且 －｝十,\) ) )
which follows from (1) and the following

Theorem A. Let arnn 2 0 and suppose that for every p > l and Xrn 2 0, Yn 2 0
the follwoing inequality is valid

%;, t. amnXmYn S K(p) (%;, X~)} (t. y~')~
＇where p , p are con,坪gate i.e. 1 1-+,=l.p p

If p > 1, q > 1, ~+ }~1 and ,\ > 0, ~+~> ,\~;;, + f,, then
.! .!tit吐託mYn SKA ( (六G-i+A)了）(t/~r (t月q

The following theorems are stated without proof in [3).

Theorem B. Let k(x, y) 2:: 0 and suppose that for every p > 1 and f(x) 2::
0, g(y) 2:: 0 the following inequality is valid

jj k(x, y)f(x)g(y)dxdy'., K(p) (J JP(x)dx) t (Jg•'(y)dy) 户
If p > l, q > l, 1 十 l > 1 and A > 0, A = .!. + .!. thenp q 一 p'q''

ff妒 (x, y)f(x)g(y)dxdy :S K'(Aq') (f JP(x)dx) j; (f g'(y)dy) !
Theorem C. Let amn...s~0 and suppose that for every P1 > l, P2 > 1, · · ·,

Pr > 1 s. t. 严辶 p-;1 = 1 and Xm > o, Yn ~0, ... , Zs~0 the following inequality zs
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> .\, i =If Qi > 1, i = 1, 2, ... , r and ,\ > 0, (r - 1) ,\~ 立=1 1/q~, 江=11/qj
1,2, ... ,r,then

吉

立曰 z,'., K" (五!!, , 口位三 匡勺志
4
m、`
丿
，q
sz

8
2I

,＇,
＼

1where = 1
＿，
p -;:-x 長－蠶 =l 亡十,\ ) , i = 1. 2, ... , r

Theorem D. Let k(x, y, ... , z)~0 and suppose that for every P1 > 1, P2 >
1, · · ·, Pr > 1 s.t. I:;=1 p;1 = 1 and f(x)~0, g(y)~0, ... , h(z)~0 the following
inequality is valid

J J· · ·J k(x, y, ... , z)f(x)g(y)· · ·h(z)dxdy···dz~K(p1, P2, ... ,P刁

(/ JP'(x)dx) 古 (! g"(y)dy) 古 （丨伊"(z)dz) f.:
i = 1, 2, ... , r and O < >. < 1, 立=l -!; > 1, (r - 1)>. =立=1 奇 ，thenIf Qi > 1,

丨丨···! 松 (x, y, ... , z)f(x)g(y)· · ·h(z)dxdy···dz~K>.(瓦洹2• ... ,瓦）

（丨f''(x}dx) 六（丨g''(y}dy) 吉 (J 伊•(z)dz) 卡
where 瓦= ,\ ( ,\ - 1 +勻-1, i = 1,2, ... ,r.q;

The aim of this note is to extended Theorem A and give proofs of Theorem B,
Theorem C and Theorem Din general forms.

and f(m)~Let c > 0, s~o, t~o s. t. s + c~1, t + c~1
2.Main results

1.Theorem
0, g(n)~0
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Let amn ?: 0 and suppose that for every p > 1 and Xm ?: 0, Yn ?: 0 the following
inequality is valid

£. .£...

It. amnXmYn s; K 荳）(Ix盂）" (t.Yn与）＇

If p > 1, q > l, ~+ t 2 1 and A > 0, ~+ t > A 2 } + 奇, then

00 00

芝芷吐n伊 (m)l(n)l2XmYn~KA - - - - + ,\C 1 1
2,\ p q

m=l n=l
((()f)

(%;1 f(m)) ,k,信 g(n)) tk,位月f 巴 刀 ＇`
where 佖＝里 十l_2 p q

,\)

