TAMKANG JOURNAL OF MATHEMATICS
Volume 26, Number 3, Autumn 1995

CR-SUBMANIFOLDS OF A QUASI-KAEHLER MANIFOLD

S. H. KON AND SIN-LENG TAN

Abstract. Let M be a CR-submanifold of a quasi-Kaehler manifold N. Sufficient
conditions for the holomorphic distribution D in M to be integrable are derived.
We also show that D is minimal. It follows that an (almost) complex submanifold
of a quasi-Kaehler manifold is minimal, this generalizes the well known result that
a complex submanifold of a Kaehler manifold is minimal.

1. Introduction

The notion of a CR-submanifold was introduced by A. Bejancu [1]. A CR-submanifold
generalizes both a complex submanifold and a totally real submanifold. The geometry
of a CR-submanifold in a Kaehler manifold has been extensively studied, a number of
these results also hold for a CR-submanifold of a nearly Kaehler manifold, see [2], [6].

The integrability of the holomorphic distribution of a CR-submanifold in a quasi-
Kaehler manifold will be considered in this paper. We will also show that the holo-
morphic distribution is minimal, consequently an (almost) complex submanifold of a
quasi-Kaehler manifold is always minimal, this generalizes the well known result that a
complex submanifold of a Kaehler manifold is minimal.

2. Preliminaries

Let N be an almost Hermitian manifold with Hermitian metric g and almost complex
structure J. A real Riemannian manifold M, isometrically immersed in IV, is said to be
an (almost) complex submanifold if T, M is invariant by J, i.e.

JT:M)=T,M foreach z€ M,
while M is said to be a totally real submanifold if TEM is anti-invariant, i.e.

J(T.M)C T.M*+ foreach z€ M,
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where 7. M~ is the normal space to M at z. More generally, M is said to be a CR-
submanifold of N if there exists a differentiable distribution

D:z— D, CT:M

on M satisfying the following conditions:
(i) D is holomorphic, i.e. J(D;) = D for each z € M,
(ii) the complementary orthogonal distribution

is anti-invariant, i.e. J(DL) C T,M* for each z € M.
The distribution D will be referred to as the holomorphic distribution of the CR-
submanifold M. An (almost) complex submanifold is clearly a CR-submanifold where
. =T M.

Let ¥ and ¥ be the Levi-Civita connection on M and N respectively. Denote by
[(TN), the differentiable sections of TN, then we have

(VxJ)Y =VxJY —JVxY
and ) )
(VxJ)JY = =J(VxJ)Y for X,Y €eT(TN).

Moreover, by the Gauss formula,
VxY =VxY +h(X,Y) for X,Y e (TM),

where h(X,Y) € T(TM*1), h is a symmetric bilinear form on I'(TM) called the second
fundamental form of M.
The fundamental 2-form Q of an almost Hermitian manifold N is defined by

QX,Y) = g(X,JY) for X,Y € T(TN).

It is easily verified that

and 3dQ(X,Y,Z) = g [({7xJ)Z, Y] +g [(@YJ)X, Z] + g [(sz)Y, X]

for X,Y,Z e I(TN).
An almost Hermitian manifold N is said to be a
(i) Kaehler manifold if (VxJ)Y =0 for all X,Y € T(TN),
(ii) almost Kaehler manifold if d@(X,Y,Z) =0 for all X,Y,Z € T(TN),
(iii) nearly Kaehler manifold if (VxJ)Y + (VyJ)X =0 for all X,Y € T(TN),
(iv) quasi-Kaehler manifold if (Vx )Y + (VyxJ)JY =0 for all X,Y € I'(TN).
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It is easy to show that every almost Kaehler or nearly Kaehler manifold is necessarily
a quasi-Kaehler manifold while a Kaehler manifold is both almost Kaehler and nearly
Kaehler, see [5].

Finally, The Nijenhuis tensor field of J is defined by
[J,JI(X,Y) = [JX,JY] + J*[X,Y] - JJX,Y] - J[X,JY],
for X,Y € I'(TN).

3. Integrability of the holomorphic distribution

From now on, M will be assumed to be a CR-submanifold of a quasi-Kaehler man-
ifold N. We begin by collecting together a few simple results needed in our work later.

Proposition 3.1. Let M be a CR-submanifold of a quasi-Kaehler manifold
N, then we have

() [7,J](X,Y) = 2(VxJ)JY = 2(VyJ)IX
= 2J(VyJ)X —2J(VxJ)Y for X,Y €(TN),
(i) [JX, Y]+[X, JY] = LI, J(X, Y)+T[X, Y]+ VixY =Vyy X +h(JX,Y)-h(X, JY)
| for X,Y € T(D),
(iil) A(X,JY) — h(JX,Y) = LJ[J, JI(X,Y) + J[X,Y] + VyJX — VxJY
for X,Y € T'(D).

