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ON SUBMAXIMAL SPACES

JULIAN DONTCHEV

Abstract. A topological space X is called submaximal if every dense subset of
X is open. In this paper, which is an enlarged version of Section 3 in [7], we
characterize submaximal spaces using various topological notions. We study the
connections between submaximal and related spaces as well as we improve some
results concerning submaximal space achieved by Mahmoud and Rose in [7].

1. Introduction

Submaximal spaces were defined by Bourbaki [1] and hence a lot of results in gen-
eral topology involved the defined notion. In various papers, for example [3], submaximal
spaces were considered significantly. In a recent paper [7] a separate section investigated
submaximality. Interesting and important results were proved using the notions of gen-
eralized open sets: semi-open, preopen, a-open, etc. The aim of this paper is to study
more deeply the notion of submaximality and to improve some of the results given by
Mahmound and Rose in [7).

Throughout this paper we consider topological spaces on which no separation axioms
are assumed unless explicitly stated. The topology of a space is denoted by 7 and (X, 1)
will be replaced by X if there is no chance for confusion. The word “iff” means “if and
only if”, a “space” will always mean a topological space and the symbol O is used to
indicate the end or omission of a proof. For 4 ¢ X , the closure, the interior and the
boundary of A in X are denoted by ClA , IntA and FrA4, respectively. In places where
there is no chance for confusion 4 stands for ClA.

The following definition is a collection of all notions of different classes of sets used
in this paper.

Definition 1. A subset A of a space (X, 1) is called:
(1) a regular open set if A = Int4,
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(2) a preopen set [8] if A C IntA4,

(3) 2 semi-open set [5] if A C IntA,

(4) a c-open set [11] if A C IntIntA4,

(5) a locally closed set [1] if A= U N F, where U is open and F is closed,

(6) a B-set [13] if A= U N F, where U is open and F is semi-closed,

(7) a generalized closed set (g-closed set) [4] if A C U whenever A C U and U is

(8) a residual set if IntA = @.

We denote the collection of all regular open (resp. preopen, semi-open) sets in
(X,7) by RO(X) (resp. PO(X), SO(X)). The family of all dense subsets of (X, 7) will
be denoted by D(X) and the family of their interiors by PAUX)

Definition 2. A topological space (X, 7) is called:

(1) a door-space if each subset of X is either open or closed,

(2) S-space (or has the S-topology) [6] if every subset which contains a non-void
open subset is open,

(3) an irreducible space [2] if every two non-void open subset of X intersect,

(4) d-compact [3] if every cover of X by dense subsets has a finite subcover.

Definition 3. A space X is called submaximal [1] iff every dense subset of X
is open.

In [7] it is proved in Theorem 5 that semi-open subsets of submaximal spaces are
submaximal. We close this first introductory section with a result which improves the
result in {7] and which will be used often throughout the paper.

Theorem 1.1. Every subspace S of a submazimal space X is submazimal.

Proof. Let A be a dense subset of S. Then ANS = S and so S C A. Since
AU (X\A) is dense in X, then it is an open subset of X. Hence SN (AU (X\A)) =Ais
open in S or equivalently S is submaximal.

Remark 1.2. This paper is based on [10].

2. The simple extension of topology over a set

Given a space (X, 7) and a subset A C X, we denote by 7(A) the simple extension
of T over A [14], i.e., the collection of sets U U (V N A), where U € 7 and V € 7. Note
that 7(A) is a topology on X finer than 7. The next theorems study some connections
between dense sets and the simple extension of a given topology over a set, which will
help us in establishing some new results about submaximal spaces.
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Theorem 2.1. If A is a dense subset of the space (X,7), then A is also
dense in (X, 7(A)).

Theorem 2.2. Let A be a dense subset of the space (X,7). Then for every
open subset G of the space (X,7(A)) we have Cl,G = Cl,(4)G and for every closed
subset S of the space (X,7(A)) we have Int,S = Int,(4S.