Proof. We need the following

Lemma 1. (see [3]) Let amn ?: 0, bmn ?: 0, u1 > 0, V1 > 0, u~> 0, V2 > 0 and
suppose that for every nonnegative Xm, Yn the fallowing inequalities are valid

t習的nX=Yn =, Ki (t X二 ）. , (t.Y•O,r,
t.t b=nX=Yn :, K2 (f;, X二 ）"'(j}n寺）四

Futher, let k1 > 0, k2 > 0, k1 + k2~1, u = k1u1 + k2u2, v = k1v1 + k2v2.
Then
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Proof of Theorem 1. If we set bmn = f5(m)l(n), u1 = 主 叨＝主 四= V2 =
Pl Pi

c, 柘= A, u = .£V =£p'q.
Since

{ U = k1 U1 + k2U2
V = k1V1 + k矽2'

we have p=碩 +k,
1 = _xi, 十 k2.
q Pl
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So that 佖＝馭~+ ~- >.) and 六＝去(~- ~+ >.).
The conditions of Lemma are fulfield, since we have:

1
佖 > 0 and 柘 十佖 = !(~+~+ >.)~ 扒; +t+'il 十寺）= 1.

Now to check P1 > 1 where P1 = 2>./ 1 1- - + >. we observe
p q

(i) f; -~+ >. ~i -~+? + "? = 1 -~+ "? = f, > 0
and (ii) 2>. - (l - ! + >.) = >. - 1 + 1 > .!.. + .!.. - 1 + 1 = 1 - ! +} = 釒 > 0.p q p q 一 p'q'p q

It follows from (i) and (ii) that P1 > 1. Now we have:
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where 瓦 =K(巴 ）．
Futhermore, Since s + c 乏 1, t + c~1, we have (see (1], p29)

00 00

芝芝 J5(m)l(n)XmYn
m=l n=l
00 00

=I:芝 J5(m)l(n) (x汀曰
C

m=l n=l

s図f'(m)尸 ）') 屆 g'(n)飼）］
s(i;/(m)} (tx=i)'(雪 g(n))'(tYni)'

00 四

=K,図=~r図汀 ，
where氐= (I::=l /(m))s(I::=1 g(n))t

It follows from Lemma 1 that
一 1f f a;,n(f'(m)g'(n}}另mYn'.o K" ( 信 （；－｝十A)))

m=l n=l

(t.f(m)f'(tg(n)r (f/盂）；（雪 yJr

whrer 秘＝髯 十；- .\) . This completes the proof.
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Theorem 2. Let c E (0, 1], s 2 0, t 2 0 s.t. s + c = 1, t + c = 1 and w(x),r(y)
are nonnegative integrable functions.

Let k(x, y) 2 O and suppose that for every p > 1 and f(x) 2 0, g(y) 2 0 the
following inequality is valid

日k(x,y)f(x)g(y)dxdy~K ( !' 令
；J(丨j'a(x}dx) (/ g钅(y}dy)

If p > l, q > 1, i + i~1 and .X > 0, .X = } + f,, then

j丨k'(x,y)(正 (x硏 (y))'-汀 (x)g(y)dxdy SK'(竺）(j w(x)dx) ,(!-A)

（丨r(y)dy) t(l-A) (丨户(x)dar (J g:!(y)dy)'
Proof. First, we need the following:

Lemma 2. Let k(x,y)~0, m(x,y)~0, u1 > 0, v1 > 0, 旳 > 0, v2 > 0 and
suppose that for every nonnegative f(x), g(y) the following inequalities are valid

ff VI

k(x, y)f(x)g(y)dxdy :S K1 (f f(x)* dx) (f g(y)江） (2)

丨丨m(x, y)f(x)g(y)dxdy :S K2 (f f(x)卡dx) u2 (f g(y)吉dy) V2 . (3)

Futher, let k1 > 0, k2 > 0, k1 + k2 = 1, u = k1 u1 + k2u2, v = k1 v1 + k2v2. Then

J丨拉1(x,y)mk2 位 ，y)f(x)g(y)dxdy~Kt1K;2 (! f(x)~dx) u (丨g(y)t dy) V

Proof of Lemma 2. By Holder inequality, since 析 十佖 = 1, it follows

I丨妁(x, y)mk2 (x, y)f(x)g(y)dxdy

＝仃 的(x, y)mk2 (x, y)f~(x)g~(y)dxdy

＝仃 (k(x,y)户(x)户(y)) k1 (m(x, y)直 (x)户 (y)) k2 dxdy

~(丨丨k(x,y)j"c:-(x)g"7(x)dxdy) ,, (丨丨m(x,y)尸(x)g'':-(y)dxdy) ,, . (4)
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As consequences of (2) and (3) we have
'IL1j j k(x,y}f斗 (x)g~(y)dxdy <:'. K, (j f(x} 出dx) (! g(y)tdyr

