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HUA'S INEQUALITY FOR COMPLEX NUMBER 

SEVER SILVE~'T'RU DRAGOMIR 

Abstract. Variants for the complex numbers of the celebrated Lo-Keng Hua's 
inequality which is very important in Number Theory are given. 

1. The following inequality due to Lo-Keng Hua is important in Number Theory [1]: 

n n 

(8 - L Xi)2 + a Lx; '?. kn82, 
i=l i=l 

(1) 

where 8, a > 0, Xi E JR (i = 1, n) and kn = a(n + 0)-1 with equality if and only if 
Xi= hn8 where hn = (n + a)-1. 

· Recently, Chung-Lie Wang [2] gave the following interesting generalization of (1): 

Theorem A. Let a, 8 be as above. Then for p > l, the inequality 
n n 

(8 - L xi)P + av-1 L xf '?. k~-I8P (2) 
i=l i=l 

holds for all nqnnegative Xi E JR (i = 1, n) with I:~=l Xi '?. 8. The sign of inequality 
in (2) is reversed for O < p < l. In either case, the sign of equality holds in (2) 
ifJ Xi = hn8 (i = 1, n). 

An intergral variant is also given. 

2. In this paper, we shall give two variants of inequality (1) for complex numbers. 
The following lemma holds 

Lemma. Let a > 0 and 8, z E C. Then the following inequality 

dl812 18 - zl2 + alzl2 '?. 1 + 0 (3) 
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holds. The equality is valid in (3) iff 

1 z= --8. 
l+a 

Proof. If 8 = 0, the inequality in (3) is obvious. 
Suppose that 8 =/= 0. Then by the inequality 18 - zl ~1181- lzl I and by Hua's result 

for n = 1 we have 

(4) 

The second equality in ( 4) holds ( see Hua' s result for n = 1) iff 
1 lzr= -181. l+a 

On the other hand, the first equality is valid in ( 4) iff 

18 - zl2 =I 181 - lzl 12, i.e., Re(8 · z) = 181 lzl. 
Suppose that z = ).8 with ). E C. Then by (6) we have 

(5) 

(6) 

and, since 8 =I= 0, we deduce 

Re().) =I ). I= ([Re().))2 + [Im().))2)112 

i.e., ). E IR and moreover, ). > 0, hence by the equality (5) we deduce 

). I o I= -1
- I 8 I 

a+l 

which give us .X = 
0
~1. 

Consequently the equality holds in (3) iff z = 
0
~1 8. 

We can give the following variant of Hua's inequality for complex numbers. 

Theorem 1. Let a > 0 and 8, z1, ... , Zn E C. Then the following inequality 

(7) 

holds. The equality is valid in (7) iff: 

8 
Zi=- 

n+a (i = 1,n). 
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Proof. By the well known Cauchy-Buniakowski-Schwarz's inequality for complex 
numbers: n n 

n L I Zi 1
2 2: I L Zi 1

2 

i=l i=l 

with equality iff Zi = >. EC for all i E {1, ... , n }, one has 
n n n n 

I 8 - L Zi 1
2 + Q L I Zi 1

2 2: I 8 - L Zi 1
2 + : I L Zi 1

2 
. 

i=l i=l i=l i=l 

Now, using the above lemma, we have: 

n n 
I 8 - ~ Zi 12 + : I L Zi 12 2: Q I 8 12 

i=l i=l 

with equality iff 
n n 
LZi = n+a8. 
i=l 

Consequently, the equality holds in (7} iff 

n __ n_0 n>. = L Zi - n + a 
i=l 

i.e., >. = n!a = Zi for all i E { i, ... , n}, and the proof is finished. 
3. The following generalization of inequality (7) also holds. 

Theorem 2. Let a > 0 and 8,zi,Wi E C(i = 1,n). Then the following 
inequality: 

(8) 

holds. The equality is true in (8) iff 

ow· 
Zi = z:n i I _12 for all i E {l, ... ,n}. 

Q + i=l Wi 

Proof. If I:7=
1 

lwil2 = 0, i.e., Wi = 0 for all i E {1, ... , n }, the inequality (8) is 
valid. 

Suppose that I:7=1 lwil2 > 0, then by Cauchy-Buniakowski-Schwarz's inequality 
n n n 

IL ZiWil2 ~ L lzil2 L lwil2 
i=l i=l i=l 
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with equality iff Zi = AWi (A E C) for all i E {1, ... , n }, we have 

Now, using the above lemma, we get: 

with equality iff 

But Zi = AWi (i = 1, n) hence the equality holds in (8) iff 

(i = 1,n) 

and the proof is finished. 

Remark 1. If in (8) we put Wi = l (i = 1, n) we recapture (7). 

Remark 2. Let a > 0 and 8, Zi, Wi E C (i = 1, n) with lwil 
{1, ... , n }. Then one has the inequality 

1 for all i E 

with equality iff 
8wi - -~' Zi - n + Q 

iE{l, ... ,n} 

i.e., a class of Hua's type inequalities for complex numbers. 
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