Proof. Let first U € 7. Since 7 C 7(A), then Cl,(4)U C Cl.U. For the reverse
inclusion let z € Cl,U and let G be an open neighborhood of z in (X,7(A)). Then
t€G=HU(KNA),where HLK € 7. If z € H, then HNU # @ and thus GNU # @.
Againifr € KNAC K, then KNU # @ and hence KNUNA # @,since KNU € 1
and since A is dense. Thus also in this case GNU # @ and hence z € Cl;(4)U. We have
shown that Cl,U = Cl,(4)U for each U € 7.

Let next G € 7(A). Then G = HU(KNA), where H, K € 7. From the above proved
it is clear that Cl. H = Cl;(4)H. Since K € 7(A) and since A is dense in (X, 7(A)), then
according to Theorem 2.1 Cl,(4)(K N A) = Cl,(4)K = Cl, K = Cl,(K N A). Thus

Cl,(4)G = Cl,H UCL.(K n A) = CL.(H U (K N 4)) = CL,G.

From this it follows that if S is a closed subset of (X,7(A)), then Cl.(4)(X\S) =
Cl,(X\S) or equivalently X\Int,(4)S = X\Int,S or equivalently Int,(4)$ = Int,S.

Corollary 2.3. If A is a dense subset of the space (X,7), then for every
U € 7(A) we have Int;Cl.U = Int,(4)Cl,(4)U. Hence the set U is a regular open
subset of (X, 7) iff it is regular open in (X, 7(A)).

Proof. According to Theorem 2.2 Int,Cl, U = Int,Cl,(4)U = Int,(4)Cl (4)U.

Corollary 2.4. If A is a dense subset of the connecied space X, then
(X,7(A)) s also connected.

Proof. Due to the corollary above, when A is dense in (X, 7), the regular closed
sets of (X, 7(A)) are precisely those of (X, 7) and thus clopen sets are the same for both
spaces.

3. The characterization of submaximal spaces

Theorem 3.1. For a space (X, ) the following conditions are equivalent:

(1) X is submazimal.

(2) If 7(A) is a simple extension of topology over A on X finer than t, such
that RO(X,7) = RO(X,7(A)), then T = 7(A).

(3) If 7(A) is a simple extension of topology over A on X finer than r, such
that each regular open subset of (X,7(A)) is open in (X,7), then T = 7(A).
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Proof. (1) = (3) Let U € 7(A). Since Int;(4)Cl,(4)U = V is regular open in
(X,7(A)), then it is open in (X, 7). Since U C Int;(4)Cl, U =V C Cl,(yU c C1,U,
then U is dense in V. Since V is submaximal according to Theorem 1.1, then U is open
in V. By transitivity U € 7. Hence 7 = 7(A).

(3) = (2) is trivial.

(2) = (1) Let A be dense in (X,7). Since 7 C 7(A) and since the regular open
subsets of (X, 7(A)) and (X, ) coincide according to Corollary 2.3, then by assumption
7 =1(A). Hence A € 7 and thus (X, 7) is submaximal.

Remark 3.2. A more general equivalence of (2) and (1) in the theorem above is
well-known. For any topology 7 on a set X, the semiregularization topology, 7s C T, has
for a base the regular open sets in (X, 7). Let 7 be a topology on X, and let S = {o:0
s a topology on X and o, = 7,}. Then (X, 7) is submaximal iff 7 is maximal in S [12].

Theorem 3.3. For a space (X,7) the following conditions are equivalent:
(1) X is submazimal.
(4) For any A C X, the subspace FrA = A\IntA = AN X\A is discrete.

Proof. (1) = (4) Let = € FrA. Since A is dense in 4, then so is 4 U {z}. Since
A is submaximal according to Theorem 1.1, then AU {z} = AN U, where U is open in
X. In the same way it can be seen that (X\A) U {z} = X\ANV, where V is open in
X. Thus {z} = (AU{z}) N ((X\A)U{z}) = AN X\ANUNV. Hence {z} is open in
FrA and so FrA is discrete.

(4) = (1) Let A be dense in X. By (4) A\IntA = X\IntA is discrete and thus
A\IntA is its open subset. Hence A\IntA = (X\IntA) UU, where U is open in X. Thus
A\IntA C U and so A\IntA C U\IntA. For the reverse inclusion if z € U \IntA, then
z € (X\IntA)NU = A\IntA. This shows that A\IntA = U\IntA4 and hence A = UUIntA.
Thus A is open in X.

