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ON PLANARITY OF GRAPHS ON WEYL GROUPS

S. A. YOUSSEF AND S. G. HULSURKAR

Abstract. A graph is constructed whose vertices are elements of a Weyl group
and the edges are defined through nonvanishing of Weyl’s dimension polynomial at
the point associated with two elements of the Weyl group. We study the planarity
of such graphs on Weyl groups whose associated root system is irreducible. These
graphs include four families of infinite number of graphs. We show that very few
graphs, essentially five of them, are planar.

1. Introduction and Notation

We construct a graph on Weyl groups and determine the planarity of these graphs.
The definition of an edge of the graph involves the underlying root system of the Weyl
group. The origin of such a definition can be seen in [3]. A new partial order on
Weyl groups was introduced there to prove the Verma’s conjecture on Weyl’s dimension
polynomial. This partial order is used to define the graph structure on a Weyl group.
The matrix studied in [1] is nothing but the incidence matrix of our graphs here. The
study of such graphs has been done in [5]. We give here the results on the planarity of
graphs on Weyl groups whose associated root system is irreducible. We describe briefly
the root system and its Weyl group and refer to [4] for details.

Let @ be a root system in a Euclidean space E of dimension n with positive definite
inner product (,). For a € @, let R, be the reflection given by ARy = A — (A, )e,
for A € E and where @V = 2a/(a,a). Let a;,as, ...,y be simple roots of ®. Then
W is generated by R; = Rys,, 1 = 1,2,...,n. Any element of W can be written as
a product of finite number of the generators R;. Let £(c) be the length of ¢ defined
as the minimum number of generators R; required to express ¢ as a product of the
generators. Suppose A1, Az, ..., A, are fundamental weights of ®, i.e., they are defined by
(X, @) = 6;; (Kronecker delta). For o € W, define I, = {i|l < i < n,8(dR;) < (o)}
and 4, = Zie 1, M- The weight vector €, associated with each ¢ € W is defined by
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€c = 6,071, Let D(A) for A € E be the Weyl’s dimension polynomial. Then

Hae<1>+ (’\’ av)
Ha€q>+ (61 aV)

for A € E and where § = 3" ; \; and &7 is the set of positive roots.

BN =

2. A Graph on W

We define a graph I'(W(®)) whose vertices are elements of W, the Weyl group of
the root system &, and the edges are defined by the root system ®. We also write I'(W)
or I'(®) for T'(W(®)). A point A € E is called W-regular if D()\) # 0 or that is same
as A is in the interior of a Weyl chamber relative to ®. Let oo be the unique element of
maximal length in W. For distinct o, 7 € W the unordered pair (0,7) is an edge in I'(®)
iff either —€,5, + €, OF —€,4, + €, is W-regular. It is shown in [3] that both —€poy + €
and —¢,4, + €, cannot be regular. Thus we have a graph as defined in [2]. In general, if
—€50o + €7 is W-regular then we write ¢ — 7 in W. It is easy tosee that 0 - o in W
for all o € W, after noting, that —e,,, = (6 — 6,)071 [2]. Further, (o,7) is an edge in
I'(®) iff o # 7 and either 0 —» 7 or 7 — ¢ in W. In fact, the relation ¢ — 7 in W gives
a directed graph on W, which is investigated elsewhere.

Let J be a subset of I = {1,2,...,n}. The subgroup W; generated by R;, j € J
is again a Weyl group, corresponding to the root system ®; whose simple roots are a;,
J € J in the subspace E; of E. The root system ®; need to be irreducible. Note that
W =Ww;.

Lemma. Lei J be a nonempty subset of I and W; be the corresponding
Weyl group. Let o,7 € W;. Then (0,7) is an edge in T'(W;) iff (o,7) is an edge
i T(W).

Proof. For any nonempty subset J of I ,let 65 =3 .c;A; and o7 be the unique
element of maximal length in W;. Then oy is same as 0o and 6; = 6. It has been shown
[3] that for ¢ € W, —€,0, = (6 — 6,)0~. Then for o € Wi, —€oo, = (65 — 65)071.
Every point in F has a unique image in the closure of the fundamental Weyl chamber.
Suppose §; is the image of —€55, + €, in the fundamental Weyl chamber for W, then

5‘] = an/\j (1)

jeJ

where n; are nonnegative integers. Therefore, —€,5,+€, = (67—6,)0~1+6,7-1 = Syp7 L,
for some p € W;. We recall that, for o, 7 € Wy, —€oo, +€r 18 Wy-regular iff —€,,, +e¢, is
in the interior of a Weyl chamber for the root system ®;. We conclude that —¢,,, + €, is
Wj-regulariffn; > Ofor j € Jin Eq.(1). Now —€g0, +€r = (67— 65 )0 "  +6,771 = (65+
(5[_J‘—60—)0'_1+51-T—1 = (61—50)0'_1+(51_J0‘~1+5TT—1 = gjp—1+51_J = (31+61_J)p—1,
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since 0,7 € W and M\;R; = A; for j # i. Whence —€,,, + €, is W-regular iff n; > 0 for
j € Jin Eq.(1) iff —€yo, + €, is W-regular.

