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FUZZY IMPLICATIVE IDEALS IN BCK-ALGEBRAS 

Y. B. JUN, S. M. HONG AND E. H. ROH 

Abstract. An implicative ideal of a ECK-algebra is defined by lseki [1]. In 1991, 
Xi (7] defined a fuzzy implicative ideal of a ECK-algebra. In this paper, we inves­ 
tigate the properties of fuzzy implicative ideals in ECK-algebras. 

The concept of fuzzy sets was introduced by Zadeh in [8]. Rosenfeld (6] applied it to 
the fundamental theory of groups. In [7], Xi applied the concept of fuzzy sets to BCK­ 
algebras, and he got some interesting results. The aim of this paper is to investigate the 
properties of fuzzy implicative ideals in ECK-algebras. 

Let us recall some definitions and results, which are necessary for development of 

the paper. 
An algebra (X; *, 0) of type (2,0) is called a BCK-algebra if it satisfies the following 

conditions: 
BCK-1 (x * y) * (x * z) ~ z * y, 
BCK-2 x * (x * y) ~ y, 
BCK-3 x ~ x, 
BCK-4 0:::; x, 
BCK-5 x :::; y and y :::; x imply x = y, 
BCK-6 x :=:; y if and only if x * y = 0, 

for all x, y, z E X. 
In any BCK-algebra X, the following properties hold: 

(1) (x * y) * z = (x * z) * y, 
(2) X * 0 = X, 
(3) X * y:::; X, 
(4) (X*Z)*(Y*Z):::; X*Y, 
( 5) x :::; y implies x * z :::; y * z and z * y :::; z * x. 
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A fuzzy setµ in a set Xis a function from X into [0,1]. For a fuzzy setµ in X and 
t E [O, 1], the set 

µt = { x E X : µ( X) 2:: t} 

is called a level subset of µ. 
In what follows, X would mean a BCK-algebra unless otherwise specified. 

Definition 1 ([1]). A nonempty subset I of X is said to be implicative if it 
satisfies 

(Pl) 0 E /, 
(P2) (x * y) * z E Jandy* z E J imply x * z E J for all x, y, z EX. 

Definition 2 ([7]). A fuzzy setµ in Xis called a fuzzy implicative ideal (briefly, 
a f.i. ideal) of X if 

(Fl) µ(0) 2:: µ(x) for all x EX, 
(F2) µ(x * z} 2:: min{µ((x * y) * z), µ(y * z)} for all x, y, z EX. 

Example 1. Let I be an implicative ideal of X and let µ be a fuzzy set in X 
defined by 

( x) = { 0 if x ff. I, 
µ t if XE/, 

where tis a fixed number in (0,1}. Thenµ is a f.i. ideal of X. In fact, it is clear that 
µ(O) 2:: µ(x) for all x EX. In order to prove thatµ satisfies (F2}, we will divide into the 
following cases: 

If (X*Y)*z EI and Y*Z EI, then X*Z E /. Thus µ(x*z) = µ((X*Y)*z) = µ(y*z) = t, 
and so 

µ(x * z) 2:: min{µ((x * y) * z), µ(y * z)}. 

If (x * y) * z ff. I and y * z ff. I, then µ((x * y) * z) = µ(y * z} = 0. Hence 

µ(x * z) 2:: min{µ((x * y) * z), µ(y * z)}. 

If exactly one of (x * y) * z and y * z belongs to I, then exactly one of µ((x * y) * z) 
and µ(y * z) is equal to 0. Thus 

µ(x * z) 2:: min{µ((x * y) * z}, µ(y * z)}. 

Consequentlyµ is a f.i. ideal of X. 

Theorem 1 ([7]). Letµ be a fuzzy set in X. Thenµ is a j.i. ideal of X if­ 
and only if µt is an implicative ideal of X for all t E [0.1], when µt # 0. 

