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A NOTE ON CLASSICAL HILBERT INEQUALITY

GOU-SHENG YANG, SHYH-LIANG GAU

Abstract. In this note we establish some new generalizations of the classical in-
equality of Hilbert with non-conjugate parameters.

1. Introduction

LetxmZO,xmio,yRZO,yn¢0,p>1,q>1,%—{-}%:1,
The inequality:

Q=

1 ..
=1

A
»’

Z Z Ti"f’; < mcsc (%) (mZ:l xmf’) (;‘ynp') (1)

m=1n=1

is well-known generalization of the classical inequality of Hilbert, where the constant
mesc(%) is best possible. (see for instance Th.315 from [2]).

The case when instead of p,p’ we have non-conjugate parameters p, g was also con-
sider in [2].

If -
p>1’ q>1a _+—le
P q
such that L1 . "
0</\:2——"'—=—’+——,S1,
q p q
then

=
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where

A A
K(p,q, )= (7r csc x}) = (7r csc E—) [seel, 4, 5].

In [3] Mitrinovi¢ and Petari¢ proved that, if

then

= (s (5 (31 +9)

| which follows from (1) and the following

the follwoing inequality is valid

Theorem A. Let amn > 0 and suppose that for everyp > 1 and x,, > 0,y > 0

co oo ) ;17 o ,71'
Z Z AmnITmYn < K(P) (Z mzm) (Z y'r’;‘)
m=1

m=1n=1 n=1
here p/ jugate i.e. 4+ - =
where p',p are conjugate t.e. -+ = =1.

p P

Ep>1Lgs1l ¥+ >1land A>0,1 a2 >A2§ + 1., then

co o0

£ e (461 )(E<) ()

m=1 n=1
The following theorems are stated without proof in [3].

Theorem B. Let k(z,y) > 0 and suppose that for every p > 1 and f(z) >
0,9(y) > 0 the following inequality is valid

[ [Hans@ewisy < ko) ( [ PIRYAY

+ \_./
/\
<e
p—
=
]
S
R

Ifp>1, ¢>1, +2>landA>0, A=

1
P P’

Theorem C. Let amn...s > 0 and suppose that for every p1 > 1, po > 1,--+,
pr>1st 3 pit=1and z,, >0, yo >0,..., z, >0 the following inequality is
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valid

1

o) 71 oo #
> Gmn..sTm¥n - - - 2s <K (p1, P2, - -, ) (Z :rm”‘) (Z yn”)
n=1

m=1
1

o Pr
“ e E zsp"' ;
s=1

g >1,4=12...,rand A >0, (r —1)A > Y7, 1/g}, 35, 1/g; > A, i =
1.2, ¢ oo, Then

A e
Za‘j‘nn...sxmyn'“zSSK)‘ (BI,BT---,ET) (i xmql) 1 (Zynqz> 2

Where%zﬁ(L—zr —1—+/\),i:1,2,...,r.

P, q: j=1 g;

Theorem D. Let k(z,y,...,z) > 0 and suppose that for every p1 > 1, p2 >
1, pr>18t 30 _pi' =1 and f(z) >0, gy) >0,..., h(z) > 0 the following
inequality is valid

///k(.’r,y,,z)f(:c)g(y)h(z)dxdydng(pl,pg,,pr)
(i) (i)
Hg>1, t=142.. add<i<l, 3, 251, (r—l)/\zz;lqi:,then
///k"(:l:,y,,z)f(x)g(y)h(z)dxdyszKA(ﬁl,ﬁ%,ﬁr)

(/ i (x)dw) o (/ g‘”(y)dy> u (/ hq’(z)dz) = |

where 5; = (A =1+ )71, i=1,2,...,r7.
The aim of this note is to extended Theorem A and give proofs of Theorem B,
Theorem C and Theorem D in general forms.