'V2j jm(x, y)J'°:" (x}g竽 (y)dxdy <:'. K, (! J(x) 出dxr (! g(y)idy)
Substituting these inequalities into (4) we obtain:

j j kk1(x,y)mk2(x,y)f(x)g(y)dxdy
$ (K, (J f(x) 出dxr (/ g(y)~dyr) 析
(K2 (! f(x)~dx)•, (/ g(y)~dy) "' ) 柘

=Kt'Kt'u f(x)adx) 柘 •,+k江, (/ 頭）adyr,v,+k乜2

=Kt'Kt'u J(x).dxr (/ g(y)Odyr
Proof of Theorem 2. If we set: m(x, y) = w.s(x)社 (y), U1

匝= v2 = c, k1 = .X, u =~'v =~, Since

{ U = k1 U1 + k2U2
V = k1V1 + k矽2
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So that 佖= 1- A and PI =A (~- k2 -I

=A (i-1~Ar

=A 仁 -1+辶 ~rp p'q'

=A(-~+~+~r

=..\q'= ( 上十汀 q'= 生 +1>1
p'q'p'
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Now we have:

丨f k(x,y)f(x)g(y)dxdy~K ( 茫）(! f芽 (x)dx)六(! g丹：(y)dy) 寺

=Ki(/ f(x)卡dx丫(/ g(y)古 dy) 叭 ，
where 瓦 =K( 巴 ）．

Since s + c = l, t + c = 1, it follows from Holder inequality that:

ff正 (x)戶(y)f(x)g(y)dxdy

＝丨／正 (x)rt(y) (戶(x)丫 （妒 (y)r dxdy

~(f甿 (x) (户(x)r d严）（丨 戶(y) (於(y)r dy)

(!'':S w(x)dx) (f户 (x)dx) c (f r(y)dy) (f於 (y)dy)

=K2 (f f(x)寺dx了 (f g(y)吉dy) v2 1

where氐= (j w(x)dx)s(j r(y)dy)t.
Applying Lemma 2 to obtain

I I k"(x,y)(正 (x)r'(y))1~勺(x)g(y)dxdy SK入（竺 ）( / w(x)dx)•(l->J

（丨 r(y)dyyrl-A) ( / 户(x)dxf (/ 护(y)dyr
This completes the proof of Theorem 2.
The followings are the multidimensional generlization of Theorem 1 and Theorem 2.

Note. In theorem C and D implicitly is given that l!.i~1. Hence, we can set,
instead of I: i=l 1/qi > 入 the condition 入十 T厙 >I: i=l 1/qi > 入，i = 1, 2, ... , r, in
Theorem C, and instead of L己 1 /Qi > 1, the condition

rr-l
巨— >LI/qi> lQi i=l

for i = 1, 2, ... , r in the Theorem D.

Theorem 3. Let c > 0, a~0, /3~0, ... , 1~0 such that a+ c~1, /3 + c~1,
... ,, + c~1 and J(m), g(n), ... , h(s) are nonnegative.
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Let amn···s~0 and suppose that for every P1 > l,p2 > 1, ···,Pr> 1 s.t. I:;=1 P戶
= 1 and Xm~0, Yn~0, . · · r, s -z > O the follwoing inequa 1ty is valid

~a=n…sX1nYn ... Zs

邙 （茫芝 ，茫 ）（釒/ =','-了 (t.Yn~t··(言 z,序）＃
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where 土＝六（盃－蠶 1-:;- + ,\) ,i = 1,2, ... ,r,秘＝（江 =1 志 一,\ ) /r

Proof. We need the following :

Lemma 3. Let amn···S 2: 0, bmn…s 2: 0, U1 > 0, V1 > 0, ... , W1 > 0,匹 > O,v2 >
o, ... , w2 > O and suppose that for every nonnegative x=, Yn, ... , Zs the following
inequalities are valid

芝 a=n···•x請n·- z, S K, (f;.x芍丫 (t.Yn古r . (t.z,古）m (5)

芷 bmn··•x譴n·.. z,'.,, K2 (f, Xm寺了 (t.Yn*「（釒z,古「 (6)

Futher, let 柘 > 0, 佖 > O,k1 +k2 2:: 1,u = k1u1 +k2u2,v = k1v1 +k2v2, ... ,w =
k泗1 十佖w2. Then

