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COINCIDENCE POINT THEOREMS FOR MULTI-VALUED AND
SINGLE-VALUED MAPPINGS IN MENGER PM-SPACES

H. K. PATHAK, Y. J. CHO, S. S. CHANG AND S. M. KANG

Abstract. In this paper, coincidence point theorems for compatible mappings of
multi-valued and single-valued mappings in Menger PM-spaces are obtained. The
presented results in this paper generalize and improve the corresponding results of
S. S. Chang et al., O. Hadzi¢ and others.

Throughout this paper, let R = (—00, 00), Rt = [0,00), ZT be the set of all positive
integers and D be the set of all distribution finctions on R.

If (X,F,T) is a Menger probabilistic metric space (shortly, a Menger PM-space)
with the continuous t-norm T', then (X, F,T) is a Hausdorff space [6] in the topology 7
induced by the faimily

{Us(e,)) :z € X, >0, A€ (0,1)}
of neighborhoods U;(€, A), where
Uz(e, ) = {y € X : Fy () >1— A}

Refer to [1], [2] and [6]-[8] for other details on PM-spaces.

Definition 1. Let (X,F,T) be a Menger PM-space with the continuous ¢-norm
T and A be a nonempty subset of X. Dy(t) = sup,.,inf; yea Fz y(s) is called the
probabilistic diameter of A. Specifically, the set A is said to be probabilistically
bounded if
tll,l{.lo Pa(t) = 1.
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From (2], we know that

(1) if A is a probabilistically bounded subset of X, then D A(t) is a distribution
function,

(2) if A and B are probabilistically bounded subsets of X, then AU B is also a
probabilistically bounded set.

Let (X, F,T) be a Menger PM-space with the continuous ¢-norm 7 and CB(X) be
the family of nonempty probabilistically bounded and closed subset of X. We define a
mapping F : CB(X) x CB(X) — D as follows (we denote (4, B) by F4 p and the
value F(A, B) at t € R by F p(t)):

F’A,B(t) = sup T'(inf sup F; ,(s), inf sup F:4(s)), A,BeCB(X).
s<t TEAyecB YEB zcA

The mapping F is called the M enger-Hausdorff metric induced by F.

Proposition 1. [2] (CB(X),F,T) be a Menger PM-space, i.e., F is a map-
ping satisfying the following conditions:

(1) FA .8(t) =1 for allt > 0 if and only if A= B,

(2) Fa,5(0) =0,

(3) Fa,p(t) = Fp,a(2),

( ) FA B(tl G tz) > T(FA C(tl) FC B(tg)) fOT‘ all A,B € CB(X) and tl,tz > 0.

Definition 2. Let A € CB(X) and z € X. The probabilistic distance between
z and A is the function defined by

F,a(t) = supsup Fy (s), £ > 0.
s<t yeA

Proposition 2. [2] Let A,B € CB(X) and z,y € X. Then we have the
following:

(1) Fz,a(t) =1 for all t > 0 if and only if z € A,

(2) Fz,a(ts +t3) > T(Fy y(t1), Fy,a(tz)) for all tl,tz =0,

(3) Fz B(t) > FA B(t) fOT‘ allt> O

Remark 1. If we define F, 4(t) = Supye 4 Fr y(t), then, since we have

sup sup Fy ,(s) = sup e all)s
s<t yeA

I, 4(t) is a left-continuous at ¢ and the properties (1), (2), (3) of Proposition 2 are also
satisfied.

Definition 3. Let ¢ : R* — Rt be a strictly increasing function such that
$(0) = 0 and lim;_, ¢(t) = +00. Define a function ¢ : R+ — R+ by

0 t=0,
(A) W) = {inf{s >0:¢(s)>t}, t>0.
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It is easy to prove that 1 : Rt — R* is a continuous and nondecreasing function.

Definition 4. We say that a function ¢ : Rt — R satisfies the condition (@) if it
is a strictly increasing and left-continuous function such that ¢(0) = 0, lim; . ¢(t) =
+co and 3°2° , ¢7(t) < +oo for all ¢ > 0, where ¢™(t) is the n-th iteration of ¢(t). -

Lemma 3. [3] Let ¢ : R — R* satisfy the condition (@) and let ¢ be defined
by (A). Then we have the following:

(1) ¢(#) <t for allt >0,

(2) ¢((t)) <t and P(¢(t)) =t for allt 20,

(3) ¥(t) >t for allt >0,

(4) lim,— o0 Y™(t) = +00 for all t > 0.