2.Main results

Theorem 1. Let¢>0,s>0,t>0st s+c>1,t+c>1 and f(m) >
0,9(n) 20
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Let amn > 0 and suppose that for every p > 1 and zm > 0, y» > 0 the following

inequality is valid

<

K3

> 2o <K () (me) ” (iyL)’

m=1n=1

1fp>1,q>1,%+§21and)\>o,%+§>)\zl, &, then

[o <IN o]

3 S et oo <1 (5 (33 D))

m=1n=1

" sk2 /oo tkgoo,;—,ooifl-
(z f(m)) (ng)) (z;m) (Zyﬁ),

=

fum—
ot

where ko = %(% 4+ % —A)
Proof. We need the following

Lemma 1. (see [3]) Let amn >0, byn >0, u3 >0, v1 >0, ug >0, v2 >0 and
suppose that for every nonnegative T, y. the following inequalities are valid

) Ul / oo vi
Za nZm¥n < Ki (Zm "1) (Zyn%‘-) )
n=1

M 1M

n=1 m=1
0o LI 55 v2
" . L
Zb nTmYn S Kg (Z :I:m"'z) (Z yn"z) 4
m=1n=1 m=1 n=1

Futher, let k; > 0, k2 > 0, k1 + k2 > 1, u = kyuy + koug, v = kyv; + kava.
Then

u v
Z Zakl bkz  TmUn < K1k1K2k2 (i xm%) (i yn%)
m=1 n=1

m=1n=1

Proof of Theorem 1. If we set bnn = f5(m)gt(n),u; = p—cl-, vy = ﬁ, Uy = Vg =

Sy s 16 R
c,kl—)\,u—;,v—ﬁ.

Since
u = kiuy + kaus
v = kyv1 + kavo ’
we have
W
{ 11, = /\p{ + ko ‘
b= /\p—lr + ko
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So that k2=%(—15+§—,\) and p%:%(%_%_k)\).
The conditions of Lemma are fulfield, since we have:

ky>0and ki + ke =2+ 4+ 023G+ +5 ) =1

Now to check p; > 1 where py = 2)/2 + )\, we observe

1
q

N1l i fited —qodigded
(3);-‘.3""\21;—1[;'*‘,,:"”,,::11q+1qf 1q,>101 toe L .2
a,nd(zz)2/\—(;—3+A)=z\—;+327+—q—,—5+5=1 ;-i—;:—,
It follows from (4) and (i7) that p; > 1. Now we have
o oo P % ey pcl oo a ,,-cl"'
55 tmeena <k (2) (5552) 7 (S
m=1n=1 m=1 n=1

where K, = K(2).
Futhermore, Since s +¢ > 1, ¢t + ¢ > 1, we have (see (1], p29)

= N 1 uz &5 . v
fg) ()
m=1 : n=1

where Kz = (Joeey f(m))* (X, 9(n)*

It follows from Lemma 1 that

B ska o tko 55 ;—, &5 %
(Zf(m)) (Zg(n)) (ij) ( y;),

whrer k; = %(% + % — A). This completes the proof.
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Theorem 2. Let c€(0,1], s>0,t>0s.t s+c=1,t+c=1 and w(z),r(y)
are nonnegative integrable functions.

Let k(z,y) > 0 and suppose that for every p > 1 and f(z) > 0, g(y) > O the
following inequality is valid

[ [#epi@otats <& (2) ([ @) dz) (/s (y)dy)%.

pr>1,q>1,%+%21and/\>0,/\:pi i,,then

//kA(x y)(w®(z)r'(y))' > f(z)g(y)dzdy < K> (Aq ) (/w(x)dx> s(1-2)

(Jrom)"™" ([ ) ([ )’

Proof. First, we need the following:

Lemma 2. Let k(z,y) >0, m(z,y) >0, u1 >0, v; >0, up >0, v >0 and
suppose that for every nonnegative f(z),g(y) the following inequalities are valid

[ [ Hevi@ews < & ([ 0% )" ([awFa)” @
/ / m(z,y) f(z)g(y)dzdy < Ko ( / f(ﬂtr)ffd:v)u2 ( _/ g(y)“)'fdy) . (3)

Futher, let k; > 0,ky >0,k +ka=1, u=kjus + ks, v = kyv; + kovo. Then

| [ @ume @ f@ededy < K xS ( [ 1@ dm)u ( f g(y)%dy)”.