Definition 3. Let µ be a f.i. ideal of X. The implicative ideals µt, t E [O, 1], are 
called level implicative ideals of X. 
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Note that if X is a finite BCK-algebra, then the number of implicative ideals of X 
is finite whereas the number of level implicative ideals of a j.i. ideal µ appears to be 
infinite. But, since every level implicative ideal is indeed an implicative ideal of X, not 
all these level implicative ideals are distinct. The next theorem characterizes this aspect. 

Theorem 2. Ifµ is a j.i. ideal of X, then two level implicative ideals µti 
and µt

2 
( with t1 < t2) ofµ are equal if and only if there is no x E X such that 

t1 ~ µ(x) < t2. 
Proof. Assume that µt

1 
= µt2 for t1 < t2 and that there exists x E X such that 

ti ~ µ(x) < t2. Then µt2 is a proper subset of µti, which is impossible. 

Conversely su1,;;>ose that there is no x E X such that t1 ~ µ(x) < t2. Note that 
t1 < t2 implies µt

2 
~ µt

1
- If x E µt1, then µ(x) 2': t1. Since µ(x) f. t2, it follows that 

µ( x) 2': t2, so that x E µt2• This shows that µt1 == µt2• This completes the proof. 

Remark 1. As a consequence of Theorem 2, the level implicative· ideals of a f.i. 
idealµ of a finite BCK-algebra X form a chain. But µ(O) 2': µ(x) for all x E X. Therefore 
µt

0
, where to = µ(O), is the smallest level implicative ideal but not always µt0 = {O} as 

shown in the following example, and hence we have the chain: 

where to > t1 > ... > tr. 

Notation. Im(µ) denotes the image set of µ. 

Example 2. Let I be a nonzero implicative ideal of X and letµ be the j.i. ideal 
of X as in Example 1. Then Im(µ) = {O, t}. Further, the two level implicative ideals of 
µ are µo = X and µt = I. Thus we have that µ(O) = t but µt = I =I- {O}. 

Theorem 3. Let µ be a j.i. ideal of X. If Im(µ) = {ti, t2, ... , tn}, where ti < 
t2 < ... < tn, then the family of implicative ideals µii (i = 1, 2, · · ·, n) constitutes 
all the level implicative ideals ofµ. 

Proof. Let t E (0, 1] and t </. Im(µ). If t < t1, then µt1 ~ µt. Since µt1 == X, 
therefore µt = X and µt = µt1. If ti < t < ti+l (1 ~ i ~ n - 1), then there is no x E X 
such that t ~ µ( x) < ti+i · It follows from Theorem 2 that µt = µti+ 1 • This shows that 
for any t E [O, 1], the level implicative ideal µt is in {µti : i = 1, 2, ... , n}. 

Lemma 1. Letµ be a j.i. ideal of a finite ECK-algebra X. Ifs and t belong 
to Im(µ) such that µ5 = µt, then s = t. 

Proof. Assume thats -:j:. t, says< t. Then there is x EX such that µ(x) = s < t, 
and so x E µ5 and x </. µt. Thus µ5 =I- µt, a contradiction. The proofis complete. 
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Theorem 4. Let µ and 11 be two j.i. ideals of a finite ECK-algebra X 
with identical family of level implicative ideals. If Im(µ) = {t1, t2, · · ·, tm} and 
Im(11) = { s1, s2, ... , sn}, where t1 > t2 > ... > tm and s1 > s2 > · · · > Sn, then 

(a) m = n; 
(b) µti= lls;,i = 1, ... ,m; 
(c) if x EX such that µ(x) = ti then 11(x) = Si, i = 1, ... , m. 

