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THE GEOMETRIC STRUCTURES OF THE WEIBULL
DISTRIBUTION MANIFOLD AND THE GENERALIZED
EXPONENTIAL DISTRIBUTION MANIFOLD

LIMEI CAO, HUAFEI SUN AND XIAOJIE WANG

Abstract. Investigating the geometric structures of the distribution manifolds is a basic task in information geometry.
However, by so far, most works are on the distribution manifolds of exponential family. In this paper, we investigate
two non-exponential distribution manifolds — the Weibull distribution manifold and the generalized exponential

distribution manifold. Then we obtain their geometric structures.

1. Introduction

Information geometry provides a new perspective from geometry to investigate a wide va-
riety of domains such as statistics, stochastic processes, neural networks, cybernetics, cryp-
tology etc.. Because the probability distribution is the fundamental element over such fields,
investigating the geometric structure of distribution manifolds is a basic work for information
geometry[1]. Amari, Dodson [2,4] and other authors studied the distributions of exponential
families and gave the geometric structures for some distribution manifolds. Especially, the
geometric structures of the normal distribution manifold, the Gamma distribution manifold,
the Frund distribution manifold and the Beta distribution manifold were obtained by some
authors. Meanwhile the Weibull distribution and the generalized exponential distribution are
two famous distributions with wide applications. However, the Weibull distribution and the
generalized exponential distribution are not the exponential families, because they can not
be written as the exponential forms. In other words, we can not use the potential function to
calculate their quantities of geometry. In this paper, we investigate the Weibull distribution
manifold and the generalized exponential distribution manifold without the help of potential
function, and obtain their Ricci curvatures and Gaussian curvatures.
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2. The Weibull distribution manifold
The set

s:{puﬂpuo=[g(gf4

b
exp{—(g) }, x € [0, +00), (a,b)€R+XR+}

is called the Weibull distribution manifold, where

exp{—(g)b} @1

is the probability density function of the Weibull distribution. And (a, b) plays the role of the
coordinate system.
From (2.1), we get the log-likelihood function

p(x) = b (x)b_l

a‘a

logp(x) = —a byt +loghb+ (b—1)logx—bloga. (2.2)

Set I(x) =log p(x). Taking the coordinate (0;,62) = (a, b) and setting 0,1 = %l(x), from (2.2),
we get

b
0,011=-*+b)a "2kl + =

a?’
01021 =00011= xPa~b" 4+ pa b1xb logx — ba_b_llog abx, (2.3)
R Y P AT
0,02l=—-a "x (loga) 2k

By direct calculation, we obtain the following expectations

Elx"1 = a’,
ab
E [xblogx] = 7(1 -8+ abloga,
b 2
b(10g XV | = & (e2 _og 4 T
E|x (loga) =22 (E 28+ 5|
where ¢ is the Euler’s constant and E(f) means the expectation of f.
And further
b2

a?

1
mm%n=m&mn=7;,

(E@-26+Z +1)

E[020,1] = — 2
The Fisher information matrix (g; j)is defined by
gij = E[a,lajl]

Therefore, we obtain the following result.
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Proposition 2.1. (g;;) and its inverse (g'/) are given by
LA |
_| 4 a
(8ij) = (6—1 62—2¢'+%2+1) (2.4
a b?
and )
y 6a(E2-20+ % +1) Ba(1-¢)
Iy = 22 2
(g 6a7(11£7§) Gnﬁ ) (2.5)
2 w2
respectively.

By proposition 2.1, we get the following result.

Proposition 2.2. The square of the arc length element and the area element are given by
2

b2 1 E-2e 4% 41

a2 =2 aa +2" Lgaaps 2T
a? a b?

T
dA=./det(g;j)dadb = Edddb’

db?
and

respectively.

Theorem 2.3. The Ricci curvatures and the Gaussian curvature of the Weibull distribution

manifold are given by

2
6 6(1—¢&) 662 —28+Z +1)
Ri=-——=, Re=Ru=—5—, Rnp=- L
’a n’a

m2h? ’
6

Proof. Since

0gii 081 08ij
rk = gkl| ot - , 2.6
i 30, 30, 00, ©0

by proposition 2.1, we have

2
o _8€b-b-T)

r2 —_b_s
11~ 2a ’ 1= 1202’
2
L 8@ -2+% 1), 6b(1-9)
Iy =T = > T =T =—73—
2 2
L 6a0-9E -2+ +D 628+ +1)
22 =~ m2h3 P2 b

From

Rijk1 = (0,T, — air;k)gsl + @l - ritlr;k)y 2.7
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we get
1
Ri212 =—R2112 = —R1221 = Ro121 = _E
and 2
po_ 8P 60-9 o 620+ +])
n=-—33 Re=Rn=—73"= Re= 73 )
By
R
det(gij) ’
we get the Gaussian curvature
6
K=-—.

This completes the proof.