Proof of Lemma 2. By Holder inequality, since k; + ko = 1, it follows

| [+ @y e ) f@atwdady
= [ [ 1@,y ) 01 ) 0 gy
=//(k(x,y)f%(x)g%’1(y))kl (m(m,y)f":‘z(x)g%'z(y))kz dzdy

<(/ [Henr®@etw da:dy) ([ [mepre %‘(y)d:cdy)kz. @)
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As consequences of (2) and (3) we have

[ [ Hans¥ @ wiasdy < £ (/ flayd) B (/ sw)tan)
[ [tz @) w)dady < Ko (f f(x)%dx)uz (f o))

Substituting these inequalities into (4) we obtain:

v1

v2

f / k¥ (2, y)m?* (z,) £ (2)g(y)dzdy

(s ()" (fsra)")

e o) (fao) )
_KM Kk ( / f(x)%dm)kmmuz ( / g(y)*dy)
—Kh ke ( / f(z)%d:n)u ( / g(y)%dy)v

Proof of Theorem 2. If we set: m(z,y) = w*(z)r*(y),u1 = = U =
Wp=m=ch=Au= %,v:ﬁ, Since

kivi+kav2

U= ]C1U1 o kz’UQ
v = kv + kavs ;

we have

Sothatkg——-l—/\andpl=/\(11—)—k2>
-

:A(E_H,\)

p

1 1 1\
=X ——1+-‘7+-—,

p p q
:,\( B

87



88 GOU-SHENG YANG AND SHYH-LIANG GAU

Now we have:

‘//kuwvmmwmmng(%)(/f%@mh)ﬁ(/b%%w@>ﬁr
where K; = K(2).

I A Ao X
=K\ (/ f(z)™ dx) (/ g(y)* dy) ;
Since s+ ¢ = 1, t + ¢ = 1, it follows from Holder inequality that:

[ [w*@rt @@z

= [ [w@rw (s} (a:)) (o2 w))" dady
(et s) (fowo)s)
o] (o) (o0 )
=K, (/ f(x)%dz) - (/g(y)%dy)vz,

where K, = ([ w(z)dz)*([ r(y)dy)®.
Applying Lemma 2 to obtain

[ [P @rt ey e < &* (22 ( [ w(eyiz)

<

(Jrom)"™ ([ )’ (f )’

This completes the proof of Theorem 2.
The followings are the multidimensional generlization of Theorem 1 and Theorem 2.

s(1—X)

Note. In theorem C and D implicitly is given that p, 2 1. Hence, we can set,
instead of Y ._; 1/¢; > A, the condition A +r/g; > Y.;_;1/¢;i > A, = 1,2,...,7, in
Theorem C, and instead of } ._, 1/¢; > 1, the condition

1+

—1 >2T:1/qi>1
=1

q;
fori =1,2,...,r in the Theorem D.

Theorem 3. Let¢>0,a>0,8>0,...,v>0 such thata+c>1, B+c>1,
., Y+c>1 and f(m), g(n),..., h(s) are nonnegative.
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Let Gomm...s > 0 and suppose that for every p1 > 1,p2 > 1,...,p > 1 8.t P
=1and Z,, > 0,yn >0,...,2s > 0 the follwoing inequality is valid