Definition 5. A t-norm T is said to be of h-type if the family {T™(t)}_, of the
functions T™(t) = T(t,T™ (t)), m = 1,2,..., T(t) = ¢, t € [0, 1], is equicontinuous at
i

Lemma 4. [3] Let (X,F,T) be a Menger PM-space, where T is a t-norm of
h-type. If a sequence {z,} in X satisfies the following condition:
For anyn € Z* and t > 0,

(B) Fopznsr () 2 Fage, (¥7(2)),

where ¢ is a function satisfying the condition (®) and ¢ is defined by (A), then
the sequence {z,} is a Cauchy sequence in X.

Now we introduce the concepts of weakly compatible mappings for multi-valued and
single-valued mappings in the setting of PM-spaces, which is motivated by the concept
of compatible mappings for single-valued mappings in metric spaces [5].

Definition 6. Let f be a mapping from X into itself and S be a multi-valued
mappings X into CB(X).

(1) The mappings f and S are said to be commuting if fSz € CB(X) and fSz =
Sfxforall z € X,

(2) The mappings f and S are said to be weakly compatible if Sz = CB(X) and

1111{%0 Ffsxn-l,sfﬂ—‘n—l(t) =1, t>0,
whenever {z,} is a sequence in X such that
nlLH;o Fra, 86,.:E) =1, >0

Remark 2. From Definition 6, any commuting mappings are weakly compatible
but the converse is not true (cf. [5]).
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Now we are in a position to give our main results:

Theorem 5. Let (X,F,T) be a complete Menger PM-space with the con-
titnuous t-norm T of h-type. Let f be a continuous self-mapping of X and S be
a continuous multi-valued mapping from X into CB(X) satisfying the following
conditions:

(C) 5(X) C f(X),
(D) For any z,y € X and u € Sz, there erists a point v € Sy such that

Fouw(9()) 2 min{Fre £y (t), Frz,52(t), Fry5,(2)}

Jor all t > 0, where the function ¢ satisfies the condition (®).
If f and S are weakly compatible, then there ezists a point z € X such that
fz € Sz, that is, the point z is a coincidence poiwnt of f and S.

Proof. First, we shall show that we can find a sequence {Tn},cz+ in X such that

Fzpn f2ns(t) 2 Frzg, gz, (W™(2))

forallt>0and ne Z+.
From (C), for arbitrary zo € X, there exists a point z; € X such that fz; € Sz,.
By Lemma 3 and (D), there exists a point x2 € X such that fz, € Sz; and

fox,fzz(t) > Ffml:f$2(¢(¢(t)))
(E) 5 min{Ffzg,le ("/J(t))» Ffzo,Szo(¢(t)), Ffa:l,Sm (”(D(t))}
> min{Fon,fxl("/J(t))a FfIl,fxz (¢(t))}

for all ¢ > 0, where (t) is defined by (A). Using (E) repeatedly, we have

folyfIZ (t) - min{Ffzo,f-‘Bl (Q/J(t)), Ffszftl (wz(t))’ Fle yfz2 (¢2(t))}
min{Ffﬁonl (‘l,l)(t)), fol,f-'vz(w2(t))}

I

(F)

\

. min{Fffl-‘O‘fl'l (w(t))’ Ff:l:1,fz2 (wn(t))}
Letting n — oo in (F), we have
fo1,f$2 (t) 2 Ff:zo,_le (¢(t))7 t>0.

By repeating the above procedure, we can define a sequence {z,} in X such that fTnyr €
Sz, and

Ffmnyfxn-}-l(t) Z fon—lafzn (w(t))7 t > 0'
Thus, for any n € Z* and t > 0, we have

(G) Fffn,fmn+1 (t) 2 fon—l,fxn("p(t)) o e Ffz(),fxl(lpn(t))
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and so, by Lemma 4, {fz,} is a Cauchy sequence in X. Since (X, F,T) is complete, we
can assume that lim, . fz, = z € X. Since f and S are weakly compatible and the
sequence {z,} in X is such that fz, € Sz,_;, by Proposition 2, we have

lim Ffzn,Szn-q(t) =1, t>0,
n— oo
and so N
nli_'rlgo FfSIn_l,Sf:l:n_l(t) = 1’ t > 0‘

On the other hand, from (3) of Proposition 2, it follows that

(H) FifonSfus(t) > Frsen_y 8f2ny(t),  t>0.

