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ON THE EPSTEIN ZETA FUNCTION

ZHANG NAN-YUE AND KENNETH S. WILLIAMS

Abstract. The Epstein zeta function Z(s) is defined for Re s > 1 by

o0

1
Z(a) b Z (am2 + b‘rnﬁ + mg)’ ’

(m,n)#(0,0)

where a, b, ¢ are real numbers with a > 0 and b% — dac < 0. Z(s) can be continued
analytically to the whole complex plane except for a simple pole at s = 1. Simple
proofs of the functional equation and of the Kronecker “Grenz-formel” for Z (3) are
given. The value of Z(k)(k = 2,3,...) is determined in terms of infinite series of

the form
(=]

cot™ nwT
Z—"’rm—(‘l‘ = 1,2,...,’0),

n=1

where 7 = (b + v/b% — 4ac)/2a.

1. Introduction
Let a,b and c be real numbers with a > 0 and D = 4ac — b2 > 0, so that
Q(u,v) = au?® + buv + cv? (1.1)

is a positive-definite binary quadratic form of discriminant -D.
The Epstein zeta function Z(s) is defined by the double series

- 1
Z(8) = _— 1.2
( ) m,nzzj-oo Q(m’n)s ( )
(m,n)#(0,0)
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where s = 0 + it and o,t are real numbers with ¢ > 1.
Since Q(u,v) > A(u? + v?) with

L
A= (a+c— (a—c)2+b2) >0,
for all real numbers u and v, the series (1.2) converges absolutely for o > 1 and uniformly
in every half plane ¢ > 1 + €(e > 0). Thus Z(s) is an analytic function of s for ¢ > 1.
Furthermore, the function Z(s) can be continued analytically to the whole complex plane
except for a simple pole at s = 1 and satisfies the functional equation

(\;_f) T(s)Z(s) = (2_‘/?) I'(1-s)Z(1 - s). (1.3)

The purpose of this paper is three-fold. First, in §2, by making use of the Poisson
summation formula and an integral representation of the Bessel function, we give a proof
of the functional equation (1.3), which in the authors’ view is simpler than those given
in [1], [4], [7]. Secondly, in §3, we deduce, in a very simple manner from the results of
§2, the values of A_; and Ay in the Laurent expansion

Z(s) P

+AQ+A1(S—1)+"',

valid in a neighbourhood of s = 1 (the so-called Kronecker “Grenz-formel”). Again we
believe our proof to be more direct than those in [3], [4] and [5]. Finally , in §4, we
determine the value of Z(k) for any positive integer k > 2 in terms of series of the type
S oory 22T where 7 = (b+4vD)/2a and r = 1,...,k. The reader should compare

n=1l n

our result with that of Smart [6].

2. The Functional Equation of Z(s).

Setting
b D v D
r=—, =£, T=z+ =b+z\/_-’ (21)
2a 2a 2a
we have 5
T+?=2$=9, TF=b+D=E9
a 4qa2 a
so that
Q(m,n) = am? + bmn + cn? = a(m + nr)(m + n7) = alm + nr|? (2.2)
and
d 1
Z(s) = _— ;
(s) Z a’|m + nr|2s’ e

mn=—oco

(m,n)#(0,0)
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Separating the term with n = 0, we obtain

2
(s) a® mz::l m25 as nz_; m_z_: |m + nr|2e nT|25 7 55

In order to evaluate the second term in (2.3), we apply the Poisson summation formula
[8, p-17]

Z f(m) = Z / f(u) cos 2mnudu (2.4)

m=—0oQ m=—0o0

to the function f(t) = ]H_—ITP— and obtain

o0
Z 1 _ Z / coSs 2m1ru du
|m + 7|28 i |u + 7|28

m=—00 m=—oQ
_ Z / cos 2mmu Z / cos 2mm(t — x) 3
e AP+ yz} o (82 +y2)°
= 2mmt
= Z cos 2m7m:/ C(;S—m:-sdt,
s —oo (82 +9?)

since the integrals involving the sine function vanish, that is

oo

1
2 e

m=—0co

2 . 1 . * cos2mmyt
= dt + cos 2m / ——=dt, >1 125
y2s——1 A (1 s t2)s y2s—1 mZ=:1 Us / (1 T tz)s ag ( )

Next, we evaluate the two integrals appearing in (2.5). Making the substitution
2
U= —+?§, we have

1 2tdt
=1-u, du=-——0 =2u'/2(1-u)%2dt,
J 4-4* :