Z(Lmn...sl‘m'yn ©rr2s
P1 P2 p - 13 o r2 & o~ P ;ﬂ;
1 4 )
_<_K(_-,—1”')_:) mec (ZZ%‘) Zzsc)
c C C
m=1 n=1 =1

g >1,4=12,...,rand A>0,(r—1)A 2 Yoo Vs ot £ 5 =1 l/a >
Xi=1,2,¢..,7; then

Za‘f‘nn---s(fa(m)gﬁ(n) . hv(s))kzmmyn “r5 g __<_ K)‘ (z_—)-cl—, %, e %)

s akz / o Bk2 & vka
(Z f(m)) (Z g(n)) (Z h(s))
m=1 n=1

s=1

o a [ o % [ a
Z a Z g2 Z 9z
xm c yn c za c
m=1 n=1 s=1

oo A BT | =
Wherez—-r)\(ql Ejzlqj+A),l—1,21~--,T,k2

Il
™
i
-

Q=
>
N
~~
-

Proof. We need the following :

Lemma 3. Let amnp...s > 0,bmn...s > 0,41 > 0,91 > 0,...,w1 > 0,u2 > 0,v2 >
0,...,ws >0 and suppose that for every nonnegative Tm,Yn,- - -2 the following
inequalities are valid

oo ul oo v1 0 wy
amn”.smmyn P zs S Kl ( xm w] ) ( yn vy ) .. ( ZS wy ) (5)
m=1 n=1
w2

o u2 oo v2 oo
men...sxmyn...zs S K2 (Z xm#;) (Zyn%) (Zst:}E) (6)
m=1 n=1 s=1

Futher, let k; > 0,k2 > 0,k; + ko > 1,u = kyu; + kaug,v = kivi + kave, ..., w =
k1w1 -+ kz’wz. Then

oo % oo i o0 w
2 ; k k k EZ 1 Z 1 Z ik
an:n...sb.,:rin...sxmyn"'zs S K11K22 ( wm"’) ( yn"> e ( zs"’) '
m=1 n=1

s=1

Proof of Lemma 3. Using a generalization of Holder inequality ( see [1], p29).
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Since k1 + kg > 1, it follows

§ : k k
aﬂ:n...sbnfn...sxmyn e Ty
Z oo w1\ k1 ug v wa | k2
— amn“_smm n ym vV e .zs w bmn”.sxm " yn A e -zs w
k1 w v w k2
S ( amn_”szm " ym V.. .zs w ) ( bmn_'_smm u yn Ve -zs w ) " (7)
As consequences of (5) and (6) we have:

Z s .. 8 s 8
amn___sxm ® ym V... zs w

0o uyl fove) V1 oo w1
Z Z z L
<K1 wmu yn17 zsw
m=1 n=1 s=1
bmn“ sxm " /y » ZS w
55 U2/ oo v2 o~ w2
Z 1 Z L
S K2 E :L'm n® yn v zs w
m=1 n=1 s=1

Substituting these inequalities into (7) we obtain:

E ky k2
a’mn.-.sbmn...smmyn . Zs

oo 1 / o v1 oo wiy\ k1
Z 1 Z 1 A
S Kl xmn ynu .. zsw\
m=1 n=1 s=1 /
& Uy 7 55 va a5 way k2
2: D 12 Z 1 » %
K2 xmu ynu . e zsw
m=1 n=1 s=1
- kiui+kauz o0 kyvi+kav2 - kiwi+kaws2
k k § : 1 j : 1 Z k]
..__‘Kll 22 xmu ynw ... zsw
m=1 n=1 s=1
oo o 0 v oo w
k k E : } : Z L.
:K11K22 xm" ynv ZaW
m=1 n=1 s=1

Proof of Theorem 3. If we set bpn...s = f*(m)gf(n)---h7(s),u1 = &,v1 =
-1
e = . L = . e VS = = g G =
B 1l = g - % S g = 1, ug = v = =wr=c h=XAuv=2>v=
£ — < 'S
W= o Since

u = kyuy + kousg
v = klvl + k2U2

w = k1w1 + ’Cg’lﬂz,
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we have

A e & 18
L=ii+k
Ao 21

= /\E1+k2
% .