L>比摩n涇mYn· · ·z, S苻K;'(%;, Xm t) u (t. Yn t)• · · ·(t z,古）w

Proof of Lemma 3. Using a generalization of Holder inequality (see [ll, p29).
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(7)

Since k1 + k2~1, it follows

芷心n .. ,sb益n .. ,sXmYn···Zs

＝芝 (amn.. ·s己戸 卫）kt (bmn·.. s戶／ 諲）k2

:::; (Lamn.. -s戸戸 諲）k1 (芷 bmn.. ,sX卫戸 諲）k2

As consequences of (5) and (6) we have:

位五 1

芝 amn···sXm~Ym7· · ·Z至

5, K1図m丁 （立 ）m
芷 bmn···sXm圭如~--·Z閂

倡刀w,倡刁 西SK,図m~) 四
Substituting these inequalities into (7) we obtain:

(t.Yn~)•• · · ·(t.z,~) w,) k,
(t.Ynt)•, · · ·(t.z,~) w,) 柘

=Kt'為2匡勺 .,.,+k乜2位弓 ....+.,.,

=K~'K;'(ti x=~)• (釒Yna)'·(釒z,tr

La益n·••Sb益n···sXmYn···Zs
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If We Set bmn···S = fa(m)g。(n)···h1(s),u1 = ..£..,v1 =
色

= .X, u = 佘，V =＝．．．＝叨 = c, k1= V21, U2

Proof of Theorem 3.

立=1 土...£... •• , , W1 = ...£... S.t.p ,
一2

p
·一rC'...

q2 , ... ,w =..£.._Smeeqr

，2wk

呤

四

2十
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v

w｛
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l = Al+ k2
qi E1
l = Al + k2
q2 E1

we have

_l_ = ,\-1.. + k2.qr p
一T

Lr _L_A
So that k2 = ,=1 q, > 0 and

r 一

i=l,2, ... ,r.

；丑 (i-蠶 \-;;一 A)

＝六（；启 十A),
The conditions of Lemma 3 are fulfield, since we have:

k2 2'.: 0 and 柘十佖 =,\ + =
立=1 -t - ,\ 立~1 i + ,\(r - 1)

r r

＞立=1 * + 1:;=l t, r= - = 1.
，可T

-1
Now to check p_i > 1, where 芒i = TA 仔 －江 =l 志 十 .x) ,i=l,2, ... ,r.

r

＝芷
1 r
—- - + >.(r - 1)

j=l Qj qi

We observe (i严- 1q;
I:r -
j=l qj + ,\ > 0

（；丐 ；十A)and 但）TA-

r

弓：1 r r 1

j=l Qj Qi
— --+L,

j=l
Qj

=r 一；= r (1-訌 >0 i = 1, 2, ... , r.

It 缸lows from (i) and (可 ，that p. > 1,i = 1,2, ... ,r. Now we have
-i

匡勺 启芝 a=n·.,X=Yn ... z. s K鬥 日図］「
亡\J

与
sz

8
~
rrr(

倡鬥m図］=K,図 二）m
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where陷 =K(钅~,...,~) -
Futhermore, Since a + c 2:: 1, /3 十 c 2:: 1, ... ,'Y + c 2:: 1, we have (see [1], p29)

芝 f0(m)护 (n) ...护 (s)XmYn···Zs

＝芷 f°'(m)护 (n) 妒(s) (Xm吖 （如吖 (z)r

:::;(芷 f°'(m) (x=吖）(I:护 (n) (正 ）C)'''(I: h'Y(s) 仡吖）
:::; (Lf(m)丫（芝 Xm吖 (I:砌 ）丫 (LYn吖 （芷 h{s)丫（芷己）C

=K2 (!x立了 (t.Yn令「 （釒z,;:,r'

where陷= (I: /(m))cx(I: g(n))f3···(I:庫 ））"f.

It follows from Lemma 3, that

芝吐n···s(f°'{m)护 (n) ...妒(s))k2XmYn···Zs

~K'(~,~, ... ,方) (t J(mr•, (t,g(n)f'(t.h(s))西
(t. Xm~t (t,Yn竺t···(釒z,芽）＃

where l = l r
色
－ 手 q; - 江=l 奇 十 >.) , i = 1, 2, ... , r, 佖＝（江 =l 嘉 一 >.)/r.

This completes the proof of Theorem 3.