Proof. (i) Since the Levi-Civita connection is torsion free, we have for
X,Y e I(TN),

[7, J1(X,Y)
=[JX,JY] - [X,Y] - JJX,Y] - J[X, JY]
=¥, JY =V v JX = VxY + VyX = IV xY + IVyJX — JVxJY + JV, v X
=(Vsx )Y = (Vyy X + I(Vy )X = I(VxJ)Y
= — (Vyx N)2Y + (Viy)2X = (Vy ) IX + (VxJ)TY
=2(VxJ)JY —2(VyJ)JX since N is quasi- Kaehler
=2J(Vy )X —2J(VxJ)Y.
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(i) For X,Y € (D),

1
SIINX,Y) + IX, Y]+ VoxY = Voy X +hJX,Y) = h(X, JY)

1 ) i
== JNX,Y) + TIX, Y]+ VoxY = Voy X

=%J[J, J(X,Y) + J[X, Y] + Oy IX + [JX,Y] - Vx JY = [JY, X]

1 JIJ,J)(X,Y) + J[X, Y]+ [JX,Y] + [X,JY] + (Vy )X + JVy X

2
— (VxJ)YY —JVxY
=%J[J, X, Y) + X, Y]+ X, Y] = T (J(Ty DX = J(Tx)Y)
—[JX, Y] +[X, JY] using (i)

(iii) This follows from (ii) since V is torsion free.

We can now generalize some results on the integrability of the holomorphic distribu-
tion of a CR-submanifold of a nearly Kaehler manifold to the setting of a quasi-Kaehler
manifold. We first generalize a result of Sato (see [2, page 26]).

Theorem 3.2. Let M be a CR-submanifold of a quasi-Kaehler manifold N.
Then the holomorphic distribution D is integrable if and only if the following
conditions are satisfied:

h(X,JY) = MJIX,Y) and [J,J)(X,Y) € T(D) for X,Y € (D).

Proof. Suppose D is integrable, then [J, J](X,Y) € I'(D) for all X,Y € I'(D), see
[2, page 25] and so

hX,JY) - h(JX,Y) = %J[J, JI(X,Y) + J[X,Y]+ VyJX — VxJY € T(TM)

showing that h(X, JY) = h(JX,Y).

Conversely suppose that h(X, JY) = h(JX,Y) and [J, J](X,Y) € T'(D) for X,Y € I'(D).
Then we have J[X,Y] = —1J[J, J|(X,Y) + Vy JY — Vy JX € T(TM).

Moreover for any U € I'(D*) we have Z € I(TM*) such that U = JZ and hence

(U, J[X,Y] = —g(JU,[X,Y]) = 9(Z,[X,Y]) = 0.
This shows that J[X,Y] € T'(D) for X,Y € I'(D) and consequently D is integrable.

Combining the above with Proposition 3.1 (i) we can reformulate the conditions for
D to be integrable as follow.
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Theorem 3.3. Let M be a CR-submanifold of a quasi-Kaehler manifold N.
The holomorphic distribution D is integrable if and only if

h(X,JY) =h(JX,Y) and (VxJ)Y — (VyJ)X € T(D) for X,Y € (D).

4. Minimal Distributions

Let D be a differentiable distribution on a Riemannian manifold with Levi-Civita
connection V. We write

h(X,Y) = (VxY)t for X,Y € I'(D) where (VxY)*t denotes the component of
V xY in the orthogonal complementary distribution DL, If {X,,...,X.} is an orthonor-
mal basis for D we define the mean curvature vector H of D by

e  lesxs
Hz; E h(Xk,Xk).
k=1

The distribution D is said to be minimal if the mean curvature vector H vanishes iden-
tically.

For the holomorphic distribution D, we can find an orthonormal basis of the form
X1 5 5Kins Ky ooy JX,} where r = 2s = dimg D since D is invariant under J. Hence

PR T .
H= ;Z(h (X, Xk) +h (I Xk, J X))
k=1 .

and so D is minimal in M if V x, Xx+V jx, J X has no component inDtfork=1,...,s.

When M is a CR-submanifold of a Kaehler manifold, the holomorphic distribution
D is always minimal in M, see [4]. This is also true for a CR-submanifold of a nearly
Kaehler manifold, actually when D is integrable, each leaf of D is 2 minimal submanifold
of both M and N, see [6]. We now consider the case of a CR-submanifold of a quasi-
Kaehler manifold.

Proposition 4.1. Let M be a CR-submanifold of a quasi-Kaehler manifold
N. The holomorphic distribution D is minimal in M.

Proof. Let X € T(D), U € T'(D1) then
9(U,VxX) =g(U,VxX) = g(JU, JVx X)
=g (JU,@ 2 IX = (Fx J)X)
and hence
g(U,VxX +V;ixJX)=g(JU,VxJX — (VxJ)X - VixX - (VixJ)JIX)
=g(JU,VxJX -V ;xX)
=g(JU,[X,JX])=0.
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This implies that H = 0 and so D is manimal in M.
As in the nearly Kaehler case, when D is integrable, each leaf of D is minimal in
both M and N.

Theorem 4.2. Let M be a CR-submanifold of a quasi-Kaeler manifold N.
If the-holomorphic distribution D is integrable then each leaf of D is a minimal
submanifold in both M and N.

Proof. By proposition 4.1. each leaf of D is minimal in M and hence \v/ x X+ V~71 x
has no component in D+. For Z € I'(TM)' a similar computation shows that for
X eT(D)

9(2,9xX +V,xJX) = g(JZ,1X, JX]) =0,

this implies that each leaf of D is also a minimal submanifold of N.

It is well known that a complex submanifold of a Kaehler manifold is minimal, see
[3, page 89]. When N is nearly Kaehler or quasi-Kaehler, IV is not necessarily a complex
manifold but nevertheless since an (almost) complex submanifold M of a quasi-Kaehler
manifold N can be regarded as a CR-submanifold with D, = T, M, Theorem 4.2. yields
the following result.

Corollary 4.3. Ewvery (almost) complex submanifold of a quasi-Kaehler
mansifold is minimal.
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