Proof. By means of Theorem 3, we know that the only level implicative ideals of 
µ and 11 are µti and lls;, respectively. Since µ and 11 have the identical family of level 
implicative ideals, it follows that m = n. Thus (a) holds. Using Theorem 3 again, we 
get that {µt1' ... l µtm} = { 11 s1' ... ' 11 Sn} l and by Theorem 2 we have 

Hence µt; = lls;, i = 1, · · ·, m and (b) holds. 
Let x E X be such that µ(x) = ti and let 11(x) = Sj. Noticing that x E lls;, that 

is, v(x) 2: Si, we obtain Sj 2: Si- Thus V5i ~ lls,. Since x E llsi and llsi =µti, therefore 
x E µti and so ti= µ(x) 2: tj. It follows that µt; ~ µti· By (b), llsi = µt; ~µti= llsi· 
Consequently lls; = llsi, and by Lemma 1 we conclude that Si = Sj· Thus v(x) =Si.The 
proof is complete. 

Theorem 5. Let µ and v be two f.i. ideals of a finite ECK-algebra X such 
that the families of level implicative ideals ofµ and 11 are identical. Then µ = 11 
if and only if Im(µ)= Im(v). 

Proof. ( ~) It is clear. 
( ¢::) Assume that Im(µ) = Im(v) = {ti, ... , tn} where ti > · · · > tn. Let X1, ... , Xn 

be distinct elements of X such that µ(xi) = ti(l $ i $ n). By Theorem 4(c), 11(xi) = 
ti ( 1 $ i $ n). Since for any x E X there exists some ti such that µ( x) = ti, therefore 
x E µt,· Hence v(x) 2: ti = µ(x). By the same argument, we obtain µ(x) 2: 11(x). 
Consequently µ(x) = v(x) for all x EX. This completes the proof. 

Theorem 6. Let X be a finite ECK-algebra and let µ be a fuzzy set in X 
with Im(µ) = {ta, t1, · · ·, tk} where ta > ti > ... > tk. If there exists a chain of 
implicative ideals of X: 

Io C Ji C · · · C h = X 
such that µ(ln) = tn, where In= In - In-1, I_1 = 0, n = 0, 1, ... l k, thenµ is a j.i. 
ideal of X. 

Proof. Since OE Io, we have µ(O) = to 2: µ(x) for all x EX. We divide into the 
following cases to prove that µ satisfies (F2): If ( x * y) * z ~ In and y * z E In, then 
x * z E In because In is an implicative ideal of X . Thus 
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µ(x * z) 2:: tn = min{µ((x * y) * z), µ(y * z)} 
If ( x * y) * z ¢ 1 n and y * z ¢ 1 n, then the following four cases arise: 

1. (x * y) * z EX - In and y * z EX - In, 
2. (X*Y)*zEin-1 andy*zEln-1, 
3. (x * y) * z EX - In and y * z E ln-1, 
4. (x*Y)*zEln-1 andy*zEX-ln. 

But, in either case, we know that 

µ(x * z) 2:: min{µ((x * y) * z), µ(y * z)}. 

If (x * y) * z E In and y * z ff. In, then either y * z E ln-1 or y * z EX - In· It follows 
that either x * z E In or x * z E X - In· Thus 

µ(x * z} 2:: tn = min{µ((x * y) * z), µ(y * z) }. 

If (x * y) * z ¢ 1 n and y * z EI n, then by similar process we have 

Summarizing the above results, we obtain 

µ(x * z) 2:: min{µ((x * y) * z), µ(y * z)}. 

for all x, y, z E X. Consequentlyµ satisfies the condition (F2). This complietes the proof. 

Theorem 7. Let µ be a f.i. ideal of a finite BCK-algegra X. If Im(µ) = 
{to, t1, ... , tk} where to > t1 > · · · > tk, then 
(a) In= µtn (n = 0, 1, , k) is an implicative ideal of X, 
(b) µ(In)= tn(n = 0, 1, , k) where In= In - In-1 and J_1 = 0, 

Proof. (a) is by Theorem 3. 
(b} Obviously µ(lo}= t0. Since µ(Ji)= {to, ti}, for x E 11 we have µ(x) = t1. Hence 

µ(!1) = t1. Repeating the above argument, we have µ(ln} = tn(n = 0, 1, ... , k). This 
completes the proof. 
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