1 a2l
LQ_—AB,+k2

5a that ks = —Z—-—i‘;-"———— >0 and

The conditions of Lemma 3 are fulfield, since we have:

£y 55— T+ Ar -1
k220&ndk1+k2=A+Z1’l‘h =z1"“1¢h ( )

>Z1'—1 q: + Zz" E%

T

31
Now to check p. > 1, where13_=r)\(1i—zJ ¥ iy +)\) T T o

We observe (i) - — 377, - +A>0

qu
r r
and (i)r ) — ——Z Z———+Ar—1)
q; qJ =1 q;
>y loryl
qJ g _71
1
:r—-—r—zr(l——)>0 1=1,2,...,r7
q; aq;

It follows from (z) and (i7), that p, > 1,4 =1,2,...,7. Now we have

B B[ u\h (S n\b
Zamn-nsxmyn“'zsSK(%’%"”’?)(mec) (Zy‘nc

m=1

{

2 3 VEs
(£%)
s=1
= K, (Z $m*) (Zyn;}_l) S (Z zs%) )
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whereKlzK(gl B ... gn).

c & e ) e

Futhermore, Sincea +¢>1,84+c¢>1,...,7+ ¢ > 1, we have (see [1], p29)

S £ (m)gP(n) - KY(8)Tmbn 2
=3 72(m)g®(n) -+ h7(s) (om )C(yn%)°---(zs%)c
< (T r2m) (3m?)) (X 90 (32
< (L 1) (Somt) (Tom)” (Sont) (zhm) D)

(Et) (B ()

where K = (3 f(m))* (2 g(n))P - -- (30 h(s))”

It follows from Lemma 3, that

S @ns (FHM)GP () -+ ()2 T - 24

_— aksz co Bk2 oo vk2
< (BB E) (Z f(m)) (Z g(n)) (Z h(s))
m= n=1 s=1

1
[

< < £
co q1 oo ch (e o] qar
a a2 ar
§ Tm ¢ __>- Yn © £ E Zs € )
m=1] n=1 s=1

whereé=ﬁ(%—21 1q +A),1=12,. 22(22___1;11?-/\)/1
This completes the proof of Theorem 3.

Theorem 4. Let ce (0,1, >0,8>0,...,7 >0 such thata+c=1,+c=
1,...,vy+c=1 and w(z),7(y),...,l(2) are nonnegative integrable functions.

Let k(z,y,...,2) > 0 and suppose that for every p; > 1,p2 > 1,...,p, > 1 s.t.
Z;=1 p;'=1and f(z) >0, g(y) >0,...,h(2) > 0 the following inequality is valid

//"'/’“(‘“’%---’z)f(m)g(y)---h(z)dmdy...dz
<2202 (f o) ([ o2om) ()

Bg > 1li=1,2...rand 0 <A< L1422 5 0 & > Li=12...,7,
i B |
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(r—1)A=37_; 5 then

f / - / B (2,9, 2) (W (@) () - () F(@)9(v) -~ h(z)dady - - dz

<K,\(1—7_1 P2 . I_i)
— c’cﬁ' 7c

( / w(z)daz) i ( / r(y)dy)ﬁ(l_M - ( / l(z)dz)v(l—’\)
(f 7% (2)is) p (/ 7% Wi o (/ b (2)ds "

where p; = MA -1+ )7 Li=12,...,1
Proof. We need the following

Lemma 4. Let k(z,y,...,2) >0, m(z,y,...,2) 20, vy >0, v1 > 0,...,w1 >
0,up > 0,99 > 0,...,we > 0 and suppose that for every nonnegative f(z),9(y),.--,
h(z) the following inequalities are valid

//---/k(z,y,...,z)f(x)g(y)---h(z)dxdy---dzSKl

( i f(x)-'ffdz)m ( / g(y)*dy)m ( / h(z)ﬁdz)m (8)

//---/m(m,y,...,z)f(:z:)g(y)---h(z)dzdy~--dzSK2

(/ seykas) (| owa) s (9).