In [7] Mahmoud and Rose show in Lemma 5 that if (X, T) is submaximal space, then
PO(X,7) = 7. In what follows we give an alternative proof of this result showing that
it is the necessary and sufficient condition for a space in order to be submaximal.

Theorem 3.4. For a space X the following are equivalent:
(1) X is submazimal.
(5) Every preopen subset of X is open.

Proof. (1) = (5) Let A be preopen in X. Then A C IntA. Since A is dense in A
and since A is submaximal according to Theorem 1.1, then A is open in A. Thus A is
open also in IntA. Since Int4 is open in X, then also A is open in X.

(5) = (1) Let A be dense in X. Since A C X = IntX = IntA4, then A is preopen
and by (5) open. This shows that X is submaximal.
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Corollary 3.5. In submazimal spaces compactness coincides with strong
compaciness (that is every cover of preopen sets has a finite subcover [9])-

Theorem 3.6. For a space X the following are equivaleni:
(1) X is submazimal.
(6) The boundary FrA of each subset A C X has no accumulation points.
(7) Every residual set is without accumulation points.

Proof. (4) = (6) By (4) FrA is discrete. Thus it has no accumulation points, since
it is closed.

(6) = (7) If IntA = &, then A C A = A\IntA = FrA and by (6) A has no
accumulation points.

(7) = (1) By (7) every residual set is closed. Thus every dense subset is open.

4. Locally closed sets and Ty-spaces

Recall that a space X is called a T% -space if it satisfies the following equivalent conditions:
(1) Every g-closed set is closed.

(2) Every singleton is either open or closed.

(3) The complement of a finite set is locally closed.

Theorem 4.1. Every subset A of a submazimal space X is locally closed
and hence X s a Ty -space.

Proof. Since by Theorem 1.1 A is submaximal and since A is its dense subset,
then A is open in A. Hence A = U N A, where U is open and 4 is closed. Thus A is
locally closed.

The more general result is as follows:

Theorem 4.2. For a space X the following are equivalent:
(1) X is submazimal.
(8) Ewery subset of X is locally closed.

Proof. (1) = (8) Theorem 4.1.

(8) = (1) If A is dense in X, then by (8) A = U N C, where U is open and C is
closed. Since AC C,then X = ACC. So C = X and hence A = U. Thus A is open in
X.

Note that T%-spaces need not be submaximal; not even metric spaces are always
submaximal. For, the real line with the usual topology shows. However the next theorem
gives the necessary condition over which T% -spaces are submaximal.

Theorem 4.3. Every d-compact Ty -space X 1is submazimal.
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Proof. Let 4 be a residual subset of X and let z € A. If {z} is open, then z € IntA
and this contradicts the assumption that A is a residual set. Since X is a T% -space, then
{z} is closed for each z € A. Since X is d-compact, then A is finite. Hence A is closed
being the finite union of closed singletons. Thus X is submaximal.

Corollary 4.4. For a space X the following are equivalent:
(1) X s d-compact and submazimal.
(2) X is a d-compact Ty -space.

Proof. Theorem 4.1 and Theorem 4.3.

Remark 4.5. Note that a d-compact space need not be submaximal. For, consider
the space X = {a, b, c} with the only non-trivial open set {a}.

On the other hand a submaximal space need not be d-compact. An example of such
space is the real line where the non-void open sets are all sets that contain the zero-point.

5. More on submaximal and related spaces

Theorem 5.1. If (X, 7) is submazimal and U C X, then U is open off it is
the intersectz'on' of a dense and a regular open set.

Proof. We need to show only that for every open set U we have U = DNV, where
D is dense and V is regular open, since the reverse inclusion is trivial. Clearly U C IntU.
Thus U = U\(U\U) =TUn (X\(U\U)) = IntUN(UU(X\U)), where IntT = V is regular
open and U U (X\U) = D is dense.

Theorem 5.2. The Alezandrov-compactification X, of every infinite dis-
crete space 15 a submazimal space.