3. The generalized exponential distribution manifold

The set
S= {p(x)|p(x;a,ﬁ) =af(l-e P 1P xe (0,00, ac R, a#1,2 fe R+}
is called the generalized exponential manifold, where
pxia,p) =ap(l—e Pr)@te hx 3.1

is the probability density function of the generalized exponential distribution.
From (3.1), we have the log-likelihood function

log p(x) =loga +log B+ (o —1)log(l - e Poy - Bx. (3.2)

Set I(x) =log p(x), and take the coordinate (01,602) = («a, ). Similar to the previous section, we
have

1
alallz—?,
X
01021 =000,1= W’ (3.3)
1 (a-1)ePry?
0202l=—— — ————
202 ﬁZ (eﬁx_l)Z
and 1
E[alall]z__z;
a
H(a)—-1
E[0,0,21] = E[020,1] = ———,
[01021] = E[02011] @-1p

1

a
E[agazl] = —F - m

(666 -2)+ 7% + 6y(@) 26 —2+ y(@) - 6y (@),
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1
n+a

I (a)

), and ¥(a) := F(((x) .

(9]
where ¢ is the Euler’s constant, H(a) := ). (% -
n=1

Thus, we have the following proposition.

Proposition 3.1. The Fisher information matrix (g;;) and its inverse ( g'J) are given by

L 1-H(a)
2 -1
(&ij) = (l—ﬁ(a) L((:_ ])"fa)),
(a-1)p B2 iz
and
(1+T(@)(@-1?a? _ pU-H@)(@-1a
iy = K@) @)
(87)= ( BU-H@)(a-1a* B2 a—1)? ),

B K(@) @

where

2

T = 2 ((5_2)§+”—+ (@@E-2+y(@) -y ( ))
a_(a—Z) 5 via yva) -y (a)|,

K@) =0+ T@)(a-1%-(1- H@)*a?

By proposition 2.1, we get the following result.
Proposition 3.2. The square of the arc length element and the area element are given by

1-H(a) i T(a) 2
—(a—l)ﬁ dadﬁ+(ﬁ2 +_,62 )dp

1
ds? = — da®+2
a
and
dA= (gij)dadﬁ.
By (2.6) and (2.7), we obtain the following proposition.

Proposition 3.3. The components of the connection are given by

_H@(0-H@)a* (1-H@)a® 1+T(@)a-1?

I}, = + )
K(a) (a—-—1)K(a) aK(a)
2 - B-H@)(a-1) BH (@)(a-1) _BU-H(@)
e ak(a) K(@) K@ '
r_p - T@(-H@)a-1a
12 7+ 21 ZﬁK((l) ’
s o T@@-1?
l—‘12 - l—‘21 - 2K () ’
L T(@0+T@)(a-1)32a?
[y =~ 267 K(@) )
! _ _ 2
2, __ 1, T'@(-H@)a-Na*

p 2BK(a)
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From proposition 3.3, we get the nonzero components of the curvature tensor

T'(@ (T'@)3?@-1% T (@H (@(-H@)a
232 442K (a) 262K (a)
. T' (@1 +T(@)(@-1)(a@+1) , U-H@)@-10+T@)B-1)
202K (a) af?K(a)
A+ T@)T(@(@-1) T (a)(1- H(a))?a?
- K (a) T T R@-DK@

Ri212=—

Combining (2.6) and proposition 3.3, by calculation, we obtain the following theorem.

Theorem 3.4. The Ricci curvatures and the Gaussian curvature of the generalized exponen-
tial distribution manifold are given by

T'@@-1 (T@?a-D* T @H @0-H®a*(@-1)?

Ry = + +
2K (a) 4K2 (@) 2K2(a)
. T' (@1 +T@)(a-13a+1) , U-H@)(+T@)@-1*B-1)
2aK2(@) ak?(a)
1+ T@)T(@)(a-1)3 . T (@)(1- H(@)?a?(@-1)
K2(a) 2K2(a) ’
T' (@1 -H@)(@-1a? (T (@)*(1 - H@)(@-1)3a?
Fiz=F1 =~ 2BK (@) " 4BK2(a)
. T (@ H (@)1 - H@)?(a - Dat . T (@) 1+ T(@)(a-1*(@+Dal - H@)
2BK2 () 2BK?(a)
L 0-H@)(a-D?(+T@)af-1) (1+T@)T@@-D?a’(1-Hw)
BK?(a) BK2(a)
T (@)(1 - H(a))3a*
2BK2%(a) '

T" (@1 +T@)(@-12%a? (T (@))% +T(@)(a-1)*a?

B = - 22K (a) " 472K (a)
. T (@) H (@)1 - H@)(1+ T(@)(a-1)2a* . T (@1 +T@)%(a-13(a+a
282K2(a) 22 K2 (a)
, U-H@)(a- D0+ T@)*B-Da  (1+T(@)*T()(a-1)a
’321(2 (@) ’321(2 (@)

. T (@) (1 - H@)?(1 + T(a)) (@ - Da*
22K2 ()

’
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_T@@-1’e®  (T@*a-D'e® T(a)H (@)(1-Hw)a-1a

K= + +
2K(a) 4K2(a) 2K2(a)
. T (@1 +T@)(@-1)3@+1Da . (1-H@)(a-131+T(@)(B-1a
2K2 () K?(a)
1+ T@)T@(@-13a? T (0)1-H@)*(@-1a*
B K2(a) " 2K2(a) '
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