Corollary. T'(W;) is induced subgraph of T'(W).

3. Irreducible Root System

Here we consider only irreducible root system since an arbitrary root system @ is
the union of irreducible root systems and the Weyl group W of @ is the direct product of
the Weyl groups of the irreducible root systems. If @ is an irreducible root system then
it is uniquely determined by the Dynkin diagram given in Fig.1. The Dynkin diagram
also determines the Weyl group associated with the root system. If the root system @ is
of type An(n > 1), we write the graph I'(W(®)) as I'(A,) for n > 1. Similarly, I'(B,)
for n > 2, I'(C,) for n > 3, I'(D,) for n > 4, I'(Es), I'(E7), I'(Es), I'(F4), and I'(G2)
denote the graph on Weyl group associated with the respective root system. It should
be noted that the Weyl groups of the root systems of type B,, and C,, for n > 3 are same
but I'(B,) and I'(C,) are different as the root systems are different.

An(n>1):0- O o) o—0
: 1 2 3 n—1 n
Bn(n22):<1>—-c2>
n—2 n— n
Cpo(n>3):0—0 - - - o——o:@o
1 2 n—2 n—1 n
D,(n>4):0———a - - -t
1 2 n—3 n—
n
[2
Ee S N B SRR
12
En I B SR S - S S
]’2
Ly T3 T 5 % 7 8

Fy g 0—0_7%_—__0——0
1 2 3 4
G g ($)
5 i :

Fig. 1. Dynkin diagrams of irreducible root systems
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We have proved the Lemma for arbitrary subset J of I. For the proof of the theorem,
we need only those subsets of J for which the corresponding root system @ ; is irreducible
l.e., its Dynkin diagram is connected. In fact, the choice of J will be confined to those
for which @ is the root system of one of the following types: A4, Bz, Cs3 and Dj,.

First we list the planar graphs I'(®) where & is irreducible root system. I'(A;) and
I'(Az) are totally disconnected graphs with 2 and 6 vertices respectively. I'(A3) has 24
vertices and 8 disjoint edges. I'(Bs) has 8 vertices and 4 disjoint edges. I'(G3) has 12
vertices and 12 edges as shown in Fig.2. All these are planar graphs. This leaves us with
the following graphs:

Fig. 2. The graph I'(G,)

I'(An) for n > 4, T(B,) for n > 3, I'(Cy) for n >3, I(D,) for n > 4, (%)
I'(Es), I'(Ey), I'(Es), I'(Fy).

Our first goal is to show that I'(®) given above in (*) are nonplanar. First we prove the
following

Proposition. The graphs I'(A4), T(Bs), I'(C3), and I'(Dy) are nonplanar.

Proof. Let o € W have a reduced expression Ril Ri2 . 'Rik in terms of the gener-
ators R;, 2 =1,2,...,n. We write ¢ as 1192 ... 1. For example the element RiRyR1 R;3
is written as 1213. Let id be the identity element of W. We prove the proposition by
exhibiting subgraph of I'(W) which is either contractible to the complete graph K (as
in the case of I'(44)) or homeomorphic to the bigraph K33 (as in the remaining cases).
Then by the genralized form of the Kuratowski’s theorem [2] it follows that T'(W) is
nonplanar. We write the edge (o,7) in a subgraph of I'(W) with the convention that
o — 7, so that the verification of the claim will be easy to check from the data given in
the Tables.
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Table 1. ¢, and €,,, for some elements of W(Ay).

S.No. o €o €oog

1 (o8] ‘:id 0 —/\I—Az—-)\3—/\4
2. 09 = 4321 -4 —A1 — A2 — A3 + 3y
3. g3 = 342312 —/\3 —/\1 ot /\2 + 3/\3 = /\4
4. o4 = 234123 -2 —A1+ 32— A3 — A4
159) 05 = 1234 —)\1 3/\1 = /\2 = /\3 = /\4
6. o =213 A1 —2X + A3+ Ay —A1+ Ay — A3 — A4
7. o7 = 14232 =2A14+ A2+ A3 =204 A=Ay = A3+ A\

8. 0g =324 AL+ A2 —2X3 + Ay —A1 — A+ A3 — Ay
9. 09 = 2431214 A1 —2X2 + A3 — 24 —A1+ A2 — A3+ g

—
=

010 = 3123431 —2X; 4+ Ay — 2X3 + A4

A1 — A2+ A3 — g

The graph I'(A4) has 120 vertices and 180 edges. Consider the subgraph given by
the 10 elements listed in Table 1. For A = zA; + yA2 + 2)3 + tA; € E, the Weyl’s
dimension polynomial D()) is ¥(z,y,2,t)/¥(1,1,1,1) where

Y(z,y,z,t) =zyzt(c +y)(y + 2)(z+ )z +y+2)y+z+ i)z +y+ 2+ 1).