(1+2)2
4t I yesB 1 i
A (1—+t2'5-s'=§‘/(; (I—U) 3/2u 1/2du=§B (3—5,5)
_T(s-Hr(}) _Ts-)vm
- 2T(s) o 2l(s)

From an integral representation of the Bessel function [2, p.140]

and

(2.6)

1 /2 t 1
K,(y)=— (;) I'(v+ _)/ (1 iojzyu+2 dt, y>0, Rev> 5 (2.7)
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we have
* cos 2mmytdt  /m(mmy)*—}
(i) (1 + tﬁ)a - P(S)

Puiting (2.6) and (2.8) into (2.5), we obtain

1
K,_%(2m7ry), o> 3 (2.8)

. -1 =
=1.“.!§:s—1“1"‘)(;/)E yzi\lfl"i(s) Z(mwy)“‘* cos(2maz)K,_y(2mmy), o> 1,
m=1

so that forn > 1

i 1
e, (TFk T |8 (2.9)
(s —3)vm o .
:n2s—1y23-11‘(s) + pe P y2a Ty s) Z(mmry %cos(2mmra:)Ks__%(2mn7ry).
Then, from (2.9) and (2.3), we have
(s — 1
Z(s) =2a™°((2s) + 2a"3y1'2‘—(%—(;))L;C(23 -1)
T . (2.10)
2
+ ir—y(sT——— Z h—%s Z(mn)s”z cos(2mnrz)K,_ 1 (2mnmy).
n=1
Collecting the terms with mn = k, we obtain
Tls— ¥
Z(s) =2a7°¢(2s) + 2a~*y'~ 25—(8—%#;((25 -1)
p— = I (2.10)
s 5—8 S
il T Z gnl‘zs k*~% cos(2knz)K,_; (2kmy),
F(S) k=1 \ n|k ’
that is
I(s=~ 1 2a=Syi—*xs
Z(s) = 2a7°((2s) + 2a—°y'~ 25—(—-T,-(——))—\/—_C(2s 1) + %—-H(s), (2.11)
where
H(s) = 4201 25 (k)k°~ ¥ cos(2kma) K, _ 3 (2kmy), (2.12)

k=1 "',
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and o, (k) denotes the sum of the v-th powers of the divisors of k, that is,

a(k)=) d" =) (g)v.

dlk dlk

The formula (2.11) provides the analytic continuation of Z(s). In fact, the first two
terms on the right-side of (2.11) have removable singularities at s = %——n =0,1.2::)
because at s = § the pole of ((2s) is cancelled by the pole of I'(s — 3) and at s =1 —n
(n = 1,2,...) the pole of I'(s — 7) is cancelled by the zero of {(2s — 1) ({(-2n) = 0,
n =1,2,...); besides, it is not difficult to prove that H(s) is an entire function [1]. Thus,
it follows the Z(s) has a continuation in the whole finite complex plane except for a
simple pole at s = 1.

Now, we write (2.11) in another form:

(E’f’_)s T'(s)Z(s) = 2 (y)sl“(s)((zs) +2y' S E T (s — %)C(zs —1)+2y* H(s). (2.13)

T
By the functional equation for the Riemann zeta function

¢(2s — 1) = 2(2m) 2~ sin(s — %)wr(z —25)¢(2 — 2s) -

and the basic properties of the gamma function

_T1-9l(G-s) _T(-s) m
r'2-2s) = \/7—1_22531 - V/m22s—1 ’ T'(s — %)sin(s - %)ﬂ‘
JAT(1— 3)

=223‘1I‘(s — 3)sin(s — I

we have i
T (s — 5)0(2s = 1) = 7*'T(1 — s)¢(2 - 29)

and

<

(%) D(s)2(s) =2 (%) T(s)¢(25) +2 ( )1_5 P(1-5)¢(2 - 25) + 29 H(s). (2.14)

™ ™

Recalling the following facts:
K_,(y) = K.(y)
(see [2, p.110]) and

“Eo (k) =kTEY d =kTEY (S)U = kgv—u(@%

d|k d|k
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we have from (2.12)
H(s)=H(1-s). (2.15)

If we put
#(s) = (2£) T(s)2(5) (2.16)

then from (2.14) and (2.15) we obtain
¢(s) = ¢(1 — s). (2.17)

Since ay = v/D/2 (from (2.1)), (2.17) can be rewritten in the following form

(‘/_1_7) T'(s)Z(s) = (—‘/—5) I'(1-8)Z(1~s), (2.18)

27 2

which is the functional equation of Z (s).

