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FUZZY IMPLICATIVE IDEALS IN BCK-ALGEBRAS

Y. B. JUN, S. M. HONG AND E. H. ROH

Abstract. An implicative ideal of a BCK-algebra is defined by Iséki [1]. In 1991,
Xi [7] defined a fuzzy implicative ideal of a BCK-algebra. In this paper, we inves-
tigate the properties of fuzzy implicative ideals in BCK-algebras.

The concept of fuzzy sets was introduced by Zadeh in (8]. Rosenfeld [6] applied it to
the fundamental theory of groups. In [7], Xi applied the concept of fuzzy sets to BCK-
algebras, and he got some interesting results. The aim of this paper is to investigate the
properties of fuzzy implicative ideals in BCK-algebras.

Let us recall some definitions and results, which are necessary for development of
the paper.

An algebra (X;*,0) of type (2,0) is called a BCK-algebra if it satisfies the following
conditions:

BCK-1 (z*y) *(z*2) S z2*Y,

BCK-2z*(z*y) <Y,

BCK-3z L =,

BCK-40<z,

BCK-5 z <y and y < « imply z =,

BCK-6 z <y if and only if z*xy = 0,
for all z,y,2 € X.

In any BCK-algebra X, the following properties hold:

(1) (zxy)*xz=(z*2)*Y,

(2) z%0==z,

(B)zxy <z,

(@) (@ 2)* (y*2) S T*Y,

(5) £ < y implies T * 2z S Y * 2 and zxy < zxT.
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A fuzzy set p in a set X is a function from X into [0,1]. For a fuzzy set p in X and
t € [0,1], the set
pe={z € X : plz) > t}

is called a level subset of p.
In what follows, X would mean a BCK-algebra unless otherwise specified.

Definition 1 ([1]). A nonempty subset I of X is said to be implicative if it
satisfies

(P1)0€ I,

(P2) (z*y)*2€Iand y*z€ I imply zxz € [ forall z,y,z € X.

Definition 2 ([7]). A fuzzy set p in X is called a fuzzy implicative ideal (briefly,
a f.i.ideal) of X if

(F1) u(0) > u(z) for all z € X,

(F2) u(z * 2) > min{u((z *y) * 2),u(y * 2)} for all z,y,2 € X.

Example 1. Let I be an implicative ideal of X and let 1 be a fuzzy set in X

defined by
_ [0 ifzégl,
“(m)_{t if 2 €1,

where ¢ is a fixed number in (0,1). Then p is a f.i. ideal of X. In fact, it is clear that
©(0) > u(z) for all z € X. In order to prove that u satisfies (F2), we will divide into the
following cases:

If (z#y)*z € I and y*z € I, then zxz € I. Thus p(z*z) = p((z*ry)*2) = p(y*z) =,
and so

p(z * 2) > min{u((z * y) * 2), u(y * 2)}.
If (x*xy)*2z¢ I and y*z¢I,then p((z *y) * z) = p(y * z) = 0. Hence

pu(z * z) > min{p((z * y) * 2), p(y * 2)}.

If exactly one of (z *y) * z and y * z belongs to I, then exactly one of u((z * y) * 2)
and u(y * z) is equal to 0. Thus

w(z * 2) > min{u((z * y) * 2), 1y * 2)}.
Consequently u is a f.i. ideal of X.

Theorem 1 ([7]). Let p be a fuzzy set in X. Then p is a f.i. tdeal of X if
and only if u; is an implicative ideal of X for allt € [0.1], when u; # 2.

Definition 3. Let u be a f.i. ideal of X. The implicative ideals u., t € [0,1], are
called level implicative ideals of X.
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Note that if X is a finite BCK-algebra, then the number of implicative ideals of X
is finite whereas the number of level implicative ideals of a f.i. ideal u appears to be
infinite. But, since every level implicative ideal is indeed an implicative ideal of X, not
all these level implicative ideals are distinct. The next theorem characterizes this aspect.

Theorem 2. If p is a fi. ideal of X, then two level implicative ideals pt,
and p, (with t; < t2) of p are equal if and only if there is no z € X such that
t1 < }L(:L‘) < ts.

Proof. Assume that p;, = s, for t; < t and that there exists z € X such that
t; < u(z) < t2. Then pq, is a proper subset of pt,, which is impossible.

Conversely suppose that there is no z € X such that ¢; < pu(z) < to. Note that
t, < to implies ps, C pe,. If € py,, then p(z) > ty. Since u(z) £ tg, it follows that
p(z) > ta, so that z € pg,. This shows that pz, = pus,. This completes the proof.

- Remark 1. As a consequence of Theorem 2, the level implicative ideals of a f.i.
ideal u of a finite BCK-algebra X form a chain. But 1(0) > u(z) for all z € X. Therefore
[it,, Where to = p(0), is the smallest level implicative ideal but not always p, = {0} as
shown in the following example, and hence we have the chain:

Mo C pigy C oo+ Cpe, =X

where tg > t1 > ... > t,.
Notation. I'm(u) denotes the image set of p.

Example 2. Let I be a nonzero implicative ideal of X and let be the f.i. ideal
of X as in Example 1. Then Im(u) = {0,t}. Further, the two level implicative ideals of
p are po = X and p; = I. Thus we have that p(0) = ¢ but p; = Is# {0}

Theorem 3. Let p be a fi. ideal of X. If Im(p) = {t1,t2,...,tn}, where t; <
iy < ... < tn, then the family of implicative ideals pi; (i =1,2,---,n) constitutes
all the level implicative ideals of p.