Theorem 4. Let c E (0, 1}, a~0, /3~0, ... ,, > 0 such that a+ c =
．一一

l,/3+c=
1, ... ,, 十 c = 1 and w(x), r(y), l(). . . z are nonnegative integrable functions.

Let k(x, y, ... , z)~0 and suppose that for every Pi > l,p2 > 1, ... , Pr > 1 s.t.
江=Ipi1 = 1 and f(x) > 0, g(y) > 0, .. h()＿ ＿ ． ， z > 0 the following inequality 1s valid

·一·

丨J· · ·J k(x, y, ... , z)f(x)g(y)· · ·h(z)dxdy···dz

PI P2 . Pr 六 !1 古
:SK(了＇了. . ·c)(/1琹 (x)dx) (! g, (y)dy)· · ·(! h'f(z)dz) 古
If qi> 1,i = 1,2, ... ,r and O < >. < 1,1 十~ > L;=1 亡 > 1,i = 1,2, ... ,r.,
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(r - l)A =江=1 奇 ，then

J !···! 松 (x, y, ... , z)(wc.(x)rf3(y)· · ·zr(z))1打(x)g(y)· · ·h(z)dxdy···dz
'...

<K>. 祏 P2 瓦
＿ （一 ，一 ，．．．，一

C
）

C C

(J w(x)dx) o(H) (/ r(y)dyrl->)· · ·(/ l(z)dz) o(H)

（丨f芽位）dx) 六 (Jg竺 (y)dy) 右 (J h'f (z)dz) ;';=,

where 瓦= A(A -1 + 与一1,i = 1,2, ... ,r.q;

Proof. We need the following

Lemma 4. Let k(x,y, ... ,z)~0, m(x,y, ... ,z)~O, u1 > O, v1 > O, ... ,w1 >
O, u2 > 0, v2 > 0, ... , w2 > 0 and suppose that for every nonnegative f(x), g(y), ... ,
h(z) the following inequalities are valid

f J ... f k(x, y, ... , z)f(x)g(y)· · ·h(z)dxdy···dz~K1

(! f(x)寺 dx) u, (/ g(y)古dyr (! h(z)古"dzf'(8)

ff ... f m(x, y, ... , z)f(x)g(y)· · ·h(z)dxdy···dz~K2

(! f(x).', dxr (/ g(y)古dyr • (! h(z)古 dzf'(9)

Futher, let 柘 > 0, 佖 > 0, k1 十佖 = 1, U = k1 U1 + k2U2, V = k1 V1 + k2互 . . . ,w =
k1w1 + k2w2. Then

J !···丨的(x,y, ... ,z)m柘 (x, y, ... , z)f(x)g(y)· · ·h(z)dxdy···dz'.S崆昀

(! f (X)~th;r (! g(y) t dyf· ·(! h(Z) 古 dzf
Proof of Lemma 4. By Holder inequality, since 柘十佖 = 1, it follwos

J !···丨佔(x,y, ... ,z)正 (x, y, ... , z)f(x)g(y)· · ·h(z)dxdy···dz

= J J ... J (kf~g~... h屯·)k1 (mf~g~-··h~)k2 dxdy···dz
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k1~(!!···! k(x,y, ... ,z)户g~ · · ·h~dxdy···dz)

k2(!J· · ·J m(x,y; ... ,z)户g~ · · ·h~dxdy···dz) (10)

As consequences of (8) and (9), we have

j j·.. j k(x, y, ... , z)查 (x)g~(y)· · ·h~(z)dxdy···dz

~K1 (丨f(x)idx) ui (丨g(y) 切 dy) vi .. ·(! h(z)~dz) wi
丨J·.. J m(x,y, ... ,z)查 (x)g~(y)·.. h芒 (z)dxdy···dz

~K2 (! f(x)idx) u2 (! g(y)tdy) v2 ... (! h(z) 古 dz) w2
Substituting these inequalities into (10), we obtain

I 丨 ．．．！ 的 (x, y, . .'., z)mk2 (x, y, ... , z)f (x)g(y)· · ·h(z)dxdy···dz

~(K, (丨f(x)~dxr (J g(y)~dyr . (J h(z) 古 d,rr
(K2 (/ f(x)~dx) u, (/ g(y)Ody) "'· · ·(/ h(z) 古dzf') 柘

