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HUA'S INEQUALITY FOR COMPLEX NUMBER

SEVER SILVELT™RU DRAGOMIR

Abstract. Variants for the complex numbers of the celebrated Lo-Keng Hua's
inequality which is very important in Number Theory are given.

1. The following inequality due to Lo-Keng Hua is important in Number Theory [1]:
6= m)+a) ai> kb’ (1)
=1 i=1

where 6, > 0, z; € R(G = T,n) and k. = a(n + a)~! with equality if and only if
z; = hn8 where hp = (n +a)™1.
‘Recently, Chung-Lie Wang [2] gave the following interesting generalization of (1):

Theorem A. Let a,8 be as above. Then for p > 1, the inequality
(6 - Zw,—)” + P! fo > kP16 (2)
=1 t=1

holds for all nonnegative z; € R(i = I,n) with 37—, z; > 6. The sign of inequality
in (2) is reversed for 0 < p < 1. In either case, the sign of equality holds in (2)
’&ﬁ T; = hn5 (i = -1,_11)

An intergral variant is also given.

2. In this paper, we shall give two variants of inequality (1) for complex numbers.
The following lemma holds

Lemma. Let o >0 and 6,z € C. Then the following inequality

612
, dlo

6_2 2
16— 2 + ez > T

(3)
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holds. The equality is valid in (3) iff

1
6.
14+ a

Proof. If § = 0, the inequality in (3) is obvious.
Suppose that § # 0. Then by the inequality |6 — z| >| |6] — |2| | and by Hua’s result
for n = 1 we have

6ol + alel? 2 (161~ |22 + alef? > 2oL @
- - 4o
The second equality in (4) holds (see Hua's result for n = 1) iff
1
= 4] 5
ol = 16l (5)
On the other hand, the first equality is valid in (4) iff
6 — 2> =| |6] — |2| [?, ie, Re(8-z)=1d|l2l. (6)

Suppose that z = A§ with A € C. Then by (6) we have
|6]°Re(A) = |A] |6]?
and, since § # 0, we deduce
Re(A) =| A |= ([Re(N))* + [Im(M))*)*/?
i.e., A € R and moreover, A > 0, hence by the equality (5) we deduce

1
A= 8

. . . 1
which give us A = 15.

Consequently the equality holds in (3) iff z = 376.
We can give the following variant of Hua’s inequality for complex numbers.

Theorem 1. Let a >0 and §,2,,...,2z, € C. Then the following inequality

5 = : 2 12 > L
53w +a Yl 2 2 )
holds. The equality is valid in (7) iff:
2 = . (i=1,n)

T n+4a
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Proof. By the well known Cauchy-Buniakowski-Schwarz’s inequality for complex

numbers:
n n
nZ‘zi|22|Zzi|2
i=1 i=1

with equality iff z; = A € C for alli € {1,... ,n}, one has

n ™ n n
o
|6—Zzi|2+a2|z,—|2Z|6—Zzi|2+;;|2zi|2.
=1 =1 =1 =1

Now, using the above lemma, we have:

" Saldl?
|6—;zi|2 —|Z _n+a

with equality iff

n
Zzi: n+a6'

Consequently, the equality holds in (7) iff

n
n
nA=Zz,~= n+a6
=1

fei, dis n—_‘ls_; = 7 for all i € {i,...,n}, and the proof is finished.

3. The following generalization of inequality (7) also holds.

Theorem 2. Let o > 0 and 6, z,w; € C(s = I,n). Then the following
inequality:

6= zwil? +a)_ |ul 2 " (8)
=1 =1

a+ i lwil?
holds. The equality is true in (8) iff

ow;

a+ Z?:] |w1‘2

2; =

forall i€ {1,...,n}.

Proof. If 3o, |wi|®> =0, i.e,, w; = 0 for all i € {1,...,n}, the inequality (8) is
valid.

Suppose that Y .y |w,~|2 > 0, then by Cauchy-Buniakowski-Schwarz’s inequality

13 sl < Z |24l Z fwil?

=1
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with equality iff 2; = \w; (A € C) for all s € {1,...,n}, we have

|6 — Zz,'w,J +aZ|z,|2>|6 Zz,'w,]

Now, using the above lemma, we get:

|6 — Z zw;|? +

with equality iff

|2|z:‘7'"*w’|2

1-1 l

2
2 ald|
E Z; W
z|2| g 2 a+ E?=1 |w;|2

1,—1 |

i Pl = Diy [l
=1

o+ E?:l I'U.)ilz .

But z; = Aw; (1 = 1,7n) hence the equality holds in (8) iff

and the proof is finished.
Remark 1. If in (8) we put w; = 1(¢ = 1,n) we recapture (7).

Remark 2. Let o > 0 and 6,z;,w; € C (i = 1,n) with |w;| = 1 for all 4 €
{1,...,n}. Then one has the inequality -

alé?
5 " 12 2
| E z;w;| +a§ b= = A

i=1
with equality iff
ow;
n+a’

ie{l,...,n}

i.e., a class of Hua’s type inequalities for complex numbers.

2; =
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