Letting n — oo in (H), we have
1= lm Fysz, 55, 1(t) = Frz,5:(t)

and so, by Proposition 2, fz € Sz, that is, z is a coincidence point of f and S. This
completes the proof.

In Theorem 5, by strengthening the weak compatibility of f and S by the commu-
titivity of f and S, we have the following:

Theorem 6. Let (X,F,T) be a complete Menger PM-space with the con-
tinuous t-norm T of h-type. Let f and S be as in Theorem 5 satisfying the
conditions (C) and (D). If f and S commute, then there ezists a point z € X
such that fz € Sz.

Proof. Following the same argument as in Theorem 5, we can assume that fz, —
ze X.

Next, we prove that z is a coincidence point of f and S. In fact, for any ¢ > 0 and
e € (0,t), from (G) and the commutativity of f and S, we have

Fifr,.1,52(t —¢)
> Fifeni,5:(0(0(t —¢€)))
(I) = e Fffanpnry(9(P(t —€)))
yESZ

2 min{Ffsz,,12(V(t — €)) Fffan,ffona (V(t =€), Frz 5:(0(t — €))}
> min{Fysz,,r:(Y(t =€), Frfaq,ffz0 (W™ (t =€), Frz,5:(9(t — €))}.

If Fr, s.(¢(t —€)) = 1, then we have

(J) Fifrn1,52(t —€) > min{Fyge, r.(V(t —€)), Frfao,r5z (" (E —€))}



318 H. K. PATHAK, Y. J. CHO, S. S. CHANG AND S. M. KANG

Letting n — oo in (J), we have Fy, 5,,(t — ¢) > 1. Since € € (0,t) is arbitrary, we have
Ff,5:(t) =1for all t > 0, that is, fz € Sz.
If Frz,5:(%(t —€)) < 1, then, letting n — oo in (I), we have

(K) Ffz,Sz(t - 6) 2 Ffz,Sz(’l/)(t))'

By using (2) of Proposition 2, we have
(L) Ffz,Sz(t) > Ffz,Sz(t - 6)-

Thus, as € — t, from the continuity of 9 and the left-continuity of F¥, g, it follows that

Ffz,Sz (t) > Ffz,Sz("»b(t))'

Taking this procedure repeatedly, we obtain

Ffz,Sz(t) Z Ffz,Sz(w(t)) 2 T Z Ffz,Sz("pn(t))'

Therefore, as n — o0, Fy, 5,(t) = 1 for all ¢ > 0, that is, fz € Sz. This completes the
proof.

Taking f = the identity mapping on X in Theorem 6, we obtain the following:

Corollary 7. [3] Let (X,F,T) be a complete Menger PM-space with the
continuous t-norm T of h-type. Let S be a multi-valued mappings from X into
CB(X) satisfy the condition:

(M) For any z,y € X and u € Sz, there exists a point v € Sy such that

Fu,v(¢(t)) > min{Fx.y(t), Fz,S:c (t)a Fy,Sy(t)}

for all t > 0, where the function ¢ satisfies the condition (®). Then S has a fized
pownt in X, that is, there exists a point z € X such that z € Sx.

Taking ¢(¢) = kt, 0 < k < 1, in Corollary 7, we have the following:

Corollary 8. Let (X,F,T) be a complete Menger PM-space with the contin-
uvous t-norm T of h-type. Let S be a multi-valued mapping from X into CB(X)
satisfying the following condition:

(N) For any z,y € X and u € Sz, there exists a point v € Sy such that

Fuo(kt) > min{F, y(t), F; 52 (t), Fy,sy(t)}
for allt > 0, where k € (0,1) is a constant. Then S has a fized point in X.

Corollary 8 is a generalization of the following result of O. Hadzié ([4]):
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Corollary 9. Let (X,F,T) be a complete Menger PM-space with continuous
t-norm T, M be a nonempty probabilistically bounded subset of X. Let S be
a multi-valued mapping from M into C(M), the family of nonempty compact
subsets of X, satisfying the following condition:

(0) For any z,y € M and u € Sz, there exists a point v € Sy such that

Folkt) = F, (1)
for all t > 0, where k € (0,1) is a constant. Then S has a fized point in M.
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