The edges are (01,0%), (01,07), (01,08); (02,07), (02,08), (02,09); (03,08), (03,09),
(03,010); (04,09), (04,010), (94,06); (05,010), (05,06) and (05,07). The subgraph is as
shown in Fig.3. Identify the points o; with ;5 for i = 1,2,...,5. From this it follows
that the subgraph in Fig.3 is contractible to the complete graph K5 and hence I'(44) is

nonplanar.

g1 g2 g3 04

J6 a7 og g9

05

710

Fig. 3. A subgraph of I'(A4)
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Table 2. ¢, and €,,, for some elements of W(Bs3).

S.No. o €0 €50
1: 01 =1d 0 —)\1—A2—)\3
2., op=23212 2X1 — 33X + 2)3 =1+ A2 — A3
3. o3=12312 A1 —2X +2X3  —A1 +2X —3)3
4. 04 =1232 —2X1 + Ao 21 — Az — A3
5. o5 = 123212 —2A1 — Ao + 23 A1 — A3
6. og =212 —A1 — A2 +4)3 =iAg
1 o7 = 3212 —A1 o 3/\2 - 4/\3 —/\2 + /\3
8. og — 12312 —/\1 - Az + 2/\3 /\1 + )\2 o 3/\3
9. 0g9=12 —A1 + 2, Al — Ay — A3
10. g10 = 12321 —/\1 3/\1 = )\2 = /\3
11. o011 = 132312 —A1+ A2 —2)3 A1 —2Xs + 3X3
12. o520 = 21323212 —A1 — A2 Ao — A3
13: T3 =312 —A1 42X — 23 A1 —2X + A3
14. 014 =1323212 —-2)\; + A — 23 A1 — Ao+ A

The graph I'(B3) has 48 points and 100 edges. We list below in Table 2, the 14

elements of W(B;) which gives subgraph homeomorphic to the bigraph K3 3. For A =
TA1+yAz+2A3 € E, the Weyl’s dimension polynomial D()) is ¥(z,y, z)/¥(1,1,1) where

¥(z,y,2) =zyz(z+y)(y + 2) 2y + 2)(z + y + 2)(z + 2y + 2)(2z + 2y + 2).

The edges are (01,032), (01,03), (01,04), (03,05), (05,06), (04,07); (08,02), (08,06),
(08,09), (99,07); (010,011), (011,012), (012,02), (010,013), (013,06), (010,014), and
(014,07). The subgraph is shown in Fig.4. This shows that I'(B;) is nonplanar, since it
has a subgraph homeomorphic to the bigraph K 3.

01

02

g

Og

g10

014

o7

Fig. 4. A subgraph of I'(Bs)

Table 3. ¢, and ¢,,, for some elements of W (Cs).
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S.No. o €s €oop

1, o =32l —Ag — A3 —A1 — 3A2 + 2A3

2. 09 = 323121 2/\1 = AQ = /\3 —2)\1 + )\3

3. g3 = 2323 4A1 == /\2 — A3 —/\1

4. o4 = 3121 —=A1 + 3X — 23 -2 + A3

5. o5 = 31213 —2X1 + 3A2 — 23 A1 —2X2 + A3

6. oy =328123121 Xz —Xg—As 0

T- agr = 3123121 ‘—2/\1 + /\2 &= /\3 2A1 == 2/\2 -+ A3

8. o3 = 23212323 —A2 — A3 —A1 + Ag

9. 09 = 312132 —/\1 + /\2 — /\3 2/\1 == 3/\2 + 2/\3
10. Jg10 = 3231213 /\1 s /\2 - /\3 —/\1 e )\3
11. o011 = 3213 2A1 + A2 — 23 —=A1 — A2 + A3
12. o012 = 321323 -3 —A1 — A2 + 23
13. g13 = 323 2A1 e /\3 —2A1 = /\2 + /\3
14. 014 = 3 2/\2 = /\3 -/\1 &= )\2
15. J15 = 1323 —2/\1 + 2/\2 = /\3 2/\1 o 3)\2 -+ /\3
16. 016 = 3212323 —A1 + A2 —2)3 —Ao + A3

The graph I'(C3) has 48 points and 96 edges. Consider the subgraph given by the 16
points listed below in the Table 3. For A = zA; + yAs + zA3 € E, the Weyl’s dimension
polynomial D()) is ¥(z,y, 2)/¥(1,1,1) where

\}E’(a:,y, z)=zyz(z+y)(y+2)(y +22)(z +y + 2)(z + y + 22)(z + 2y + 22).