Proof. Let t € [0,1] and ¢t & Im(p). If t < ¢4, then ps; C pr. Since ps, = X,
therefore ps = X and g = pg,- i <t <tiyg 1 <i<n-— 1), then thereisnoz € X
such that ¢ < p(z) < tisy1. It follows from Theorem 2 that p: = pe,,,. This shows that
for any t € [0, 1], the level implicative ideal p; is in {pt, 14 =1,2,... ,n}

Lemma 1. Let p be a f.i. ideal of a finite BCK—algebr:d X. If s and t belong
to Im(u) such that ps = pe, then s =1t.

Proof. Assume that s # t, say s.< t. Then thereis z € X such that p(z) = s <t,
and so z € ps and = & p;. Thus ps # pe, a contradiction. The proof is complete.
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Theorem 4. Let u and v be two f.i. ideals of a finite BCK-algebra X
with identical family of level implicative ideals. If Im(p) = {ti,t2, - tm} and
Im(v) = {81,82,..-,5n}, where t > t2 > ... > t.. and sy > s3> -+ > Sn, then

(a) m =n;

(b) pt; = Vsini = 1,...,m;

(c) if z € X such that p(z) =t then v(z) = s;,i=1,...,m.

Proof. By means of Theorem 3, we know that the only level implicative ideals of
p and v are pg; and Vs, respectively. Since p and v have the identical family of level
implicative ideals, it follows that m = n. Thus (a) holds. Using Theorem 3 again, we
get that {fey, ..t} = {Vs1r- - Vs, }, and by Theorem 2 we have

ps, C e, C - C iy, =X and vy CUsy Co-Cus, =X

Hence ps, = Vs;, i = 1,-+-,m and (b) holds.

Let = € X be such that p(z) = t; and let v(z) = s;. Noticing that z € vs,, that
is, v(z) > si, we obtain s; > s;. Thus vs; C vs;. Since T € Vs; and vs; = ti;, therefore
z € pg; and 80 ¢ = p(z) > t;. It follows that pe, C pe;- By (b), vs; = ps; € pe; = Vs;-
Consequently v,, = vs;, and by Lemma 1 we conclude that s; = s;. Thus v(z) = s;. The
proof is complete.

Theorem 5. Let p and v be two f.i. ideals of a finite BCK-algebra X such
that the families of level implicative ideals of n and v are identical. Then p=v
if and only if Im(p) = Im(v).

Proof. (=) It is clear.

(<) Assume that Im(u) = T} == flisevey bn} Whet€ ly > - > e Tiob 0 v i
be distinct elements of X such that pu(z;) = t;(1 < i < n). By Theorem 4(c), v(z;) =
¢; (1 <14 < n). Since for any z € X there exists some t. such that pu(z) = t;, therefore
T € ps,. Hence v(z) > t; = p(z). By the same argument, we obtain u(z) > v(z).
Consequently p(z) = v(z) for all z € X. This completes the proof.

Theorem 6. Let X be a finite BCK-algebra and let p be a fuzzy set in X
with Im(u) = {to,t1, -, tx} where t, > 01 > ... > tr. If there exists a chain of
implicative ideals of X:

hchc-—-Cch=X

such that p(T,) = tn, where In=In—In1, [1 =2,n=0,1,...,k, then p is a f.i.
ideal of X.

Proof. Since 0 € Iy, we have u(0) = to > pu(z) for all z € X. We divide into the
following cases to prove that p satisfies (F2): If (z * y)xz €I, and y*z € I1,,, then
¢ % 2 € I, because I,, is an implicative ideal of X . Thus
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u(z * 2) > tn = min{p((z *y) * 2), u(y * 2)}

If (z % y) % 2 ¢ I, and y * z & I, then the following four cases arise:
1. (z*xy)*x2€ X -1, andyxz € X — I,
2. (zxy)*x2 € In1 and y*z € I,
3. (zxy)xze€e X -1, and y* 2z € I,,—1,
4. (zxy)*2€Ip1and y*xz€ X — I.
But, in either case, we know that

p(z * z) > min{p((z *y) * 2), u(y * 2)}-

If (x*y)*z €I, and y*z ¢ I, then either y x z € In—1 ory*z € X — I,. It follows
that either rx 2 € Ioorz*2 € X — I. Thus

p(z * 2) > tn, = min{u((z * y) * 2), w(y * 2)}-

If (z*xy)*2z ¢ T, and y * z € I,,, then by similar process we have

p(z * 2) > min{pu((z *y) * 2), p(y * 2)}-

Summarizing the above results, we obtain

w(z * z) > min{p((z *y) * 2), u(y * 2)}-

for all z,y, z € X. Consequently p satisfies the condition (F2). This complietes the proof.

Theorem 7. Let p be a f.i. ideal of a finite BCK-algegra X. If Im(u) =
{tostrs- -1 ti} Wherets > > -+ > tr, then
(a) In =, (n=0,1,...,k) is an implicative ideal of X,
() p(I.) =ta(n=0,1,...,k) where I,=I,-I,_1 and I, =@,

Proof. (a) is by Theorem 3.

(b) Obviously (o) = to. Since u(l1) = {to,t1}, forz € T, we have p(z) = t;. Hence
u(I;) = t1. Repeating the above argument, we have g(I.) = taln = 0,140+, k). This
completes the proof.
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