Futher, let ky > 0, ko > 0, ki+k=1,u= kiuy + kous, v = kivy + kove,...,w =
kiwy + kaws. Then

i / o [ @ @, @) blaNdady e < KK

(ff(a:)%dx)u (/g(y)%dy)u'-- (/ Mbds)

Proof of Lemma 4. By Holder inequality, since k; + k2 = 1, it follwos
[ [+ [#@p.omb @y, f@e) - h(z)dady - -ds

=//.../(kf%g%}...h¥})kl (mf'—‘,.lg'—'.?...h%z)kz dedy - - dz
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(// /k(x Havroa b dzdy - - d)kl
(// /m(,—,; B 2R g -h%zdxdy...dz)kz.

As consequences of (8) and (9), we have

//---/k(x,y,...,z)flnl(x)g%(y)---h%(z)dxdy---dz

. </f($)'l‘d”>ul (/g(y)%dy)”l (/ h(z)%dz)m
[ [ [mes a2 en? 0 n sy i
=t (/f(x);d””) ] (/g(y)%dy)v2~-- (/h(z)ﬁdz)wz_

Substituting these inequalities into (10), we obtain

// /kkl(:‘ U, 2)mb(z,y, ..., 2)f(2)g(y) - - - h(z)dady - - - dz
S(Kl (/f(x)%dx) ( 9(y) ldy) ( z)wdz) l)kl

(Kz (/f(m)%dxyz( a(y) %dy) ( h(z ) z)kz
=KP K ( / f%(x)dx) B ( [ (y)dy) e

.- ( / h%(z)dz) B
—p it ([ 1) ([ owrtar) ([ rortas)”

(10)

Proof of Theorem 4. If we set m(z,y,..., z) = w*(z)rP(y) - 1(2),uy =

c o— —_— —_— — —
o0 W1 = 5= St 2115 =hius=mw=...=w=¢kh =\u=
= =. Since

u= k1u1 + k’g’u,g
v = k1v1 + kovo

w = kyw; + kaws,

.C_,vz
q1
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we have

'1—2)\%4-]62

q1

L=/\51—2+’i22

q2
f...xl
q_r_/\'ﬁ,.+k2
Sothat kp=1-Aand 2 =1 (A-1+1),i=12,.

The conditions of Lemma 4 are fulfield, since we have ks > 0,k; + k2 =1

Now to check p; > 1,2 =1,2,...,r where p;, = A(A -1+ 31:)“1. We observe

r1
1 e is 1
O T O = TR R
Qi Fooe=e qi
_E;:lq—{’-—-( 1)+7'1
- r—1
:T—Zglq——'r‘i'l"'rl
r—1
1+=L 37 L
- i e AT
r—1
- 1 1
and (i) /\—(/\—1+;)=1—;>0.

It follows from (i) and (i¢), that 5, > 1,i =1,2,...,r

Now we have:

/ / / k(z,y,...,2)f(2)g9(y) - - - h(2)dzdy - -

o (n.2) [ ([
—K; ( / f(:v)"ld:c) ( f o -udy> ( / h(z) wldz) .

where Ky = K(& % B

c’c’ ¥ ¢

-
II,,

-
I'n

(o)’

Futhermore, Since a+c =1,8+c=1,...,v+c = 1, it follwos from Holder inequality
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that:

[ [+ [o@re)-r@i@tw) - adsdy---dz
< ([o@) (7t@) a0) ([P0 (s2w) @) - ([ o) (1201)"2)
¢ (Jon) ([ () (foom)
( / l(z)dz) ( / h%(z)dz)c
= K, (/f(z)%dx)uz (/g(y)%dy)vz (fh(z)«—i;dz)wz,

where Ky = ([ w(z)dz)*(f r(y)dy)? --- ([ I(2)dz)".
It follows from Lemma 4 that

n|n-

[ [+ [Py @@ @) 1 @) - h)dady - dz

(BB E)( /wmdx)““*” (frww) ([ 10a)™
(/fi-}(ﬂc)dg,;)fr (/g ('y)dy) (/h (z)dz) =

wherep,—/\(z\—1+ =) 1i=12,.
This completes the proof of Theorem 4.
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