3. Determination of A_; and A,.

As Z(s) is an analytic function in the finite complex plane except for a simple pole
at s =1, Z(s) has a Laurent expansion

Z(s) = 3‘4_‘11 e iy ol e T s (3.1)

valid in a neighbourhood of s = 1. In this neighbourhood of s = 1, we have the following

expansions:
1

2s — .
¢(2s - 1) Gon Tt
where v denotes Euler’s constant,
TR o at [EE=BT o
B — T2 —_—— —_ %
o(s) " T(s) |l

=7 —27rlog2- (s —1)+---,

since (1) = —y and ¢() = —y — 210g 2;

—_8 —8 2 "
20 °yl™* = @[l—log(ayz}(s—l)-i---'];
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and

N(s - D)v7
I'(s)

=Z—Z[1 —log(ay®)(s — 1) +--][L — 2log2(s — 1) + - - ] [ﬁ +’y+--~]

2a—sy1—2s

¢(2s —1)

4 2 1
=T[1 —log(ay*)(s — 1) + -] [2(5—_1) + (v — log 2) -l-]

_ A 1 1
e —log2 - =1 .
= [2(3_ ot (7 0g2 — ; log(ay )) + ]
2r 1 27 D
=7 . £ 2y —log =) +--. 3.2
vD s-1 «/D(7 ga) (3:2)
From (3.2) and (2.11), we obtain
72 2T 1 27 D 1
= — ; = Jop= ~ly=irH(1 —-1)). (3.
Z(s) 3a+\/1_) 3_1+\/5(27 loga)+2a y 2rH(1)+O(]s - 1]). (3.3)

Next, we evaluate the fourth term on the right side of (3.3) which contains H(1).
We have

2a_1y_%7rH(1) =8a~ly " ix Z o1 (k)k% cos(27rka:)K_;_ (27ky)

k=1
11— * cos2mkyt
=82~y ) " o_1(k) cos(2mkz) Sz % (by (27)
k=1 0

8T — * coslt
=— ~1(k) cos(2mkz)e=2mky / dt = ’) :

\/1_7;_10 1(k) cos(2mkz)e (a.s | Tr e 2
If we set ¢ = e™" (so that || = e™™ < 1 as y > 0) then ¢%* + §2* = 2e~2k™V o5 2knz
and

47 [
207y 27rH(1) \/l_? (Za_l(k)q2k+za_ k)qzk)
k=1

IOg H 2k) —2Ic )

ﬂ'
— ___log | (- q2kl2’
VD kl;[l'

and from (3.3) we have

T 2 1 2 D 47 i
z = i . Brpssog — 1 e _ 2k|2 =15 ;
=gt gt ﬁD(v oga) ,_Dlogk|=|1|1 *2+0(s—1]). (3.4)



172 ZHANG NAN-YUE AND KENNETH S. WILLIAMS

The Dedekind eta function 7(z) is given by
n(z) = e 37 H(l eX™nz) 2=z +iy, y > 0. (3.5)

Hence we have

/D

2n 2 2
log [T 11 - ¢*"[? = log In(r)|? + —6- = 2log|n(r)| + T~

giving another form of (3.4):

2m 1 2m D 8w
Z(s) = 75 i1 - 75 (27 — log -a—) - ——\/—_Elogln(r)l + O(|s - 1]). (3.6)

We have shown that
2w 4 4y 27r D 8T I 8’77 (b+2\/5>‘.

A_l = ﬁ’ 0= \/__ \/__ —\/—5 (6] 2% (37)

4. Evaluation of Z(k) for any positive integer k > 2.
We need the following lemma.

Lemma. For any non-negative integer k and any non-negative real number
A

k .

®  cos2m)z T _oxy 2k—3j s

I(A) = L m?‘”:me : E,( k )(47r/\)J/J!- (4.1)
=0

Proof. Let Cr denote the contour in the upper half of the complex z-plane con-
sisting of the semi-circle |2| = R and the real axis from 3 = —R to 2 = R. Applying
Cauchy’s residue theorem to the integral of the function mﬂ— along the contour Cp,
and then letting R — 400, we obtain

1 oo 2wz k41 2widz
—oo (1 + z2)k+1 2 kldzk+l | (z4+8)%+1 f

52 () e ()

o

' Zk: ( ) (2miX)ie—2m> (k+1)(k+ 2) (k i _j)(“l)k-j

i 2k—j ™
:2%%6 2 ’\Z( k ])(47r/\)7/]!.