The edges are (01,02), (01,03), (04,03), (01,05), (05,06); (07,08); (02,08), (07,04),
(07,06); (09,06), (09,04), (09,010), (010,011), (012,011), (012,013), (013,014), (015, 014),
(015,016), and (o2,016). The subgraph, which is homeomorphic to K33, is shown in
Fig.5. By generalized Kuratowski’s theorem, I'(C3) is nonplanar.

Fig. 5. A subgraph of I'(C3)
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The graph I'(D,) has 192 vertices and 624 edges. We list below in Table 4 the

elements of I'(D,;) and consider its subgraph. For A =

A1 +YAa + 2A3 + tAy € E, the

Weyl’s dimension polynomial D()) is given by ¥(z,y, z,t)/¥(1,1,1,1) where

U(z,9,2,t) = zyzt(z + y)(y + 2)(y + )z +y + 2) (@ +y + 1) (2 + y +1)
X(z+y+z+t)(z+2y+2+1t).

) (0130-8), (01
P (02706)’ (06’09); (03, 07)a (03’08)$ and (03’09

The edges in the subgraph are (o, 07)
(05108)

3 09); (027 04)1 (04’ 07)’ (02) 05),
). The subgraph, shown in Fig.6,

is homeomorphic to K3 3. Therefore I'(D,) is nonplanar.

01

aq

g

Fig. 6. A subgraph of I'(D,)

03

Og

Table 4. ¢, and ¢,,, for some elements of W (D,).

S.NO. o €o 6"'0'0
l. =2 A1 — Ao+ A3 + Ay —/\1—/\2—A4
20 oo = 21342 /\1 — 2/\2 + /\3 + /\4 —2/\1 + 3)\2 — 2/\3 - 2/\4
3 o3 = 213421342 —/\2 “/\1 + 3)2 = /\3 == /\4
b o TTISASL -0y — Tk et By AL+ A2 — A3 — Ay
5. 05 =321342134 X —-20a—-A3+ )\ —A1+ A+ A3 — Ay
6. 06 =421342134 )\; — 2o+ A3 — \q —A1+ A2 — Az + A\q
7. o7 =12134 =2X1 — A2 4+ 2X3 + 2)4 A=Az — Ay
8. oy = 32134 201 — Ay — 223 + 2)\4 =X+ A~ Ny
9. o9 = 42134 2A1 — Az + 2A3 — 2)4 —A1 = A3+ Ay

The proposition leads to the following
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Theorem. The graph I'(®) is nonplanar when it is any one of the graphs
in (x). In other words, for irreductible root system @, I'(®) is nonplanar except
for T'(A1), T'(Az), I'(B2) and I'(G2).

Proof. The proof follows from the corollary of the lemma and the proposition. We
indicate the choice of J in each case with reference to Fig.1.

The graph I'(A4) occurs as a subgraph in I'(A,) for n > 4, as can be seen by choosing
J ={1,2,3,4} or any four indices of consecutive nodes in the Dynkin diagram of A, for
n > 4. By the corollary of the lemma and the proposition it follows that I'(4,) for n > 4
is nonplanar.

The graph I'(B3) occurs as a subgraph in I'(B,) forn > 3 with J = {n—-2,n—1,n}
and in I'(Fy) with J = {1,2,3}. This implies that I'(B,) for n > 3 and I'(Fy) are
nonplanar.

The graph I'(C,) for n > 3 is nonplanar since I'(C3) occurs as a subgraph with
J={n-2,n-1,n}.

Finally, I'(D,4) occurs as a subgraph in I'(D,,) for n > 4, I'(Es), I'(E7) and I'(Es).
This can be seen by choosing J = {n—3,n—2,n—1,n} for the first case and J = {2, 3,4, 5}
for the remaining cases. Therefore, all of these graphs are nonplanar.

Remark. The graph I'(A44) is nonplanar also implies that I'(B,), I'(C,) and
I'(D,), allforn > 5,T'(Eg), I'(E7) and I'(Eg) are nonplanar. The choice of J = {1, 2, 3,4}
does it for the first two cases whereas for the remaining cases J is any set of indices of 4
nodes which gives the Dynkin diagram of A4. I'(C3) occurs as a subgraph of I'( F;) with
J = {2,3,4} and this also shows that I'(Fy) is nonplanar.
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