Proof. Let A be a dense subset of X,. Since every {z} C X is open in Xp, then
{z}NA# @, ie,z € A Thus X C A. Since on the other hand X = X,, then the space
Xp has exactly two dense subsets; namely X and X,. Since they both are open, then
Xp is submaximal.

Theorem 5.3. Every mazimally connected space is submazimal.

Proof. Let A be a dense subset of X. Since (X, 7(A)) is connected according to
Theorem 2.4, then 7 = 7(A) and hence A € .

Example 5.4. A connected submaximal space need not be maximally connected.
Let X = {a,b,c,d}. Consider the following two topologieson X : 7 = {@, {a}, {b}, {a, b},
{a,b,c},{a,b,d}, X} and ¢ = 7 U {a,c}. Since none of the non-trivial open sets in the
two topologies is closed, then 7 and o are connected. Hence (X, ) is not maximally
connected. On the other hand (X, 7) is submaximal, since each its subset S is dense iff
A and B € S and every set satisfying this condition is open.
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Theorem 5.5. A submazimal S-space is a door space.

Proof. Let A be a non-closed subset of X. Since X is S-space, then A is dense.
Since X is submaximal, then A is open. Thus each subset of X is either closed or open
and hence X is a door space.

Corollary 5.6. Infinite space with the cofinite topology is not submazimal.

Theorem 5.7. Every door space is submazimal.

Proof. Let A C X be dense. Since X is a door space, then A is either open or
closed. If A is closed, then A = A = X and hence A is open.

Theorem 5.8. For a space X the following are equivalent:
(1) X is submazimal.
(9) D°(X) = D(X).

Theorem 5.9. For a space X the following are equivalent:
(1) X s submacimal and irreducible.
(2) = DXL {8}.

Proof. The space X is irreducible iff 7\@ C D(X) and submaximal iff D(z) C 7.
Thus condition (1) is true iff 7\@ C D(X) C 7. If X is non-void, then & € D(X) and so
(1) is equivalent to (2). The same is true if X = @.

In what follows, we see that the spaces, where each subset is a B-set, are precisely
the submaximal spaces.

Theorem 5.10. For a space X the following are equivalent:
(1) X is submazimal.

(10) Every subset of X is a B-set.

(11) Every dense subset of X is a B-set.

Proof. (1) = (10) is clear, since a space is submaximal iff every subset is locally
closed and since every locally closed set is a B-set.

(10) = (11) is trivial.

(11) = (1) Let A C X be dense. By (11) A = U N B, where U is open and B is
semi-closed. Since A C B, then B is dense. Thus IntB = IntB = IntX = X and hence
B = X. Thus A =U is open and so X is submaximal.

In the next theorem PclA and PintA denote the preclosure and the preinterior of A.

Theorem 5.11. For a space X the following are equivalent:
(1) X is submazimal.

(12) A = PclA for each A C X.

(13) IntA = PintA for each A C X.
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Proof. (5) = (12) The set PclA is preclosed and by (5) closed. Since A C PclA C
A, then Pcld = 4.

(12) = (13) By (12) X\4 = Pcl(X\A) < X\IntA = X\Pint4 < IntA = PintA.

(13) = (5) If A is preopen, then by (13) A = PintA = IntA.

Theorem 5.12. For the topological sum X =Y, ; X;, the following condi-
tions are equivalent:
(1) X s submazimal.
(2) X; is submazimal for each i € I.

Proof. (1) = (2) Theorem 1.1.

(2) = (1) Let A C X be dense. Then AN X; is dense in X;, for each i € I. By (2)
AN X; is open in X; and hence in X. Thus A = U;c;(A N X;) is open in X, i.e., X is
submaximal.

Remark 5.13. In [7] it is proved (Corollary 4) that if [] X, is submaximal,
then each X, is submaximal. Here we note that the reverse is not true even for a finite
family of spaces. If X is the Sierpinski space (X = {a,b}, 7 = {@, {a}, X}), then X is
submaximal but ¥ = X x X is not, since {(a,a), (b,b)} is a dense non-open subset of Y.
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