3=0
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Now we start the evaluation of Z(k + 1),k > 1. First, from (2.5), we have

Z Im + 72642~ y2k+1 [ (1 4 g2)k+1 : 3 P Z;cos@mvra:)Ik(my).

M=—C0

Then, by (2.6) and the lemma, we deduce that

= 1
m;oo |m + T|2k+2
I'(k+ l)\/— 2~
= 2Ic+21kl 2 )2k+1 Z( J) E(‘Wm?/)J cos(2mmz)e” 2™y
y ) y J=0 m=1
= o s 2k — ‘7 —2mmy
—-(Qy)2k+1 ( ) (2y)2k+1 Z ( ) T mz—1(47rmy) cos(2mmz)e .
Putting the above equality into (2.3), we obtain
%ak'l'l Z(k 4 1)
27 2k
=((2k + 2) + @) ( ) ¢(2k+1)
k - -
4r 26—\ 1 . 1 , P
i (2y)2k+1 Z ( k ]) ﬁ(‘iﬂ'y)J Z o7 Sy Z (mn)? cos(2mnmz)e 2™V,
3=0 ’ - n=1 m=1
Since 1
COS(anﬂx)e—2mn7ry =§(62mn1rir £ e—2mn1ri1‘-)
=%(e(mn‘r) + e(—mnT)),
we have
%ak"{"l Z(k + 1)
27 2k
=((2k + 2} + BT ( " ) (2K +1)

2 b IOk dX 1 > = .
+z‘2§)_27'r7=71' ; ( k J) ﬁ(47ry)’ ; W;(mny (e(mnt) + e(—mn7)). (4.2)

In view of the fact that if Im 7 > 0,

Yome1 &(mT) = fcotwr — 2,
) (4.3)
m=

Le(-m7) = S cotn7 — 1,
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we have

mi;l(e(m'r) + (—m7T)) = %(cot T — cot wT) — 1. (4.4)

From (4.2) and (4.4), we have

—;-ak“Z(k +1)

2

2k = 1 & .
=((2k + 2) + (@g)2 ( p ) [C(Zk +1)+ 1; T mgl((e(mnr) + e(—mn7))

k . o -
i (25:“1 2 (Zkk_ J) 317 (7YY 3"~ O (mn) (e(mnr) + e(~mn7)
= ’ n=1 m=1

i 2k w— 1 _
:C(2k+2) + (Ty)'zm ( & ) Z W(COt?TnT—COtTTTLT)
n=1

(e o]

2m k(o — i 1 > . ]
. (2y)2k+1 ; ( 5 J) ﬁ(47ry)3 g;l e mz;l(mn)a(e(mn'r) + e(—mn7)).(4.5)

Differentiating both sides of (4.3) j times gives

(2mi)? mzzl mje(m‘r) =%(cot 7r'r)(j)

_ [B54
:%(2w)j(—1)[%] Z Cj+1-a(cot )7 +1-2
=0
that is
o (-1)7 I .
> mie(mr) = . P11 ST Cipoa(cot wr)iti=2, (4.6)
m=1 =0

where each coefficient C;1;_g; can be expressed in terms of Stirling numbers of the second
kind [9, p.37]. From (4.6), we have

oo

Z mj(e(m‘r) + e(mT))

m=1]1
[ . | | (4.7)
=30 DB Y Crrima{(=1)7 (cot mr) =2 _ (cot rr)iti2ty,
 1=0
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From (4.5) and (4.7), we have

1 iq _ e 2k = cotnaT — cotnrT
50 T Eh+ 1) =tk +2) 4+ o — ( 3 >

T (2y)2k+1 ~ n2k+1
i*1
e ; 2k~ 1[%]1'3'4 j[Z]C.
taE o g ) ORIy 3 G
g== =0

2 (—1) (cot wnr)i+1=2 — (cot rn7)it1-2!
) Z n2k+1 ’
n=1

that is

1 ] L foh— 5 ;i )
-2—Gk+1Z(k+1) =C(2k+2)+(_23%]=20( & J) (—1)[2](47Ty)-7/]!

(1] _ ' . (4.8)
z c. = (—1)I (cot mn7)i+1=2 _ (cot nF)it1—2
‘ Z j+1-21 Z T, .
=0 n=1
In particular, if =0, then z = 0,7 = yi = \/gz', cot T = cot(yi) = —icothy, and
%ak“Z(k +1)
k
2r i+ (2k—j T
=C(2k+2)+ —— ——1[2]( )47ry1_7!
€28 +2) + farer 3 (1) ) s -

(coth nwy)?
' Z Cjt1-2 Z n2k+1 :
=0 n=1
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