=Kt'崆 (/ 戶(x)dx) k,u,+k,u, (/ 莊(y)dy)•,•,+k西

（／启 (z)dz)
析 w1 十柘 w2

=Kt1 K;2 (! f(x)tdx) u (! g(y)~dy) v ... (! h(z)tdz) w
Proof of Theorem 4. If we set m(x, y, ... , z) = w0(x)rf3(y) ... P(z), u1 =

言 叨＝砉, ·. . ,WI =~S.t. 严 J.. = 1,u2 = 匹= .·. = W2 = C,柘= A,U = ...£.. V =...£.. • Pr i=l P; q1'
q2, ... , w = .£... Smeeqr

，2

3

四

泗k十

枋

佖

+
+

1w1

Ul

Vl

kl
kl

k

-l
-l

=

u

v

..

W（
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we have

佖

枋

十

十

1h
Pl
1一＿
m

丶^
丶^

＝
＝
1-
qi
1-
g

J_ = ,.\J- + k2qr p,.

So that 佖= 1 - A and 士= t (A - 1 + i), i = 1, 2, ... , r

The conditions of Lemma 4 are fulfield, since we have 佖 > O,k1 十佖 =1

Now to check 瓦 > 1,i = 1,2, ... ,r where 瓦= ,\ ( ,\ - 1 + 志）-1. We observe

1 I:;=1 令 1(i} .X - 1 十一 = -1+ 一
Qi r - 1 Qi

江=l -/:, - (r - 1) + !.=1
一 －

q;

r-1
T 一 LT 1... 一 r+l+!.=1

·一一·
j=l qj q;

r-1
l + 1f.1 - I:;=1 t= >0r-1

.X- (.X - 1 + _!_) = 1 - _!_ > 0.
Qi Qi

and (ii)

It follows from (i) and (ii), that 瓦> 1,i=l,2, ... ,r.

Now we have:

Jj· · ·J k(x, y, ... , z)f(x)g(y)· · ·h(z)dxdy···dz

<::K(互］巴，~) (/ j't(x)dx) 古 u/~'(y)dy)吉(! h'f(z)dz) 亡

=K1 (! f(x)古 dx) u1 (/ g(y)古dy) vi (! h(z)古dz) w1

－ －where陷 =K(~, 序，" . , ~ )
Futhermore, Since a+c = 1, f3+c = 1, ... , 1+c = 1, it follwos from Holder inequality
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that:

丨! ···! 忙 (x严(y)· · ·P(z)f(x)g(y)· · ·h(z)dxdy···dz

< (! w0(x) (户(x))cdx) (Jrf3(y)(妒 (y)r dy)· · ·(! P(z) (启(z)r dz)

< (! w(x)dx丫u户 (x)dxr (/ r(y)dfu於 (y)dy)'

(! l(z)dz)'Y (!启 (z)dz) c

= K2 (! J(x)~dx) u2 (! g(y)古dy) v2· · ·(! h(z)古dz)四 ，

）
、̂

Z

1(T

d·

丶＼
丿

·

Z

y

d
、̀,＇z

dx

f
\

d

l

司

丨（

,
\h．

．

．

．

.

.

丶`·,＇

)
、^

y（9

1

c-
qr

、,＇'

,'`

x

B

、
丿

（
、
丿
z

f

y

d

A

d

丶
l

」

的

位

·

n

H

止
c

z

h

r·

丨

)

（

J

r

zM

l

(

z

~
)

(．

,
'
\

.

A

l

`̀
_,

．

1

.

,
＼

f

y
。

,
\

,'̀

.

B

e一
g、`
丿

.

r

丶`
丿

y

.

、'
x

d

B

x

d
丶·
丿

、.,＇

,
l̀

y
at

a

x

釘

迢
h

w

(

（竺

(

w

、̀·,

t4

沼

r
l
J

g

伍
3
Tja
~

(
j

．
、
丿

（

(
m

，y

-
Pr＿
C

肴

\＇
m

。x
e

．
丶
丿

d

L

5

.

,
＼

、
l'x

m

A

.

x

k

'

'·
\

o

d

w

、
lx(

Jfr
J
邑
c

',`
s

.

'

=

Ow

~

一
Pl_
c

扞丨

211

1

(
、̂

t

f
lJ

K

f
_
\

K

fo

re

I

e

VI

hw

where瓦＝叩 -1 十 1..)-1, i = 1,2, ... ,r.q;
This completes the proof of Theorem 4.
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